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DANG TOAN ON TAP KI THI TN.THPT NAM 2025

_ KIEN THUC CAN NHO
§1. HE TOA PO TRONG KHONG GIAN
— e

1. Dinh nghia hé truc toa do

He gom 3 truc Oz, Oy, Oz vudng goc voi nhau ting doi mot va

chung diém gbc O. Goi i = (1;0;0), j= (0;1;0) va k= (0;0;1) 1a cac | ?

vécto don vi, tuong tng trén cac truc Oz, Oy, Oz. Hé ba truc nhu ak

vay goi la hé truc toa do vuong goc trong khong gian hay goi la hé truc N 7

Oxyz. $O-pl—y

LIIUX/ZZT)QZ‘?:EQ:l vaf.j:Z.E:Ejzo. &

2. Toa do vécto
k.

—

Dinh nghia: ¢ = (z;y;2) & d = vi +y.j + 2

Tinh chat: Cho @ = (a;a,a,), b =(b;b;b,), k€R.
® a+b=(a+b; a £b; a, £b,). @ kd = (ka;ka,;ka,).
al = bl
. . Lo e -~ a a, a
® Hai vécto bang nhau @ =b < ja, =0, - @ allbed=kb @b—lzb—gzb—?’-
a =b 1 2 3

37 Y3
® Modun (do dai) vécto: @* = a’ + a; +a; = ‘5‘ =\a +a +a.
® Tich vo hudng: @b = ‘c—i‘.‘g‘.cos(ﬁ, I;) =ab +ab, +apb,.
. a J_l_{(:)albl +ab, +ab, = 0.
b ab, +ab, +apb, '
0+’ +ad B B+

Suy ra:

Loy oab
e« cos(a;b) = ‘JHE‘ —\/

3. Toa do6 diém

Dinh nghia: M(a;b;c) ®0M:a.z+b.j+c.gz(a;b;c).

i uhe MeOwy)<=2=0, Me(Oyz) < z=0, Me(Oxz) & y=0
a: .

ant MeOrsey=2=0 McOysr=2=0 McOzsx=y=0

Tinh chét: cho hai diém Az ;y,52,) Bwy,:2,).

® AB= <$B T Yg Yy 2 _ZA):> AB = \/(xB —xA)2 +(?/B _yA)2 + (2 _ZA)Q-

xA+xB.yA+yB.ZA+ZB
29

@ Goi M latrung diém AB = M

'TA+$B+xC.yA+yB+yC.zA+zB+ZC .
3 ’ 3 ’ 3
@ Goi G latrong tam cta ti& dien ABCD, khi d6 toa do diem G 1a
Ty + T, +T,+Z, Y, +Y, Y. Ty, 2, t2,+2, +27,
4 ’ 4 ’ 4

® Goi G latrong tam tam giac ABC = G

G
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4. Tich c6 huéng cua hai vécto

a= (al,aQ,ag)

Dinh nghia: Trong hé truc toa do Ozyz, cho 2 vécto - Tich ¢6 huéng cia hai

b = (bsb,;b,)
vécto d, b 13 mot vécto, ky hieu la [a, Z;] (ho#ic @ A 5) va duge xac dinh bdi cong thic:
Lo ey a ey af fa; a,
[@,b] = b [, b [ o =(a,b, —ab,; ab —ab; ab, —ab).

Luu ¢: Néu ¢ = [d,b] thitaluoncé ¢ Ld va ¢ Lb.

Tinh chét

ﬁng dung cua tich c6 hudng:

® D& @ b, ¢ ddng phing @[5,5].5:0. Nguge lai, dé @, b, ¢ khong dong phéng thi
[@,b].¢ = 0 (thuong goi la tich hén tap).
Do d6 dé chitng minh 4 diém A, B, C, D la bén diém ctia mot t dién, ta can chitng minh

_ —

AB AC’ AD khong dong phang, nghia la |AB, AC} AD = 0.

Ngugc lai, dé ching minh 4 diéem A, B, C, D dong phéng, ta can ching minh
AB, AC, AD cung thuoc mot mat phing

& |AB, AC|.AD =0. / /
@ Dién tich cia hinh binh hanh ABCD 1a §_, .. = ‘ AB, AD
e R 1L (72~
® Dientich AABC1a S, ,,. = g-HAB,AC”- A

® Thé tich khéi hop ABCD.A'B'C'D' 1a V — HE,E}.E‘. /\
B %

® Thé tich khéi ti dien ABCD la Viser = % E, 14—6;}1@ .

5. Phuong trinh mit cau

® Phuong trinh mit cau (S) dang 1:
Dé viét phuong trinh mit cau (), ta can tim tam I(a;b;¢) va ban kinh R. Khi doé:

« Tam: I(a;b;c)
(5) e
e Bén kinh: R
@ Phuong trinh mit cau (S) dang 2:
Khai trién dang 1, ta dudgc z° +1° + 2° —2ar — 2by —2cx +a”* +b> + ¢ — R*> =0 va dit
d=a"+0b" + ¢ — R thi dugc phuong trinh miit cau dang 2 1a
(S):|2* + y* + 2° — 2az — 2by — 2c2 + d = 0|,

=) :|(x—a)P +(y—b’+(z2—c) = R*|

Véi @’ +b° + ¢ —d >0 la phuong trinh mat cau dang 2 c6 tam I(a;b;c), ban kinh 1
R=~a +b +¢ —d.
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Dang todn 1: Bii todn lién quan dén vécto va dé dai doan thing
@ Can nhé: Trong khong gian Ozyz, cho hai diém A(z,;y,;2,), B(z,:y,:2,).

e AB= (2, —%,; Y, —U; 2, —2,)- e« AB= \/(xB —:L‘A)2 +(y, —yA)2 + (2, —zA)Q.
i=(ny2) e d=1xi+yj+ 2k, Vidw =2 —3j+k < d= (2;—-3;1).
M(a;b;¢) < OM = ai + b.j + ck. Vidu: OM =27 — 3k & M(2;0;—3).

Diém thudc truc va mat phang toa do (thiéu cai nao, cho cai dé bing 0) :

o M € (Ozy)——"— M(z,;9,;0). o M € (Oyz)——"— M(0;y,;2,).

o M € (Oxz)—="— M(z,,;0;z,,). o M e Oz—="="— M(z,,;0;0).

o M e Oy—=""— M(0;y,,;0). o M e Oz—="— M(0;0;z,,).
Dang todn 2: Bai todn lién quan dén trung diém, toa d§ trong tam
@ Can nhé:
. T, +z + z,+%
« M 1a trung diém AB = M |4 B;yAzyB;A sl Nho M= AEE.
+a, + +y, + +z, +
« G latrong tam AABC = G T4 T 0 xc;y“ Ys yC;ZA s T % ;G:A—FB;C'
3 3 3
+ Goi G| la trong tam cta tit dien ABCD, khi do6 toa do diém G, la
o v, v+, tr, +r, y, +y,+y. +y, 2, +z, +z2,+z, . Nhé: @ :A+B+C’+D.
! 4 ’ 4 ’ 4 ! 4

PDang todn 3: Bai todn lién quan dén hai véete biang nhau

@ Can nhé: Trong khong gian Ozyz, cho hai vécto @ = (a;a,;a,), b= (b;0,30,), k € R.

17727773

e G£b=(a, £0b; a,£b; a, £0,). o ki = (ka;kay;ka,).
« Hai vécto bang nhau khi va chi khi hoanh = hoanh, tung = tung, cao = cao,
nghia la: D C
a, =0
i=b < a, =b,- Dé ABCD 1a hinh binh hanh thi AB = DC.
— b 4 >'B
(13 3

PDang todn 4: Fai vécto cing pluong, ba diém thdng hing
@ Can nhé: Trong khong gian Ozyz, cho hai vécto @ = (a;a,;a.,), b = (b;0,30,), k€ R.

17727773

Hoanh  Tung Cao

+ Hai vécto cung phuong & ——— = =
Hoanh  Tung Cao

- Nghia la:
a a a

iTtbed=Fth < 1:—2:b—3

3 =k Khik>0thid vab cting phuong va chiéu.
1

2 3

. Badiém A, B, C théng hang < AB 11 AC.
« A B, C labadinhtam giac < A, B, C khong thing hang < ﬁ% A?
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PDang todn 5: Whém bai todn lién quan dén hinh chiéu, diém déi xing cia diém lén
® Hinh chiéu: “Thiéu ban ndo, cho ban dé 0 diém”. Nghia la hinh chiéu ctia M(a;b;c)

lén:

Oz 1a M (a;0;0). « Oy 1a M (0;6;0). « Oz la M ,(0;0;c).

s (Oxy) 1a M (a;b;0). e (Oxz) 1a M_(a;0;c). * (Oyz) 1a M (0;b;c).
@ Déi xitng: “Thiéu ban nao, cho ban dé dau tru”. Nghia la diém déi xting ctia N(a;b;c)
qua:

« Oz 1a N (a;—b;—c). « Oy la N, (—a;b;—c). « Oz 1a N, (—a;—b;c).

¢ (Ozy) 1a N (a;b;—c). ¢ (Ozz) 1a N_(a;—b;c). * (Oyz) 1a N (—a;b;c).

® Khoang cach: Dé tim khoang cich tit M dén truc (hosic mp toa do), ta tim hinh
chiéu H ciaM lén truc (hodc mp toa do), tir d6 suy ra khoang cach can tim la
d = MH.

PDang todn 6: Vhém bai todan lién quan dén tich vé hudng ciaa hai véeto
@ Can nhé: Trong khong gian Ozyz, cho @ = (a;a,;a.), b = (b;0,30,), k € R.

1772773

Tich vo6 huéng: |d.b = ‘E‘.‘g‘.cos(&’,b) =ab +ab, +ab,|

(hoanh x hoanh, cdng tung x tung, cong cao X cao)

I ab ab +ab +ab )
cos(@;b) = ——=| = = (goc giita 2 vécta co thé nhon hoic tir).
Bl oo

Valgd Lb < db =0/« ab +ab, +ab =0 (2 vécto vudng goc thi nhan nhau = 0)

: :>‘Zi‘ =Ja +a +a.
|2 2 |2

= ‘a‘ + b

PDang todan 7: Whém bai todn lién quan dén tich ¢é luidng ciaa hai véeto

b= ‘c_ir + 1l +2la gcos(&’,g).

@ Can nhé: Trong hé truc toa do Ozyz, cho hai vécto o= (al,az,ag)
b = (b,50,30,)
o Lean o o a, a.| la, a| la, a
Tich ¢6 hung [a,5] = [|.* °kL° ]t || = (o, —abys aby —abs ab, —ab,).
2 3 3 1 1 2

) (Hoanh che hoanh, tung che tung - ddi dau; cao che cao)
Ung dung:
« @, b, ¢ dong phéng < [@,b].¢=0. « &, b, ¢ khong dong phing < [3,b].¢ = 0.

