Dao Phuwong Thio O n tdp tot nghigp Trang 1
Phan 1: GIAI TICH
ON TAP
I. CONG THUC VE PAO HAM:
1. (Uxv)'=u'tVv'
2. (uv)'=u'v+uv' ) u'v—uv
3. (ku)'=ku' (k: hing sb) 4 (gj =T
5. (¢)'=0 (c: hang sd) 6. (x)'=1
7. (x")' =nx"" (u")'=nu""u
1 u'
8. (VX)'=—— Juy=—"_
(Vx) X (Vu) 7o
1), 1 kY, k 1), u' k), ku' uy), u'
9.1~ —T 2 o T2 T T2 T T2 v T,
X X X X u u u u k k
ax+b' ad —bc 12
10'(cx+d) " (cx+d) T e T
. ax’+bx+c | [a"b’ a'c| |b'c
11 ax* +bx+c) _ad x*+2aex+be—dc a'x’+b'x+c') (@'x*+b'x+c'?
U dx+e ) (dx +¢e)?

13. (sin X)’= cos X

(sinu)’=u’cosu

(sinkx)’= kcosk x

14. (cos x)’=—sin x (cosu)’ =—u’sinu (coskx)’ = —k’sink X
15. (tanx)’= cos%x =1+ tan?x (tanu)’= Coléz = w’(1 + tan®u)
16. (cotx)’= siEZ v —(1 + cot?x) (cotu)’ = S|_nlj i uw’(1 + cot?u)
17. (ex)' =¢* (e“)' =u'e" (a*)' —a*lna (a”)' —u'a’lna
18.(Inx)'=§(x>0), (|n|x|)':%(x¢0) (|nu)‘:%(u>0), (|n|u|)':%'(u¢0)
' 1 ' u'
( ) nn/anl ( ) nn unfl
20. ' u' ' u'
log,u) =———(u>0), (log, Ju]) =——— (U=0)
1 ' (log, ulna ¢ ulna
(log, x).= Xlna(x>0),(loga|x|) =ina (x#0)

II. MOT SO CONG THUC LUQNG GIAC THUONG GAP:

1. Cac hé thirc co ban:

sina
tana=—-—
cosa

cosa
cota=——
Sina

tana.cota =1, a;tk?”, k el

sina+cos’a=1,

1+tan‘a= , a¢%+k7z,keD,

cos’a

l+cot2a=S_L, azkr kel

in”a
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2. COng thirc nhan doi:
sin2a=2sinacosa,
cos2a=cos’a—sin‘a=2cos’a—1=1-2sin’a,
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tan 2a:2ta—ﬂfl

l1-tan“a

3. Cong thirc ha bac:

- 1-cos?2a

sinffa=——+—,
2

) 1+cos2a

cosa=———,
2

,.. l-cos?a

tan‘a=—-—"—

1+cos2a

4. Cong thirc bién doi tich thanh tong:
cosacosh = %[cos(a +b)+cos(a—b)],

sinasinb = —%[cos(a+b) —cos(a—b)]

sinacosb = %[sin(a+b) +sin(a—Db)]

5. Cong thirc bién doi tong thanh tich:

a+b a-b
cosa+cosh =2cos 5 cosS 5
. a+b . a-Db
cosa—cosh =-2sin——sin——
2 2
) ) . a+b a-b
sina+sinb =2sin ——cos——,
2 2
ﬂna—ﬁnb:ZNBE%EﬂnE%E

6. Cong thirc khac:
Sin X +CoS X = \/Esin(x+%j ,

sin x—cosx:\/isin(x—%j

I1I. VIET PTTT CUA PO THI HAM SO y = f(x):
*Dang pttt: y = £ (x0) (X — Xo) + Yo
Tim Xorhoanh do; yo = f(Xo) : tung do; (x0) = y’(Xo) : hé sd gbc cua tiép tuyén.
* Dang 1: Cho Xo: thay Xo vao y tim yo; thay Xo vao y’ tim f’(xo)
* Dang 2: Cho yo: thay yo vao y tim Xo; thay Xo vao y’ tim f’(xo)
* Dang 3: cho f’(xo): thay f’(xo0) vao y’ tim xo; thay Xo vao y tim yo
*Chuay:
+ Tiép tuyén song song véi duong thingy =ax + b < f(x0) = a
+ Tiép tuyén vudng goc véi dudng thing y = ax + b < f(x0) = —1/a
+ Truc hoanh Ox co pt: y =0
+ Truc tung Oy c6 pt: x =0

BAI TAP
Bai 1: Giai cac phwong trinh:
1/Béac 1: ax + b = 0 : nhap phuong trinh, shift slove = =
2/Bac 2: ax? +bx+c=0 (a=0): mode 5 3. Két qua:
+ C6 chit i: pt vo nghiém.
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b

+ Co 1 chir x: pt c6 nghiém kép: X=——

+ C0 2 chir x: pt c6 2 nghiém phén biét: X, =

2a

5

-b

N

a

3/Bac 3: ax’ +bx*+cx+d =0 (a=0): mode 5 4.
4/ Bac 4 dang: ax’ +bx*+c=0 (a#0): mode 5 3, nghiém la: x?

Bai 2: Xét dau 1 biéu thire:
+ Vo nghiém: cung dau a.