« A, B, C, D dong phang < E, ﬁ, AD dong phéng < |AB, AC’}.ADz 0.

« A, B, C, D lacac dinh ti dién < E, A—C', AD khong dong phang
& [E, R} E = 0.

® Dién tich AABC 1a S

AABC

_ ‘ABAC”

@ Dien tich ciia hinh binh hanh ABCD 13 S = ‘ AB, EH -

OABCD
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1 ‘—~ —

® Thé tich khéi tit dien ABCD 1V, = ; [AB,AC].AD|.

ABCD

® Thé tich khéi hop ABCD.A'B'C'D' 1a V = ‘ AB, Xf)} AA

Dang todn 8;: Fde dinh ede yéu td eo bén el mat edire
@ Phuong trinh mit cau (S) dang 1:
Dé viét phuong trinh mat cau (S), ta can tim tam I(a;b;c) va ban kinh R. Khi do:
« Tam: I(a;b;c)
"]+ Ban kinh: R
@ Phuong trinh mit cau (S) dang 2:
(S):|z* +9* + 2° —2ar — 2by — 2cz +d = 0| Véi a® + 0> + ¢* —d > 0 13 phuong trinh

(s) & (8):fe—af + =t + - = B]

mit cau dang 2 ¢6 tam I(a;b;c), ban kinh: R = \/a2 +b0 4+ —d.
@ Luuy: Dé f(z;y;2) = 0 1a mot phuong trinh mét cau thi phéi théa man hai diéu kien:

o Hesb trude 2°, y°, 2° phai bing nhau. e RP=a"+0+c"—d>0.
PDang todn 9: Viét pluong trinh mt cau loai co ban

® Phuong trinh mit cau (S) dang 1:
Dé viét phuong trinh mat cau (), ta can tim tam I(a;b;c) va ban kinh R. Khi do:

() « Tam: I(a;b;c)
« Ban kinh: R

@ Phuong trinh mit cau (S) dang 2:
(S):|2" + 9 + 2" —2ax —2by —2cz +d = 0|

& (S):|(z—a) +(y—>b)’+(2—c) = R?|

Vé6i a* + b* + ¢ — d > 0 1a phuong trinh mat cau dang 2
Tam I(a;b;c), ban kinh: R = vJa? + 5% + ¢* —d > 0.

§2. PHUONG TRINH MAT PHANG
—_— AAN

1. Véctd phap tuyén — Vécto chi phuong
Vécto phap tuyén (VIPT) ctia mit phang (P) la nn L (P), = 0.
Vécta chi phuong (VTCP) 4 ctia mat phang (P) 1a vécto co gid song song hofic nim trong
oo
Néu mat phang (P) c6 cap VI'CP la @, ¢ thi (P) c6 VIPT la 1 = [4,7].
e Néu 7 = 0 la 1 vécto phap tuyén clia mit phing (P) thi k.7, (k = 0) ciing la vécto phap
tuyén ctia mat phang (P).

e .
h » Chang han:
- ﬁ(P) =(2;—4;8) = 2.(1;—2;4) thi

4 v n = (1;—2;4) cling la mot vécto
- 7 A 2
f = - phap tuyen cta (P).
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2. Phuong trinh tong quat ctia mat phang

¢ Phuong trinh tong quét ctia mat phang (P) : ax + by + cz +d = 0 ¢6 mot vécto phap tuyén
1a 7 = (a;b;c). Chang han: (P):2z — 3y + 2 —1=0= mot VIPT 7, = (2;—31).
e D@ viét phuong trinh mat phang (P), can xac dinh 1 diém di qua va 1 VTPT.
(P). + Qua M(z_;y.;2.)
« VIPT: ﬁ(P) = (a;b;c)

=|(P):alz—x)+by—y,)+cz—2z)=0|

3. Phuong trinh mit phang doan chin
Néu mit phang (P) cat ba truc toa do lan lugt tai cdc diem A(a;0;0), B(0;6;0), C(0;0;c)

v6i (abc = 0) thi (P): s % + 2 — 1| goi la phuong trinh mit phing doan chin.
a c

» Chirng minh:

Ta co:

AB = (—a;b;0) e

C(0:0;¢) - N AB,AO} — (be; ac; ab).
AC = (—a;0;¢)
» Qua A(a;0;0)
= (P): —_—
(P) « VIPT : 7, = AB,AC’]:(bc; ac; ab)
B(0;b;0) Suy ra

(P):be(x—a)+ac.(y—0)+ab(2—0)=0
= (P):bcx + acy + ab.z = abe

A(a;O;O)
chia abc = 0 (p);£+£+3: 1]
N a b c

4. Cac mat phang toa d6 (thiéu céi gi, cai d6 bing 0).

)
° Mét phéng (Oyz) cx =0 nén (Oyz) c6 VIPT ﬁ(O?/z) — 4

 Mat phang (Ozz):y =0 nen (Ozz) ¢6 VIPT 7, = 7 =(0;1;0).

o Mit phéng (Ozy): z = 0 nén (Ozy) ¢6 VIPT Ty = k= (0;0:1).
i

5. Khoang cach

 Khoéang cach tir diem M(z,;y,,;2,,) dén mét phang (P) : az + by + cz + d = 0 dudc xac dinh

‘axM +by,, +cz, + d‘ .

Jad +b* + ¢

e Khoang cach giita hai mit phang song song c6 cling vécts phéap tuyén:
Cho 2 mit phang song song (P):az 4+ by +cz+d =0 va (Q):az + by + cz + d' = 0.

4]

Jai +b% 4+ ¢

béi cong thic: |d(M;(P)) =

Khoang cAch gifta hai mit phang dé 1a |d <(Q),(P)) =

6. Goc

Cho hai m#t phéng (o) : Az + By +Cz+D, =0va (8): Az +By+C,z2+ D, =0.
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‘ _ ‘AlAQ + B1B2 + 0102‘ ]
2 2 2 2 2 2
JA + B+ CP A + B+ C
v' Can nhdé: Géc gitta 2 mit phiing 1a géc nhon, con géc gitta 2 vécta c6 thé nhon hodc tii.

Ta ludn co: |cos ((a

N

7. Vi tri twong do6i
a) Vi tri twong d6i ciia hai mét phang
P):Ax+By+Cz+D =0 va (

Cho hai mat phing ( Q):Azx+By+Crz+D,=0.

, A B _C D A B C D
« (P at D S G TSV T e« (P 11— 71 1,
(Pycit Qe t=plagl=gt - (M@= =g=Fr=
A B, _C, D
- P=@Qe - « (P)L(Q) < AA, + BB, +CC,=0.

A2 B2 02 D2
b) Vi tri tuong dbi ctia mat phang va mat cau
Cho mit cau S(I;R) va mat phang (P). Goi H 1a hinh chiéu vuong goc ctia I 1én (P)

va c6 d = IH 13 khoang cach tit I dén mit phing (P). Khi do:

Néu d > R: Mit cau va
mit phing khong co
diém chung.

Néu d = R: Mit phang
tiép xtic mit cau. Luc do
(P) 13 mit phang tiép dien

ctia (S) va H latiép diém.

Néu d < R: Mt phang (P)
cat mit cau theo thiét dien 1a
duong tron ¢6 tam I’ va ban

kinh r =V R? — IH®.

s>

o uh 4
Luu y: Chu vi ctia dudng tron giao tuyén C = 27r, dién tich dudng tron S = 7r°.

%I;(P)]

nay (P) dugc goi la mit phang kinh ctia mat cau (S).

Néu
= 0 thi giao tuyén la mot dudng tron qua tam [ va dugc goi 1a duong tron 16n. Lic

8. Cac trudng hdp dic biét ctia mit phiang

Cac hé so Phuong trinh mit phang (P) Tinh chit mat phang (P)
D=0 (P): Az +By+Cz=0 (H1) (P) di qua goc toa do O
A=0 (P):By+Cz+D=0 (H2) (P) || Oz hoac (P) D Ox
B=0 (P):Az+Cz+D =0 (H3) (P) || Oy hoac (P)> Oy
C=0 (P): Az +By+ D=0 (H4) (P) || Oz hoac (P) D> Oz
A—B=0 | (P):C:+ D=0 (55 | (P) || (Oay) hoac (P) = (Ouy)
A=C=0 | (P):By+ D=0 (H6) (P) || (Ozz) hodc (P) = (Ozz)
B=C=0| (P):Az+D =0 (H) | (P) | (Oy2) hodc (P) = (Oy2)
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: T

x
(H3) (H4)

X (H6) x (H7)

PDang todn 1. Khoang cdch, gée va vi tri tuong déi

1. Khoang cach

— Khoéng cach tur diem M(z;y,;2,,) dén mat phang (P):az + by + cz +d = 0 dugdc xac

_ ‘a:cM +by, +cz, + d‘ ‘

Na' +b 4 ¢
— Khoang céach giita hai miat phéng song song c6 cling vécto phap tuyén:
Cho 2 mat phang song song (P):az +by +cz+d =0 va (Q): az + by + cz +d' = 0.

fe-a] |
Jai +b° + ¢

Lutu 7. Ban chat la lay 1 didm bat ki M € (Q). Khi d6 d((P);(Q)) = d(M;(P)).

dinh béi cong thic: |d(M;(P))

Khoang cach gita hai mat phing d6 1a |d ((Q),(P)) =

2. Goc

Cho hai m#t phéng (o) : Az + By +Cz+D, =0va (8): Az +By+C,z+ D, =0.

o i, . |AA, + BB, +CC
Ta luon co: cos((a),(ﬁ))z ‘ﬁj‘%‘ = \/Af B +021 \/2A22 —i—lBZ L c? '
1 1 2 2

v Can nhd: Géc gitta 2 mat phang la géc nhon, con géc gita 2 vécto cé thé nhon hodc ti.

3. Vi tri tuong d6i

a) Vi tri twong dbi gitta hai diém M, N véi mit phang (P) M,

No

Va mat phang (P):az + by + cz +d = 0.
o Néu (az,, + by, +cz, +d)(azx, +by, +cz, +d) <0 thi M, N nam 2 ben so (P).
o Néu (azx, +by, +cz, +d)(az, +by, +cz, +d)>0 thi M, N nim 1 beénso (P).
b) Vi tri twong dbi ciia hai mat phang
Cho hai m#t phéng (P): Az + By+Cz+ D, =0va (Q): Az+ By+C,z+D,=0.

Xét hai diem M(z,;y,,32,), N(z,:9,52,) /§
P
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. B C D B C D
T R N O N 0 ) R B
A? B? C? D2 A2 BQ C? DQ
A B C D
c (P)=Q) e Lt=—"t=—Lt=_"1. « (P)L(Q) = + BB, +CC,=0.
P=@eboB Gl (L@ A4+ BB +CL,
c) Vi tri twong d6i clia mat phang va mat cau &
Cho mat cau S(I;R) va mit phang (P). v
. L

Goi H 1a hinh chiéu vuong goc ctia I len (P)

va 6 d = IH 1a khoang cach tit T dén mat phing (P). Khi do: !y
e Néu d > R: Mait cau va mat phing khong c6 diém chung. =
e Néu d= R: Mit phang tiép xtic mat cau.

Lac d6 (P) la mat phing tiép dien ctia (S) va H 1a tiép diém.

e Néu d < R: mat phéng (P) cit mit cau theo thiét dien I
1a duong tron c6 tam H va ban kinh r = v R* — IH*. = p
~—

Dang todn 2: Viét pluong trinh mdt phdng (edn tim 1 diém di qua + otpt)

s Qua Az ;y ;2.)

P): — by — _ —0.
. VTPT:ﬁ<P):(a;b;C):>( Jia(z—z)+ b0y —y)+c(z—2)=0

Loai 1. Mat phang (P): 1

Loai 2. Viét phuong trinh mp(P) qua A(z_;y;2.) va (P)]| (Q):ax +by+cz+d=0. _
oy =T,
s Qua A(z_,y.,2.) v

Phuong phap: Mt phing (P):

Loai 1). !
« VIPT 7, =n, = (abc) (Loai 1) A

) (@) /PS -

Loai 3. Viét phuong trinh mat phing trung truc (P) ctia doan thang AB véi A, B da cho trudc.
Phuong phap. Tim [ la trung diém ctia AB. Khi dé:
xA +f173 .yA +yB .ZA +ZB

A
. : 13 trung diém AB. -'
tha 2t Dane 1

— B
« VIPT: 7, = AB = (2, — 2y, —¥y,i2; —2,)

e Qual
(P):

Can nhd: Mat phing trung trye (P) clia doan AB la mdat phdng vuong géc tai trung diém cia AB.

Loai 4. Viét phuong trinh mat phang (P) qua diem M va c6 cip vécto chi phuong a, b.
o Qua M(z_;y ;2

)
Phuong phap. (P): N ° - (Dangl).
lo VIPT: i, =[d,b] /P

Loai 5. Viét phuong trinh mit phang (P) di qua A, B va vuong goc véi mit phang (Q).
Phuwong phap. Tim AB va VIPT ciia (Q) 1a 7, . Khi do:
* Qua A, (hay B)
(P): . - (Dang 1).
« VIPT: i, = [AB, n@)} S A8

l

")
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Loai 6. Viét phuong trinh mat phang (P) qua M va vuong goéc v6i hai mat phang (a), (8).
Phuong phap. Tim 7, va 7. Khido:

(a)

Loai 7. Viét phuong trinh mit phang doan chin.
Phuong phap. Néu mit phing (P) cét ba truc toa do lan lugt tai cac diém A(a;0;0),

B(0;6;0), C(0;0;¢) v6i (abe = 0) thi (P): Ty % 21 goi la phuong trinh doan chan.
a c
abc
Vouse = 6

o« M tructam AABC < OM 1 (ABC)

1 1 1 1

t—t+—== :
o4A4*  oB> o0C* om?

Loai 8. Mot s bai toan viét phuong trinh mit phang lién quan dén khoang cach cé
ban
Dé viét phuong trinh mét phing lien quan dén khoang céch, thudng st dung hai § tuong sau:
Y tuwdng 1. Tim truc tiép duge VIPT fi( P = (a;b;¢) dya vao mdi lien he song song, vuong
goc. Khi do, ta chi can tim d trong phuong trinh (P): az + by + cz + d = 0 dua
vao cong thic tinh khoang cach.
Y tuéng 2. Néu khong c6 VIPT truc tiép thi ta can goi Ty = (a;b;¢) v6i a® +b* +¢* = 0.
Dua vao khoang céch dé thanh lap mot phuong trinh hoac hé phuong trinh dé tim
moi lién heé gitta a, b, c¢. Sau do6 chon a, b hoac c.
Mot s6 bai toan thudng gap
Bai toan 1. Viét phuong trinh mit phang (P) || (Q) : ax + by + ¢z +d = 0 va cach diem
M(z_;y ;2 ) mot khoang k cho trude.
Phuong phap:
e VI(P)|(@Q):ax+by+cz+d=0= (P):azx+by+cz+d =0.
« Stt dung cong thitc khoang céch d[ =k=4d.

M(P)]

Bai toan 2. Viét phuong trinh mat phang (P) || (Q) : ax + by + cz +d = 0 va (P) cach (Q)
mot khoang &k cho trudce.
Phuong phap:
e Vi(P)||(Q):ax+by+cz+d=0= (P):ax+by+cz+d =0.

« Chon mot diém M(z_;y ;2.) € (Q) va st dung cong thic:
— _ !/
d[<Q>;<P>] o d[M.<P>] =k=d.
Bai toan 3. Viét phuong trinh m#t phang (P) vuong goc v6i hai mit phang («), (8), dong
thoi (P) cach diem M(z_;y_;z ) mot khoang bing k cho trude.
Phuong phap:
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» Tim 7, n,. Tu do suy ra ﬁ(P) = [ﬁ(a),ﬁw)} = (a;b;¢).
« Khi d6 phuong trinh (P) c¢6 dang (P): az + by + cz +d = 0, (can tim d).
P VI dy == d

Bai toan 4. Viét phuong trinh méat phéng (P) tiép xtc v6i mat cau (S) tai M(z ;y ;z.).
(trong truong hop nay, (P) dude goi 1 mit phang tiép dien).
Phuong phap:
o Tim tam I va ban kinh R ctia mit cau.
o Qua M(z;y.;2,)
« Khido (P): ~— (dang 1)
« VIPT:ii, = IM
Bai toan 5. Viét phuong trinh mat phang (P) || (Q): ax + by +cz +d = 0 va (P) tiép xtc
v6i mat cau (S) cho trude.
Phuong phap:
e Vi(P)|(Q):az+by+cz+d=0= (P):ar+by+cz+d =0.
« Tim tam I va ban kinh R ctia mit cau.

« Vi (P) tiép xtc (S) nén co6 d[[,(P)] =R=4d.

9. Phuong trinh dudng thang
« Dudng thing d di qua diém M(z_;y_ ;2. ) va c6 vécto chi phuong (VICP) @, = (a;;a,;a,) c6

17772773

r=z +at
phuong trinh tham s6 |{y = y_ + a,t|, (t € R).

z:zo—l—agt

 Diém M thuoc dudng thang d < M(z_ + at; y +at; z +apt).

« Néu a,a,a, = 0 thi > = = 2| dudc goi la phuong trinh chinh tic cia d.
al a? a3
& Dac biét:
'$ =1 z=0
v Truc Oz:{y =0 ¢6 VICP i = (1;0;0). v Truc Oy:iy =1t ¢6 VICP j = (0;1;0).
z=0 z2=0
x=0
v Truc Oz :{y =0 ¢6 VICP k = (0;0;1).
z=1

10. Vi tri tuong doi

r=z +at x:x:—kal’t'
a) Vi tri twong dbi cia hai dudng thang d:{y = Y, +ait va d :{y = Y, + aQ’t’.

2=z tat z:zo—i—a;t’
r, +at= x’ + allt'
@ Phuong phap 1. Xét he phuong trinh v6i hai an 1a ¢ va t, tie xét: 1y, +a,t =y’ +alt’.

2 +at =2z +alt

« Néu hé c¢6 nghiem duy nhét thi d va d’ cit nhau.
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« Néu hé c6 vo s6 nghiem thi d = d'.
« Néu hé vo nghiém thi d || d’ hosic d, d’ chéo nhau.

o i, 114, thid]|d.

DANG CAU 16 bMH

o Néu @, 2+, thi d, d’ chéo nhau.

@ Phuong phap 2. Xét M(z,y ,z)ed, M,y z)ed vai, u,.
a, =ka a, =ka
° d Cl/<:> d d/' o dEd/<:> d d!
| {Mgzd’ Med
, i ko1l @,
e dcitd & L . dchéod'@[d,d]MNIO.
@,d).MN =0’

b) Vi tri twong dbi giita dudng thing va mit phing

r=x +al
Cho dudng thang d : {y = y, +a,t vamat phéng (a): Az + By +Cz+ D =0
2=z t+at d

—

ud
r=2xz +at 1) T

(
o Y=y, (2)
Rt e 2=z +agt (3) ) /‘g r‘l:
(4)

Ax+By+Cz+D =0

— 3

Lay (1),(2),(3) thé vao (4) i, =

+ Néu () c6 nghiem duy nhat < d cat (). = s O
e Néu () c6 vo nghiem < d || (a).

o Néu ()

u (¥) vo s6 nghiem < d C (a). A N

c) Vi tri tuwong dbi giita dudng thing d va mit cau (S)
Cho mat cau (S) c¢6 tam I, ban kinh R va duong thang A. Dé xét vi tri tuong doi gitta A va
(S) tatinh d(I,A) roi so sanh v6i ban kinh R.
e Néu d(I,A)> R:A khong cit ().

e Néu d(I,A) = R: A tiép xfic véi (S) tai o. 1
e Néu d(I,A) < R:A cit () tai hai diém phan biét A4, B.

d d

11. Khoang cach

AT,
a) Khoang cach tit v dén a4 1a |d(M,d) = ‘_' ‘ v6i A€d va i, ]aVTPT 4.
U
[ﬁ,{i’].AB‘
b) Khoang cach gitta hai dudng chéo nhau |d(d,d’) = ‘ — _'/] v6i Aed, Bed.
U, u

12. Goc

a) Goc gita hai dudng thing
Géc gitta hai duong théng d, va d, c6 VICP 4, = (a;b;c,) va @, = (a,b,;c,).
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@@\:
SCA N PN P
b) Géc giita dudng thang va mat phang

Cho dudng thang ¢ ¢6 VICP 4, = (a;b;c) vamit (P) ¢6 VIPT il = (4;B;C) thi

ala2 + b1b2 + CICQ

vai 0° < a < 90°.

cos(d;d,) = cosar = ‘

Y

d.n(P>

‘aA 1B+ cc\

= voi 0° < a < 90°.
\/(12—}—62—1—62\/1424—32—1—02

sina= ‘cos(ﬁ(m; i,)

‘“d Tp)

Pang todn 3: Gie

1. Goc giita hai dudng thing

Goc gitta hai duong thing d, va d, c6 vécto chi phuong 4, = (a,;0;5¢,) va 4, = (a,;b,;c,).

cos(d :d.) = cosar = ‘u u‘ _ ‘alag—i—blb?—i—cl%‘
1 ‘%H%‘ \/af + ! —|—012,\/a22 +b +c

2. Goc gitta dudng thing va mat phing

véi 0° < a < 90°.

Goéc gitta duong théng d c6 vécto chi phuong @, = (a;b;¢) va mat phang (P) c6 vécto phap
tuyén i, = (4; B;C) dugc xéc dinh béi cong thic:

—

o)

- ‘aA—f—bB—FcC"
B \/a2 +b° +02\/A2 + B> +C?

Pang todn 4: Khoang cdach
1. Khoang cich tit mot diém dén mét dudng thing
Khoang cach tir diém & dén mot duong thang ¢ qua diém A c6 vécto chi phuong i,

voi 0° < a < 90°.

sina = ‘cos(ﬁ(P> )

‘“d p)

HZA}', i
dugce xac dinh béi cong thic |d(M,d) = ‘_'— .
u

]

@ Khoang cach giita hai dudng thang song song la khoang cach tit mot diém thuoc
duong théing nay dén duong thang kia.

@ Khoang cach giita dudng thing ¢ song song véi mit phang (P) la khoang cach
tit mot diém M thuoc dudng thang ¢ dén mat phang (P). Cu theé:

ar, +by, +cz, + d‘

Jai + b + ¢

Vid | (P) = d(d;(P)) = d(M;(P)) = |

v6i

Med
(P)iaz+by+cz+d=0

2. Khoang cach giita hai dudng thing chéo nhau

Duong thang ¢ di qua diém 4 va c6 vécto chi phuong 4 , va d’ di qua diém B vi cé vécto

[i,ii,].AB

.

chi phuong 4, 1a |d(d,d") =

d? 7d
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Dang todn 5: i tri tuong déi

r=x +at z=z +alt'
1) Vi tri tuwong dbi ciia hai dudng thang d:{y=y +at va d' :{y=y +alt'.

. _ I
z—zo+a3t z—zo+a3t

. +at=2a +at'
@ Phuong phap 1. Xét hé phuong trinh véi hai an la ¢ va ¢, tic xét: y, +at = y: + a;t' .

z, tatl= z: + a;t'
e Néu hé c6 nghiém duy nhat thi ¢ va d’ cit nhau.

o Néu hé ¢6 vo sd nghiem thi d =d.
e Néu hé vo nghieém thi d || ' ho#c d, d’ chéo nhau.

o u TTu,thid]|d. o Néu u,} 4, thi d, d’ chéo nhau.
@ Phuong phap 2. Xét M(z,y,z)ed, Mz ,y 2/ )ed vai, u,.
a, =ka, a, =ka,
. d d/ = d d ) ° d = d/ o d d
| Med Med
/ i ko1l @, .
e dcitd &1 . : e d chéo d <:>[5d,5d,].MN¢O.
[d,a'].MN =0

2) Vi tri tuwong dbi giita dudng thing va mit phing

r=x +at
Cho duong thang d:{y =y + a,t vamat phéng (a): Az + By +Cz+ D =0

d
z:zo+a3t =

p
d T
rT=x +at 1) L

(
o |y=y, tat (2) A r”
Xét he: i— st 3) (%) :
(4)

Az +By+Cz+D=0 (4 N
Lay (1),(2),(3) thé vao (4) "l oy
+ Néu () c6 nghiem duy nhat < d cat (). B
e Néu () c6 vo nghiem < d || (a). -
+ Néu () v0 s6 nghiem < d C («).

3) Vi tri tuwong dbi gitta dudng thang d va mit cau (S)
Cho mit cau (S) c6 tam I, ban kinh R va dudng thang A. Dé xét vi trf tuong ddi gitta A va
(S) tatinh d(I,A) r6i so sanh v6i ban kinh R.

o Néu d(I,A)> R:A khong cat (5).
e Néu d(I,A) = R: A tiép xtc v6i (S) tai H.
e Néu d(I,A) < R:A cit (S) tai hai diém phan biet 4, B. ¢

@ Céach khac: chuyén 4 vé dang tham s6 va thé vao (S).
S6 nghiém 13 s6 giao diém.
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PDang todn 6: Viét phuong trinh duong thing
® Loai 1. Viét phuong trinh tham s6 va chinh téc (néu c6) clia duong thang d, biét d di

qua diém M(z 3y ;z,) va c6 mot vécto chi phuong 1a @, = (a,;a,;a,).
s Qua M(z_;y;2.)
« VICP:u, = (a;a,;a,)

17727773

& Phuong phap. Ta co: d :

r=z +at
e Thamso d:{y =y, +ap. e Chinhtic g .22 _¥7Y% _27% (

z=2z +at ! 2 3
o 3

a,a,a, = 0).

@ Loai 2. Viét phuong trinh tham s6 va chinh tic (néu c6) ctia duong thang d, biét d di
qua diém M(z ;y ;z ), dong thdi vudng goc véi hai vécts @ va b.

s Qua M(z;y.;2,)

« VICP: 4, =[d,b] = (a;a,;a,)

177727773

& Phuong phap. Ta co: 4 -

x:xo—f—alt

e Thamso d:{y =y, +ayt. e Chinhticg: 2% Y794 _27% (aa,a, = 0)..
a a a
2=z +agt ! : ’
e = S 2 Z y—l z—2 o 2
Bai mau 1: Cho du’dngthangA:I:T: N , mit phang (P):z+2y+22—4=0.

Phuong trinh dugng thang d nim trong (P) sao cho d cit va vudng goc véi duong thang A
1a

= (LL-1)

Loi giai: Ta co: .
n, = (1;2;2)

Tu hinh vé, ta c6 4, = [ﬁp,ﬁd] = (—4;3;—-1).

= = Tim diém M(t;1+ 2 —t)€ AN(P)= M € (P)

T ®) AH ") St+20141)+22—-1t)—4=0

Ij Ll_‘ =t=-2= M(—2-14) € d (Xem hinh vé)
L Qua M(—2;—1;4) r=o2od
. e Qua M(—2;—1;

ﬁ M =d:{ _ =d:{y=—-1+3t.
| o i, = (—4;3;—1)
‘ z=4—t

Bai mAu 2. Trong khong gian Ozyz, cho mit phang (P): 27 —y + 2z — 10 = 0, diém A(1;3;2) va
r+2 y—1 22—
1 =l
thang A cat (P) va d lan lugt tai hai diém M, N sao cho A la
trung diém ciia doan MN.
Lgi giai:

) 1
duong thang d : - Tim phuong trinh dudng

Datd:x;_2:y_1zz_11:t:>N(2t—2; t+1 —t+1)€ed
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Ty =22, — T
Vi A la trung diém ctia MN nén: Yy =20, — Yy
z, =22, — 2z,
T, =21—(2—2)=4-2
Suyray, =23—(t+1)=5—-t = MA4—-2t5-t 3+t)c(P):22—-y+2-10=0
2, =22—(—t+1)=3+1
&2.4-2)—-5—-t)+B+t)—10=0<t=-2= M(8T7;1) va N(—6;—13).
Qua N(—6;—1;3 _
Khi do A : 613 NP s e R
VTCP:u = NM = (14;8;—2) = 2.(7;4;—1) 7 4 -1

@ Nhé. Hoc sinh doc ki 16i gidi va lam lai tuong ti, ¢ thé rit ngdn cach lam. Dé bai c6 thé mé
rong NA = k.AM khi dé ta st dung hai vécto bang nhau dé tim M, N, trong trudng hop
k =1 thi A chinh la trung diém ctia MN, hosc cho trong tam hozc hinh binh hanh.

Bai mau 3. Trong khong gian Ozyz, viét phuong trinh mit phang (P) di qua diem M(1;2;3)
va cit batia Oz, Oy, Oz lanlugt tai A, B, C sao cho thé tich ti& dien OABC nhé

nhat.
Loi giai:
Cauchuy

Taco: (ABC): 2+ ¥+ %=1 va M1L23) € (ABC) > 1=2+242 > 398

a b ¢ a b ¢ abc
1 ) 1 2 3 a=3; b=6
:>ab02162:>V0ABC:gab0227.Dau":"@—:g:—vaabc:162:> )

a c c=

:>(ABC):§+%+§:1<:>6x+3y+2z—18:0.

@ Can nhg: Phuong trinh mit phing doan chan (P): z + % + 2=l
a c
abe
. VO.ABC :? ((l, b, c > O)

e M tructam AABC < OM L (ABC)
1 1 1 1

_|_ .
04>  0B> 0C* oM?
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DANG CAU 16. BAI TAP REN LUYEN (50 CAU)

Cau 16.1. (DMH 2025) Céc thién thach c6 dudng kinh 16n hon 140 m va c6 thé lai gan Trai
Dat & khoang cach nhd hon 7 500 000 km duge coi 1a nhitng vat thé c6 kha ning va cham
gay nguy hiém cho Trai Dat. Dé theo dbi nhitng thién thach nay, ngudi ta da thiét lap
céc tram quan sat cac vat the bay gan Trai Dat. Gia st ¢6 mot hé théng quan sat c6 kha
ning theo déi cac vat thé ¢ do cao khong vugt qua 6 600 km so v6i muc nude bién. Coi
Trai Dat 1a khéi cau c6 ban kinh 6 400 km. Chon hé truc toa do Ozyz trong khong gian
c6 goc O tai tam Trai Dat va don vi do dai trén mdi truc toa do 1a 1000 km. Mot thien
thach (coi nhu mot hat) chuyén dong véi téc do khong doi theo mot dudsng thang tir
diém M (6;20;0) dén diém N (—6;—12;16).

a) Duong thang MN c6 phuong trinh M A/\B N

z=06+31
tham s61a {y =20+ 8t (t € R).
z = —4t

6400km 6600km

b) Vi tri dau tién thién thach di chuyén vao
pham vi theo déi ctia hé théng quan sat 1a
diém A(—3;—4;12).
c¢) Khoang cach gitta vi tri dau tién va vi tri
cubi cting ma thién thach di chuyén trong
pham vi theo déi ctia hé théng quan sat 1a
18 900 km (két qué lam tron dén hang tram
theo don vi km).
d) Néu thoi gian di chuyén cia thién thach trong pham vi theo déi ctia hé théng quan
sat 1a 3 phat thi thoi gian n6 di chuyén tit M dén N 1a 6 pht.

Cau 16.2.  Trong khong gian véi hé toa do Ozyz, mot cabin cap treo xuat phat tit diém

A(lO; 3; 0) va chuyén dong déu theo duong cap c6 vecta chi phuong 1a 7 = (2; —2; 1) v6i
toc do 4,5m/s (don vi trén méi truc toa do 1a mét).
a) Phuong trinh tham s6 ctia dudng cap la:

z =10+ 2t
y=3-2t (teR)
z=1t

b) Gi4 sit sau thoi gian ¢ (s) ké tit lac xuat
phét (t > 0) thi cabin dén diém M . Khi
do toa do diém M 1a

t

M[St +10;—-3t + 3;%].

c) Cabin dirng 6 diém B c6 hoanh do z, = 550, khi d6 quang duong AB dai 800 m.
d) Dudng cap AB tao v6i mit phang (0xy> mot goc 30°.

Cau 16.3.  Cac thién thach c6 dudng kinh 16n hon 140m va c6 thé lai gan Trai Dat & khoang
cach nhé hon 7500000km dudc coi 1a nhitng vat thé c6 kha nang va cham gay nguy hiém
cho Trai Dat. Dé theo déi nhitng thién thach nay, cdc nha nghién citu clia trung tam Vi
Tru Nasa da thiét lap cac tram quan sat cic vat thé bay gan Trai Dat. Gia stt c6 mot hé
théng quan sat c6 kha nang theo déi cac vat thé ¢ do cao khong vugt qua 4600km so v6i
muc nuée bién. Coi Trai Dat 14 khéi cau c6 ban kinh 6400km . Chon hé truc toa do Oxyz
trong khong gian c¢6 gbc O tai tam Trai Dat va don vi do dai trén mdi truc toa do 1a
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1000 km. Mot thien thach (coi nhu
mot hat) chuyén dong véi toc do
v, = 2v2.10° (km/h) khong déi theo
duong thing xuat phat tu diém
M (0:5:12) dén N (12:5;0)

a) Khodng cach thién thach gan véi
trai dat nhat c6 do dai bang 3449km
(Két qua lam tron dén hang don vi)
b) Cac nha nghién citu ciia trung tam
vii tru Nasa dua ra gid thiét néu lac
thien thach dang & vi tri M bat ngs
doi huéng va lao xudng trai dat véi
phuong thing thi quang dudong dai
nhit né c6 thé va cham véi trai dat 1a
11315 km (Két qua lam tron dén hang don vi).

c) Tai thai diem thién thach dang & vi tri M thi cé 2 vé tinh dang & vi tri A (—6; —5— 6)

- ~~
g S

< 4600km

va B (7; — 6; 7) c6 van téc khac nhau di chuyén trong miit phang trung truc cia MN va
luon cach trai dat véi khoang c6 dinh. Khoang cach xa nhét ctia 2 vé tinh c6 thé dat 1a
18412km (Két qua lam tron dén hang don vi).

TN97

3
Cau 16.4. Trong khong gian Ozyz (don vi trén moi truc tinh theo kilomét), mot tram thu

phat song dién thoai di dong duge dat & vi tri
I (1; 3; 7) . Tram thu phat séng d6 dugc thiét ké

.10’ (km/h) thi sé va cham véi thién thach.

d) Néu ve tinh A di v6i van toc v, =

VA;\ oA 74

v6i ban kinh phti séng la 3 km.
a) Phuong trinh mit cau (S ) dé mo ta ranh

i
i

v i 1
%
!
-"?53
i

gi6i bén ngoai clia viing phu song trong khong
gian I (v +1) +(y+3) +(z +7) =9

b) Néu ngusi dung dién thoai ¢ vi tri diém
A(2; 2; 7) thi c6 thé st dung dich vu ctia tram thu phat séng do

c¢) Néu ngudi dung dién thoai & vi tri c6 toa do B (5;6; 7) thi khong thé sit dung dich vu

cua tram thu phat song do
d) Tinh theo duong chim bay, khoang céch 16n nhat dé mot ngusi & vi trf c6 toa do
B (5;6; 7) di chuyén dudc t6i viing phii séng theo don vi km 1a 8 km.

Cau 16.5. Heé théng phong khong “vom sit” 14 mot trong nhitng hé théng danh chin tén Itta
tlt xa rat noi tiéng ctia Israel. Dé “vom sit” hoat dong dude chinh xac ngudi ta trang bi
mot Radar c6 kha niang phat hién tén lita v6i ban kinh 417km. Trong hé truc toa do
Ozyz , mot hée thong "vom sat" dang & vi tri goc toa do O (0; 0; 0) vamot qua tén ltra dang
Gvitri A <688; 185; —8) duge phong lén va bay theo mot quy dao 1a dudng thang cé vecto

chi phuong la u = (—91;—75;0).
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ey - _ ~
Tén lita phat nd gan héa dan E
1 dé pha hiy hda dan

La chadn vom sat

Héa dan Radar phat hign Hg thong xdc ds_nh Dan phang
ctia di phuong va do tim héa dan diém tac déng tén lua
duge ban di déi phuong dé danh chan

Vom Sat sé bo qua cac mdi de doa ma nd xac dinh
sé roi vao vung khéng cé dan cu
a) Phuong trinh miit cau thé hien viing phti song ciia Radar 1a 2° + 3 + 2° = 417
b) Radar phat hién mot qua tén Itta ngay tai vi tri dugc phéng len
c) Gia st he théng "Vom sit" gap truc tric khong thé bin ha qua tén ltta khi do6 vi tri
cudi cling qua tén lita xuat hién trén man hinh radar 13 B (415; —40; —8)

d) Néu hé thoéng gip truc tric khong ban ha dudge tén ltta thi khodng cAch gan nhat tu
hé théng "vom sat" dén qua tén ltta 13 ~ 190 km

Cau 16.6. Mot ndp bé nuéc hinh chit nhat ABCD nim canh bd tudng c6 kich thudc
9dm x 12dm dudc kéo ra tit mit san. Do tac dung ciia trong lic nén nip bé khong thé
md ra duge néu khong c6 ngudi gitt. Nguoi ta
dung mot s¢i day xich dai 15 dm va kéo cing
néi dinh C ctia hinh chit nhat v6i diém M
nam phia trén bd tuong sao cho AM = 9dm
va AM vuong goc véi mit san. Chon hé truc
Ozyz nhu hinh vé, khi dé nip bé mé ra va
tao voi mat san mot goc a (don vi trén moi
truc toa do tinh bang dm ). B6 qua do day
clia nip bé.
a) Diém M thudc mit phing c6 phuong
trinh 2z = 0.

b) Toa do diém C' la C(9Sina;12;9cosa>.

c¢) Goc gitta nap bé va mat san sau khi kéo len
la o = 60°.
d) Phuong trinh mit phing chia nip bé nude sau khi kéo bsi day xich 1a z — \/gz =0.
Cau 16.7. Ve tinh hoat dong dua trén nguyén 1§ ctia vat Iy Newton. Mot vat thé bi kéo béi
mot Iuc hap dan tir mot vat thée khac sé chuyén dong theo mot qui dao elip xung quanh
vat thé do. Dé dua veé tinh lén qui dao, ngusi ta stt dung céc loai tén lita day khac nhau
dé cung cap cho vé tinh dong lugng can thiét dé thoat khoéi trong huc ctia Trai Dat va
duy tri quy dao on dinh. Dé thuan tién ta quy uéc mot quy dao gan tron thanh mot
duong tron. Trong hé toa do Oxyz , gbc toa do 1a tam trai dat, mot vé tinh nhan tao c6
quy dao dugc coi nhu mot dudng tron c6 ban kinh 13440 km c6 diém xuét phat 1a diém
B (4032; 0; —5376) va day ciing 1a diém gan Trai DAt nhat ctia vé tinh. Quy dao clia vé

tinh nay ndm trén mit phang vuong géc véi truc tung va c6 tam ndm trén duong thang
OB . Coi trai dat 13 hinh cau hoan ho c6 ban kinh bing 6400 km.

a) Phuong trinh mit phang chita quy dao ctia vé tinh 1a 2z + 2 = 0.

b) Khi xuat phat tai diéem B veé tinh dang & do cao 320 km so v6i mét dat.
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¢) Quy dao cia tén ltra 1a duong tron c¢6 tam [ (—4032; 0;5736) .
d) Khi Trai Dat quay, diém cic Nam va cuc Bic ctia Trai Dat khong thay doi vi tri.
Biét ring diém cuc Nam ctia Trai Dat c6 toa do 1a M(O; 3840;5120) . Khoang cach gan

nhat gitta vé tinh va diém cyc Nam bang 10112 km ( Két qua lam tron dén hang don vi).
Cau 16.8. Mot mai nha hinh tron duge dat trén ba cay cot tru. Cac cay cot tru vuong goc véi
miit sin nha phing va c6 do cao lan lugt 14 8m,9m,10m . Ba chan cot 14 ba dinh ctia mot

tam giac déu trén mat san nha véi canh dai 8m. Chon hé truc
toa do nhu hinh vé v6i B € Oz, C € Oy, tia Oz cung hudng
v6i vectd AA’. Chon gbc toa do O trung véi trung diém ctia
AC vambi don vi trén truc c6 do dai 1m (xem hinh vé).

a) Toa do cac diém A'(O;—4;10>,B'(4\/§; 0;9),0'(0; 4;8) .

b) Phuong trinh mit phing (A’B'C') la: y +42—-36=0.

c) Biét do déc ctia mai nha tieu chuan khoang 27° dén 35°
thi mai nha trén c6 do déc 6 miic tiéu chuan.
d) Biét ring bé mit mai nha 1 hinh tron co tam I tring véi tam dudng tron ngoai tiép
tam giac A’B’C’ thi diém I cach mat sin mot khoang 1a 9 mét.

Cau 16.9. Trong khong gian v6i hé truc toa do Ozyz, mot con chim bo cau xudt phat tu

0(0;0;0) di chuyén véi vecto van toc v, = (1;2;2) . Cung lac d6, mot con chim én ciing

bt dau di chuyén tit A(O; 0;5) v6i vecto van toc v, = (0; 3; 4). Ton tai mot viing khong
gian nguy hiém, noi ma & dé thuong xuyén xuat hién nhitng ngudi san bat chim c6 dang

R 2 2 2 DR . . . .
mét cau (a: - 2) + (y — 4) + (z - 4) =16 . Biét rang moi don vi trén cac truc toa do

trong khong gian tuong duong 1m va don vi do thai gian tinh bang giay.

a) Téc do di chuyén clia chim bd cau la 3m/s

b) Chim én c6 di chuyén vio viing nguy hiém trong qua trinh bay

c¢) Thai gian ma chim bd cau di chuyén trong viing nguy hiém nhé hon 5 giay

. . 2 2 . . N 2
d) Khoang cach gitta hai duong thang quy dao ctia hai con chim bang gm

Cau 16.10. Du an Hyperloop la mot giai phap giao thong ctia tuong lai khi né sé gitp van
chuyén ngusi va hang héa bang mot dudng 6ng
chan khong véi toc do tuong duong mot chiée
may bay. Gid st trong khong gian véi hé truc ]
toa do Ozyz, mot cabin xudt phat ti diem AL

A(lO; 3;0) va chuyén dong theo duong cap co

vecto chi phuong u = (2;— 2;1). Huéng chuyen

dong cling chiéu vé6i huéng vecto u véi toe do
4,5m/s va don vi trén méi truc 13 mét.

r=10+ 2t
a) Phuong trinh tham s6 ctia dudng thang chita duong cap 1la {y = 3 — 2t (t € R)

z=1
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b) Gia st sau thoi gian ¢ giay (¢ > 0) ké tit khi xuat phét thi cabin dén diém M . Khi

do toa do ctia diem M 3t+10;—3t—|—3;% vei te R

c) Cabin dimng & diém B c6 hoanh do z, = 550 . Khi d6 quang dusng AB dai 800 mét.
d) Dudng cap AB tao v6i mit phang (Oxy) mot goc 30°.

Cau 16.11. Nha bac An duge mo ta nhu hinh bén duéi, trong dé phan than nha 1a hinh hop chit
nhat ABCD.EFGH . Ngoi nha duge 1gp ngdi hai méi 1a
hai hinh chit nhat PEHQ va PFGH , biét tam giac . ;
EFP la tam giac can tai P. Goi T la trung diém ctia HarZfo-t---2G
DC . Cac kich thuéc ciia nha lan lugt 13 AB = 6m; :
AE =5m; AD =8m; QT =7 m. Xét hé truc toa do - C
c6 goc toa do la diém O thuoc doan AD sao cho g r >
OA =2m va cac truc toa do tuong ung la cac truc '
Oz,0y,0z . Khi do: |08 --- -4 --
a) Toa do diem A 1a (2; 0;0). m B

m

b) Véc to AC c6 toa do la (6;6;0).
c¢) Bac An muén lip mot chiéc den 16ng tai vi tri trung diém ctia FG va dau nguon dién
dat tai vi tri O. Bac ay thiét ké duong day dién néi tit O dén K sau d6 noi dén chiée
den 16ng. Do dai doan day dien nbi t6i thiéu bing 5 + 2\/5 (m).

d) M4i nha Bac An dudc Igp bing ngéi dat nung Dat Viet, gia tién mdi vien ngoi 1a
11 000 dong va dé lgp dugce 1 (m2) dién tich mai nha can 22 vién ngoéi. S6 tién can bd ra
dé mua ngoi lgp mai nha 1a 13 960 000 dong (khong ké hao phi do viéc cdt va ghép cdc
vién ngoi, lam tron két qud dén hang nghin).

1 y—2 241

Cau 16.12. Trong khong gian Ozyz , cho duong thang d : ? ; = 3 = 5 v mat phang

(P) 122 +2y —2+1=0. Dudng thang A cat duong thang d tai B, cit mat phing

(P) tai C' théoaméan D la trung diém ctia doan BC' véi D[%;l; 0].

a) Diém A(3;5;1) thuoc duong thing d .

b) Khoang cach tit diém M(l; 1; 3) dén miit phang (P) bang % :

¢) Toa do giao diém ctia dudng théing d v mat phang (P) la I (—1; —1; —3) .

d) Duong thing A c6 mot vécto chi phuong ; = (1; 2; —2).

Cau 16.13. Mot may bay dang di chuyén vé phia san bay. Tai thoi diém hién tai, vi tr{ ctia may
bay 1a B(150;150;5000) (trong d6 5000m la do cao clia may bay so v6i mit dat). May
bay dang di chuyén théng t6i san bay véi van téc 700km/h. San bay c6 toa do C(0;0;0)
va may bay dang tién dan dén vi tri ha canh tai san bay.
a)Phuong trinh tham s6 ctia dudng thang ma may bay di chuyén theo la

z = 150 — 150¢
y = 150 — 150t
2 = 5000 — 5000t
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b)Khoang cach tit vi tri hien tai cia may bay B(150;150;5000) dén san bay C(0;0;0)1a

V15250000 =~ 3905,6km

¢)V6i van toc clia may bay 1a 700km /h, thoi gian dé may bay ha canh 13 khodng 5,5
gio.
d)Néu he thong kiém soat khong luu yéu cau lien lac v6i may bay khi né con cach san
bay 40km thi khi may bay & vi tri (6;6;200) né con cach san bay 1a 40km.

Cau 16.14. Trong khong gian véi hé truc toa do Ozyz , cho hinh chép déu S.ABCD véi day

ABCD 1a hinh vuodng canh bang 2\/5 va canh bén SA=4. Goi O la tam cta hinh
vuong ABCD (Minh hoa nhu hinh vé duéi day)

a) Toa do clia diém A(O;Q;O) .

b) Trong tam ctia tam giac SAB 1a G 373 3

2.2.26]

c) Néu diém E (a;O;b) 1a mot diém thudc mat phéng

(Omz) sao cho ba diéem C,FE,G thing hang thi tich

\/
a.b = \/g ) w B \y
d) Néu diém M(O;m;n) thuoc mat phang (Oyz) sao

cho MG 4+ MB dat gia tri nhé nhéat thi gia tri ctia biéu thic T =m’ +n’ =1.
Cau 16.15. Trong khong gian Ozyz, cho ba diém khong thing hang A(O; O;—l) , B<—1; 1;0),

C (1; 0;1) .Xét tinh duang sai clia cdc ménh dé sau:

a) Duong thing AB nhan 1; = (1;2;1) lam vécto chi phuong.

=1
b) Duong thing AC c6 phuong trinh:{y = 0 (teR).
z2=—142

c¢) Mit phang (P) c6 phuong trinh 2z + 3y + z — 2025 = Osong song v6i mit phang
(ABQO).
d) biém N [—%;%;—1] la diém théa man 3NA® 4+ 2NB* — NC?dat gia tri nhé nhat.

Cau 16.16. Trong khong gian Ozyz,cho mit cau (S): 2> +¢y* +2° —6x +4y —22 +5=0.
Phuong trinh mat phang(Q) chia truc Oz va cat (S) theo giao tuyén 13 mot dudong
tron c6 ban kinh bang 2.

a) Mat cau (§) ¢6 tam I(—3;2—1) va ban kinh R = 3.
b) Géc toa do O(0;0;0) ndm trong mat cau (5).

c) Khoang cach tir tam mat cau dén mit phang (Q) 1a 1.
d) Mit phang (Q) c6 phuong trinh la: 2y — 2z = 0.

Cau 16.17. Trong linh vuc xa tri ung thu, chiim tia xa duge dinhh huéng dé tap trung vao khéi
u mo phong 1a mot hinh cau (U) : <:E - 2)2 + (y - 1)2 + (z - 3)2 = 1. Dé giam thiéu ton
thuong cho mo lanh xung quanh, ngudi ta thiét ké mot hé thong chan xa. Mot phan ctia
hé théng chin xa duge moé hinh héa bdi mit phang (Q) cx+y+2—T7=0.Ngudoi ta
can xac dinh ving khéi u ndm phia sau mit phang chan xa so véi ngudn xa. Gia st

nguon xa dit rat xa va cac tia xa song song theo phuong vecto v = (1; 1; 1) .

Trang 87



ON THI TN.THPT NAM 2025 THEO DANG TOAN DANG CAU 16 bMH
a) Tam I cia khoiu c6 toa do 1(2;1; 3)

b) Vecto phap tuyén ctia mat phing chin xa (Q) la n = (1; 1; 1)
c) Tam J clia dudng tron giao tuyén ctia mit phing (Q) va khdi u (U) c6 toa do thoa
man h¢ thic y, =z, —1

d) Thé tich phan khéi u ndm phia sau mit phang (Q) theo huéng vecto v 13 % S

zﬁ]

3
cm
Cau 16.18. Trong khong gian vé6i hé truc toa do Ozyz , mot tau ngam dang di chuyén duéi bién

r—50 y+20 2-10
—4
phat hien mot khu vic nguy hiém duge rai min, khu vic nay c6 dang hinh cau (S ) v6i

tam C'(200;—300;60) va ban kinh R = 80 (mét)

sau vdi huéng di chuyén theo dusng thang A : . Hai quan

a) Vecto chi phuong ctia duong di chuyén A vuoéng géc véi % , v6i O 1a goc toa do
b) Duong di chuyén A ndm trong mit phang <P> c 4z 4 3y = 140.
c¢) Tau ngam sé di vao khu vize nguy hiém (S )
d) Goi M la diém gan khu vic min nhat trén duong di clia tau ngam. Biét ring téc do
tau ngam khong déi 1a 5 (m/s). Thoi gian ngdn nhat dé tau ngam di chuyén tit vi tri
hién tai A (50; —20; 10) dén diém M 1a 63,5 giay (Két qua lam tron dén hang phan tram)
Cau 16.19. Cho hinh chép S.ABCD c¢6 day ABCD la hinh thang vuong tai A va B,
AB = BC = a, AD = 2a , hai mit phing (SAB),(SAD) vuong goéc véi mat phing day,

goc gitta canh bén SC v6i mat phang day bang 60°. Khi do
a) SA vuong géc v6i mat phang day.

b) Chiéu cao khéi chép bing #.

@’ 6
-

¢) Thé tich khéi chép S.ABCD bing

d) Khoang céch giita hai dudng théng SB va CD bing

78
13

Cau 16.20. Ban An mudn dung tam bia hinh chit nhat c6 chiéu rong 3dm , chiéu dai 5dm dé
lam mot chiée hop khong nip, bing cach cit bd di 4 hinh vuong nhé c6 canh bang x dm

& bon goc ciia tam bia nhu hinh vé. Cac ménh dé sau dting hay sai?

[=

a) Diéu kién ctia z 1a 0<x<%.

b) Dién tich mat day cia chiéc hop 1a (3 — 2x> (5 — 2:13)
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c) Thé tich ctia chiéc hop la 42° — 162> + 15
8 —19

6
Cau 16.21. Cho hinh chép S.ABCD c¢6 day la hinh chit nhat c¢6 canh AB = 2a,AD = a, tam

gidc SAB déu va ndm trong mat phing vuong goc véi day. Goi H, K lan lugt la trung
diém AB va CD.
a) SH 1L (ABCD).
b) Goc gitta SC va (ABCD) la goc SHC' .
c¢) Géc phang nhi dién [S, AB,C] bing 90 .
d) Géc phang nhi dien [S,CD, A] bing 45 .
Cau 16.22. Cho hinh chép S.ABCD c¢6 day ABCD la hinh chit nhat véi AB = a\/g,
AC = a\/g . Canh bén SA = 2a va vudng goc v6i mat day (ABCD) .

a) Khoang cach tit B dén mit phang (SAD) bing a2 .

d) Vé6i z = thi chiéc hop c6 thé tich 16n nhat.

b) Khoang cach tit D dén mat phang (SBC) bing %.
2 . % 2 S 2a3
c¢) The tich khéi chép S.ABCD bang -

d) Khoang cach giita hai duong thing SD,AB bing 2a5\/g .

Cau 16.23. Cho tit dien déu ABCD c6 tat ca cac canh bang a . Goi O 1a tam dudng tron ngoai
tiép tam giac BCD va M, N lan lugt 1a trung diém ciia doan thang AB,CD .
a) Duong cao cla tti dien ABCD 1a AO.
a2
-
¢) S6 do ctia goc phang nhi dién[A, BC, D] bang 70°31'.

b) Thé tich ctia ti dien A.BCD bing

a2

d) Khoang cach gitta hai dudng thang AB va CD 1a MN = -

Cau 16.24. Cho hinh lang tru tam gidc ABC.A'B'C’ c6 day ABC la tam giac déu canh bing
a,tam giac AB'C’ cantai A, mit phang (AB'C') vuong goc vi mit phing (A'B'C')
va AA = a3
a) Miit ben BCC'B’ 13 hinh chit nhat.

b) Hinh chiéu vudéng géc ciia A trén mat phang (A’ B'C’ ) la trong tam ctia tam giac
A/ B/C/
3a3\/§

c) Thé tich khéi lang tru ABC.A'B'C’ bang .

w3
s

Cau 16.25. Trong khong gian Ozyz cho 3 diém A(l; 2;3),3(—3;4;—1),0(2; 0;—2) )

d) Khoang cach giita dudng thang AA’ va mat phing BC’ bing

a) Goc ABC la goc 16n hon 60°.
b) Goi D(a;b;c) 1a diém théa man: AD =2AB —3AC . Khi do a+ b+ 2c = 22.
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¢) Goi E 1a diém thudc mit phing Ory dé A, B, E thing hang. Khi d6 tong hoanh do,

tung do, cao do cia diem E bing %
d) Goi G latrong tam tam giac ABC, I la trung diém ctia AB . Khi dé
1G = (~111).
Cau 16.26. Trong khong gian Ozyz , cho hai diém M(S;—Z;—l), N(4; 3;1).
a) Hinh chiéu ciia diém M trén truc Oy c6 toa do la (0; —2: 0).
b) Goi E la diém déi xiing ctia diem M qua N . Toa do ctia diem E 1a (5;8;3).
¢) Cho P(l;m;n). Tam giac MNP vuong tai N khi va chi khi 2m + 5n = 20.

d) Diém I(a;b;c) nam trén mit phang <O;vy) théaman T = ‘ZIM — IN| dat gia tri

nho6 nhat. Khi d6 3a —2b + ¢ = 20.

Cau 16.27. Mot kho chita hang c6 dang hinh lang tru ding OAFPE.CBGQH vé6i OAFE la
hinh chit nhat va EFP 1a tam giac can tai P .Biét OA =4m; AB=6 m; HC = 5m;
do doc ctia mai nha, titc 1a s6 do géc nhi dién [Q, FG,H] bang 45°. Nguoi ta mo hinh
hoéa nha kho bing cach chon hé truc toa do co gbc toa do 1a diem O va céc truc toa do
tuong tng nhu hinh vé duéi day (don vi trén méi truc 1a 1m ). Khi do:

a) Toa do ctia PQ 1a (0; 6;0).

b) Toa o clia diém G la (6;4;5).

¢) Chiéu cao kho hang tiic 14 khoang céch tit néc nha (diém cao nhat ctia mai nha) va
san nha bang 7 m.

d) Ngusi ta mudn lip camera quan sat trong nha kho tai vi trf trung diém ciia GQ va
dau thu dit lieu dat tai vi tri O. Ngudi ta thiét ké duong day cap néi tit O dén E rdi
tt F dén H , sau d6 néi thing dén camera. Do dai doan cap noi téi thiéu bing

11+ \/B m.

Cau 16.28. Trong khong gian, xét hé toa do Ozyz c6 goc O trung vé6i vi tri mot gian khoan
trén bién, mat phang (Oxy) tring v6i mat bién (duge coi 1a mat phang) véi tia Ox
huéng vé phia nam, tia Oy huéng vé phia dong va tia Oz huéng thing ding len troi
(tham khao hinh vé&). Don vi do trong khong gian Oxyz 1ay theo kilomét. Mot chiéc
radar diit tai O c6 pham vi theo déi 14 30 km. Mot chiéc tau tham hiém tai vi tri A & do
sau 10 km so véi mat nudc bién, cach O 25km vé phia nam va 15 km vé phia tay. Mot
tau danh ca tai vi tri B(—20;15;0).

a) Khoang céch tit chiéc tau tham hiém dén radar bing 25 km.

b) Radar khong phat hién duge tau tham hiem diat tai vi tri A.

¢) Radar phéat hién ra tau danh ca tai vi tri B.

d) Mot chiéc tau ctia canh sat bién dang tuan tra di chuyéen dén vi tri Cach O 15km

vé phia nam.
Dé radar phat hién ra thi tau canh sat bién can di chuyén vé phia dong cach O téi da
15\/§ km .

Cau 16.29. Cho hinh lap phuong ABCD.A'B'C'D’ canh bang 1, c6 tam O. Goi I 13 tam cla
hinh vuong A'B'C’'D’ va M la diém thuoc doan OI sao cho MO = %MI. Gan hé truc

toa do A'zyz.
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a) Toa do diém M[l L 1]

27974
b) Toa do cac diém A’(o;o;o), B'(l;o;o), D'(o;l;o) v A(o;o;l).

c) Trong khong gian gid sit diém P,Q sao cho A'P=A'B' +24'D' —24’A;

AQ= A’B’—i— 3A D'+ zA A va J(a,b,c) 13 tam dudng tron noi tiép tam giac

APQ,khldé a—b+c=0.
d) Trong khong gian c6 ding 2 diém N sao cho N khong trung véi cac diem A, B',
D' va ANB' = B'ND' = D'NA = 90°.

Cau 16.30. Trong khong gian vé6i hé truc toa do Ozyz, cho ba diém A(Q;— 2;2), B(—l;l;—l),

C(—S;I;S) va mit cau (S) : (x — 5)2 + (y + 1)2 + (z - 7)2 = 56.
a) Duong thing di qua hai diem A va C c6 phuong trinh tham s6 la

r=2-—05
y=-2+3t (tcR)
z=2+t

b) Biét N (a;b;c) 14 diém thuoc mit cau (S) sao cho thé tich ti dien NABC' dat gi4 tri
16n nhat. Khi dé a.b.c = 405.
¢) Cho diém M di dong tren mat phing (Ozy) , biéu thitc 7' = |MA — 2MB + 3MC| dat

gia tri nhé nhat bang J13.
d) Mat phang (ABC’) khong di qua goc toa do.

Cau 16.31. Cho hinh lang tru tam giac déu ABC.A'B'C’ c6 canh day bang 6, goc gitta A’'B va
(A CC"A') bang 30°. Goi M la trung diém ctia doan thing AC .

a) Khoang cach giita hai duong thang A'B va B'C 1a N2 .
b) Thé tich khéi lang tru ABC.A'B'C’ 1a 186 .

A =62,

c
d) (A' M) L(AcCC'A').
Cau 16.32. Trong khong gian Ozyz, cho hai diém A(O;—Q;l) , B(l; 0; 2) va mit phang
(P) cx—2y+22—2=0.Goi (Q) 14 miit phang di qua hai diém A, B va vuong goc v6i
miit phang <P) .
a) Vecto phap tuyén clia mat phang (P) 13 % = (1; —2;2).
b) TB va ﬁ 14 ciip vecto chi phuong clia méat phing (Q)

c) Phuong trinh mat phang (Q) la 6z —y—42—4=0.

J53

d) Khoang cach tit gbc toa do O dén mit phang (Q) bang 3
Cau 16.33. Cho hinh chép S.ABC' ¢6 mat bén (SAB) vudng goc v6i mat day va tam giac SAB
déu canh 2a. Biét tam giac ABC vuong tai C va canh AC = a\/g. Goi H 1a trung
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diém ctia AB . Cac ménh dé sau dang hay sai?
a) Mat phang <SHC) va (ABC) vuong goc voi nhau.

3

b) Thé tich ctia khéi chop S.ABC bing %

ol
s

c) d(C,(SAB)) -

d) SH L (ABC).

Cau 16.34. Cho hinh chép S.ABCD c6 day 1a hinh vuong va SA vuong goc véi day, SA = 2a,
AB=a.
2a*

a) Thé tich khéi chép S.ABCD bing -

b) Khoang cach giita hai duong thang SA va BC bing 2—\/651.
) SA + SC = SB + SD.
d) S6 do goc nhi dién [B, SC, D] bang 103,5° ( 1am tron dén hang phan mudi).

Cau 16.35. Cho hinh chép S.ABC c¢6 day la tam giac ABC vuong can tai A, canh AB =1,
canh SA vuong goc v6i mit phang day <ABC> va SA = \/5 Goi M 1latrung diém ctia
BC'. Nhitng phuong an nao duéi day dang?

1. Khoang cach giita hai duong thang AC va SM bing g

Jio

2. Khoang cach giita hai dudng thing AM va SB bing —.

5
3. Khoang cach giita hai dudng thang SA va BC bing @
4. Khoang cach giita hai dudng thing SB va AC bing @
2 2 ~ e 2 A - 2 > ].O
5. Khoang cach tir diem A dén mat phang (SBC) bang T .

Cau 16.36. Trong khong gian Ouzyz, cho diém A(1;6;—7), B(3;2;1) vA mit phang (P) c6
phuong trinh
r+y—2—-6=0

8v/3

a) Khodng cach tit diem A dén mit phang (P) bing —~

b) Mit phing (Q) di qua diém A va song song v6i mat phang (P)c6 phuong trinh 1
r+y—2+14=0.
¢) Phuong trinh miit phéng trung truc ciia doan ABla z — 2y + 4z +18 = 0.

d) M la mot diém trén mat phang (P), tong MA + MB ngén nhat khi M 13 % %]
y+3 z—-2 2
Cau 16.37. Trong khong gian Ozyz , cho duong thing A : —1 = . = 3 va mat phang

(P) x4 2y — 2z + 2025 = 0. Cac khang dinh sau ding hay sai?

Trang 92



ON THI TN.THPT NAM 2025 THEO DANG TOAN DANG CAU 16 bMH
a) S6 do goc gitta hai dudng thang A va (P) bing 90°.
b) Biét hinh chiéu ctia O lén (P) 1a H(S;—l;2). ala s6 do goc gitta (P) va duong

) 1
thang A, cosa = —
14

¢) buong thang d 1a giao tuyén ciia (P) va (Oxy) , khi d6 vecto chi phuong cta d 1a

i =(-210).

d) Puong thang d, vudng goc vii <P) tao v6i (Q) :x +my —3 =0 mot goc 30°. Khi
—16

do tong tat ca cac gia tri ctia tham s6 m bang —

Cau 16.38. Trong khong gian véi hé truc toa do Ozyz , cho diém A (1; -2 3) va cac mat phing
(P):x—4y+z+5: 0;(@):5x—4y+3z+1: 0. Goi (R) la mat phéng chita Oz va
vuong géc véi mat phang (P) . Xét tinh dtng sai clia cac ménh dé sau:

a) (P)//(@)-
b) Mit phang (o) di qua A va vudng goc v6i hai mat phang (P) va, (Q) ¢6 phuong trinh
la 4z —y — 82 +18 = 0.
¢) Goc tao bdi mit phing (R) va (Q)Xép xi 74°.
d) C6 hai diém thuoc tia Oz sao cho diém d6 cich déu mat phang (P) va truc Oy

Cau 16.39. Trong khong gian Ozyz (don vi trén mdi truc tinh theo kilomét), mot tram thu
phét séng dién thoai di dong duge dat & vi tri 1 (1; 3;7). Tram thu phat song dé duge
thiét ké voi ban kinh phti song 13 3 km.
a) Phuong trinh mat cau (S) dé mo ta ranh gidi bén ngoai ciia viing phii séng trong
khong gian 1a (z +1)* + (y +3)° + (z +7)* =9.
b) Diém A(2;2;7) ndm ngoai mat cau (9).
¢) Néu ngusi ding dién thoai 6 vi trf c6 toa do (2;2;7) thi cé thé sit dung dich vu ctia
tram thu phat song doé.
d) Néu ngusi dimng dién thoai & vi tri c6 toa do (5;6;7) thi khong thé sit dung dich vu

cia tram thu phat song do.
Cau 16.40. Trong khong gian Ozyz , cho hai dudng théng
1:317—1:‘1/—222—3 véA2:x_4:y_5:z_6.
2 1 -2 -1 -2 2

a) Vecto c6 toa do (1; 2; 3) 1& mot vecta chi phuong clia A, .

A

b) Vecto c6 toa do (4;5;6) 14 mot vecto chi phuong clia A, .
c) Cosin ctia goc gitta hai vecto 4, = (2; 1;—2) VA U, = (—1;—2;2) bang —%.

d) Phuong trinh mat phang chita (A
2y+32—13=0

Cau 16.41. Trong khong gian toa do Oxyz, cho diém A(5;—5;2) va mait phang
2 -3y +2+1=0.

) va song song (AQ) ¢6 phuong trinh

1

a) Vecto n = (2; 3; 1) 14 mot vecto phap tuyén ctia mit phang (P) .

Trang 93



ON THI TN.THPT NAM 2025 THEO DANG TOAN DANG CAU 16 bMH
b) Goi d 1 dudng thang di qua diém A va vudng goc véi miit phang (P) . Phuong trinh

=245t
tham s6 ctia duong thang d 1a {y = —3 — 5t <t € R).
z=1+2t

c)biém H (1; 1;0) 14 hinh chiéu vuéng goc ctia diém A trén miit phing (P) .

d) Khoang cach tir diém A dén mat phang (P) bang 214 .

Cau 16.42. Mot tén ltra phong tit mit dat tir vi tri gbe toa do O theo huéng, van tdc khong doi
(dit mat phang (O:py) triing véi miat dat). Ten lta di tit diém O (0; 0; 0) dén diém
A(140;60;6) trong 8 phit.

a) Trong 8 phiit tén lita bay dudc quang dudng (1am tron dén hang don vi) xap xi bing
152 km.

b) O phut thi 4 do cao ctia tén lita 14 3 km.

c) Toa do ctia tén lita sau 12 phut ké ti lic phong 1a (210; 90; 12).

d) Sau 10 phut tiép theo ké tit vi tri A tén lita dat do cao 1a 13.5km.

Cau 16.43. Mot nha may san xuat 6t6 thong minh da thuc hién thit nghiém cho xe chay vé6i van
téc khong déi tir diém A va theo huéng tir diém A dén diém B . Biét ring, xe chay dugc
khi c6 song wifi va néu khong c6 song wifi thi xe bi ding lai. Tram phét séng wifi dat &

vi tri C trén dinh ctia mot tru cot va ban kinh phat séng ciia wifi bing 10\/7_7 (m) . Trong
khong gian néu chon hé toa do Ozyz thi A(lO; 20;0), B(QO; 30;0), C<10; 30; 40) va don

vi do dai trén truc la mét.

r=10+1
a) Duong thang AB c6 phuong trinh {y = 20 + t(t € R).
z2=0

b) Vi tri xe dimg lai la diém M (—40;—30;0).

c¢) Quang duong xe di dugc 1 5072 (m) .

d) Néu thoi gian di tit Adén B mat 5giay thi thoi gian di tit A dén khi xe diing lai mat
30 giay.
Cau 16.44. Trong khong gian Oxyz (don vi trén mdi truc tinh theo kilomét), mot tram thu phéat

song dien thoai di dong dude dat & vi tri [ (2 :1; 5) . Tram thu phat séng d6 dugc thiét ké
v6i ban kinh pht séng la 3 km.
a) Phuong trinh mit cau (S ) dé mo ta ranh gidi bén ngoai clia ving phii séng trong
khong gian 1& (:p — 2)2 + (y — 1)2 + <z — 5)2 =9.
b) Diém M(3;2;4) niam ngoai mit cau <S>
c¢) Néu ngudi diing dién thoai & vi tri c6 toa do (3;2;4) thi khong thé st dung dich vu
cua tram thu phat song do.
d) Néu nguoi dung dién thoai & vi tri c6 toa do (w;2;3) dé c6 thé st dung dich vu ciia
tram thu phat song do thi 0 <z <4.

Cau 16.45. Trong khong gian Ozyz , cho A(l;—4;7),B<5; 1;6),0(5;5;5).
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2 2 ]-
a) Trung diém K clia doan thang AB c6 toa do 1a K[S;—g;—g].

2
V194

b) Do dai trung tuyén la

c) Diém I théa man _97A— 3IB + 61C = 0 , ta dudgc: I<—13;35;—2).
d) V6i M la diém trong khong gian Ozyz, ta c6 gia tri nhdé nhat cla

2 2 2
P=-2MA —3MB +6MC la —1266.
Cau 16.46. Trong khong gian véi hé truc toa do Ozyz , cho hai diém A(2;4;1) , B(—2;2;— 3)

va mat phing (P)::c+y—|—z—3:0.

a) Phuong trinh mit cau duong kinh AB 13 (S) 2’ 4 (y - 3)2 - (z + 1)2 =36.
b) Mat phang (a) chita A, B va vuong goc v6i mat phang (P) c6 phuong trinh la
(a):—x+z+1:0.

c) Duong thing (A) di qua O, cat va vuong goc v6i AB c6 phuong trinh 13

x =2
(A): y = 26t
z=11t

_ 32

Cau 16.47. Gia st mot may bay thuong mai M dang bay trén bau trsi theo mot dudng thang
tit D dén E c6 hinh chiéu trén mit dat 14 doan CB. Tai D, may bay bay cach mat dat
14 9000m va tai £ 1a 12000 m. Mot ra da duge dat trén mat dat tai vi tri O cach C' 1a
20000m, cach B 1a 16000 m va BOC = 90°. Xét he truc toa do Ozyz (don vi: 1000 m)
v6i O 1a vi tri dit ra da, B thuoc tia Oy, C thudc tia Oz, khi dé ta cé toa do cac diém
nhu hinh vé sau:

d) Cho diém M di dong trén mit phang (P) va luon cach déu A,B. OM

min

E(0; 16; 12)

Ly
0 B(0; 16; 0)

C(20;0; 0)
a) Tai D, may bay cach ra da 29000 m (lam tron dén hang nghin theo don vi mét).
b) Goi I la trung diém ctia doan thing DE. Khi may bay bay dén diém I, may bay
cach mat dat 10500 m.
c¢) Trén doan dusng bay tit D dén E, may bay sé di qua diem P(16;3,2;9,6).
d) Khoang cach giita vi tri dau tién va vi trf cudi ciing ma may bay bay trong pham vi
theo doi ctia ra da (lam tron dén hang tram theo don vi mét) 13 22000 m.Biét ban kinh
hoat dong cta ra da la 20000m.
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Cau 16.48. Cac thién thach c6 duong kinh 16n hon 140 m va c6 thé lai gan Trai Dat 6 khoang
cach nhé hon 7500000 km dugce coi la nhitng vat thé c6 kha nang va cham gay nguy hiém
cho Trai Dat. Dé theo déi nhitng thién thach nay, ngusi ta da thiét lap cic tram quan
sat cac vat thé bay gan Trai Dat. Gia stt c6 mot hé thdng quan sat c6 kha nang theo doi
céc vat thé ¢ do cao khong vudt qua 6630 km so v6i mure nuée bien. Coi Trai Dat 1a khoi
cau c6 ban kinh 6370 km. Chon hé truc toa do Ozyz trong khong gian c6 gbcO tai tam
Trai Dat va don vi do dai trén méi truc toa do 14 1000 km. Mot thién thach (coi nhu mot
hat) chuyén dong véi téc do khong ddi theo mot duong thing di qua hai diém
M(—12;29;10) va N(0;12;5)

a) Trong hé truc toa do da cho thieén thach di chuyén trén dudng thang c6 phuong

r=—12-12¢
tham s6{y =29+ 17t ,teR.
z =104 5¢

b) Quang dudng ma thién thach di chuyén trong viing theo déi ctia hé théng quan séat
14 21401km (lam tron dén hang don vi).
c) Vi tri ma thién thach gan Trai DAt nhat 1a diem H —30;7,7

109_25]

d) Thién thach trén khong thé va vao trai dat.

Cau 16.49. Trong khong gian v6i hé truc toa do Oxyz voi don vi trén moi truc toa do 1a mét va
mat phang (Oxy) tring v6i mat dat. Mot cabin cap treo xuat phat tir diém A(—40;5;2)
va chuyén dong thang dén diém B(808;— 101;426) véi toc do 1a 6m/s.

a) Diém M (384;— 48;214) 1a trung diém ctia doan thang AB .

b) Vector u = (8;1;4) 14 vector chi phuong ctia dudng thang AB .

c¢) Thai gian cabin cap treo di tit A dén Bla 2 phat 39 giay.
d) Sau khi di chuyén tit A dugc 1 phiit, cabin cap treo cach mat dat 162 mét.

Cau 16.50. Trong khong gian chon hé truc toa do cho trude, don vi do 1ay kilomét, ra da phat
hién mot may bay chién diu di chuyén v6i van téc va huéng khong doéi tir diém

M (500;200;10) dén diém N (800; 300;10) trong 20 phiit.
a) M4y bay dang di chuyén theo huéng tién lai gan vi tri diit ra da.
b) Khoang cach MN = 100510 km .
c) Téc do ctia may bay khi di chuyén tit M dén N la 150310 km/h.
d) Néu tiép tuc giit nguyén van toc va huéng bay thi toa do clia may bay sau 4 phut
tiép theo 12 Q(a;b;c) v6i a+b+c=1191.
HET
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