+ C6 nghiém: khoang cudi cing diu a, qua nghiém ddi diu, qua nghiém kép va khong xac dinh

khong dbi dau.

Bai 3: Cho ham sb: y = % Tinh gia tri ciia ham s6 (tinh y) biét x=1,x=~1,x=2,Xx=-2

Nhap biéu thirc chira x, CALC lan luot timg gia tri x ta dugc gia tri y.

Bai 4: Tinh dao ham cac ham so:
1/ y=x>-3x+1

2/ yz—gx4—2x2+3x

2X—3
3 y=
y X—2
1-2x
4] y=
y 3X-2
2_
5/y:2x 6X+5
1-x
6/ y=+6x>—x—-7
3
77 y=x+2——
y =X+ 1

]1/y=—%x¢+&8—x+1

12/y=3x“+%x2—3

—2X
13/ y=-——""—
y 5-Xx
3x?=2x+1
2X—3

4
15/ y=3x+2+—
y + +x—3

16/ y =+/x* —2x+1

17/ y = xsin 2x

14/ y=

8/ y=5—2x+i 18/ y =/Xx-1++/x+2
3-x 19/ y =(x*+5)*
9/ y =xco0s2x NP
J1+ %2 200y=""—"-
10/ y =x~/1+X o1
Bai 5: Thuc hi¢n phép chiaé — o0 = Nguye + -2
2x —f+1 X* —2X X2 —2X+2
YYETE 2y = 3 y=X—2X+e
X YTk y 3—x
4] y= 5/ y— X +3x-1 5 y_ —2X'=X+5
2-X y X+1 y 2%
1-2x x+1
7 y= g/ v= Xt of
y 3—X y X—1

Bai6: Tinh A hoac A’
1/ —-x*+(M+2)x+m-5=0
3/ (M+D)x* +@-2m)x+(m-2)=0

2/ (m=-1)x*+2(83m-1)x+1=0
4/ x* +(m+3)x+1-3m=0
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Chuong I: UNG DUNG DAO HAM DE KHAO SAT VA VE PO THI HAM SO
§1 SU PONG BIEN, NGHICH BIEN CUA HAM SO
I. TINH PON PIEU CUA HAM SO:
Gia str y = f(x) c6 dao ham trén khoang (a; b). Ta co:
1) Piéu kién di :
* y’(x) > 0 trén khoang (a; b) = ham sd y = f(x) dong bién trén khoang (a; b).
* y’(x) < 0 trén khoang (a; b) = ham sd y = f(x) nghich bién trén khoang (a; b).
2) Piéu kién can:
* Ham sd y = f(X) dong bién trén khoang (a ; b) = y’(x) >0 trén khoang (a; b).
* Ham s6 y = f(X) nghich bién trén khoang (a ; b) = y'(x) < Otrén khoang (a; b).
*Chuy:
+ Trong diéu kién du, néu y’(x) = 0 tai mot s6 hiru han diém thudc (a; b) thi két ludn van dung
+ Ham s déng bién hodc nghich bién trén khoang (a; b) goi 1a ham s6 don diéu trén (a; b)
3) Ghi nhé:
*Ghinhé 1: y(x)=ax?+bx+c (a=0)
a>0

+y'(X)>0Vxel
y'(x) S Q{ASO

+ y'(x)<0vxell < a<0
s S
y A<0
+ Néu co s6 a chira tham so ta xét truong hop a = 0 trude khisir dung cong thic trén.
* Ghi nhé 2: ham s6 y= % d6ng bién trén khoang K'es y'>0 V xe K va nghich bién trén

khoang K < y'<0VxeK
I1. QUY TAC XET TiNH PON PIEU (SU PONG BIEN, NGHICH BIEN) CUA HAM SO:
* B1: tim tdp xac dinh (mdu hodctrong cin vé nghigm >D =)
e B2: Tinh y’ va tim cac diém X; (y"'= 0 hodc’khong x4c dinh)
* B3: Lap bang bién thién
o B4: Két luan vé dong bién, nghich bién
Ap dung: Bai 1: Xét sy‘dong bién, nghich bién ciia ham s6:
1/ y=x"+8x*+5 3/y:x2+x—l
2 y= 2X—3 X—2
4-x 4 y=N25x
Bai 2: Tim m dé cac ham s6 sau:
3

1 y= —%+(m—2)x2 +(m—8)x+1 nghich bién trén TXD

2 y= W nghich bién trén timg khodng xéc dinh ciia ham s6
+
HI. BAI TAP -
Bai1: Xét su dong bién, nghich bién ciia ciac ham so:
1y=x3-2x2+x+1 2)y = —x*+2x?
3x+1 X* —2X
3)y= 4) y=
) y 1-Xx ) y 1— X
5)y=2x3-6x+2 6) y=—%x3—3x2+7x+1
4 2
Ny=x+— 8) y=2x-1+—
)y X )y X+1
9)y=X—Jrl 10)y =x*-2x2+3

x-1
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Bai 2: Tim m dé cdc ham sd sau:

1) y = x3—mx? + 3x — 1 dong bién trén [ .

2) y=—x*—(m-1)x*+(m+2)x+1 nghich bién trén [

— 3 \ r
J)y= % +mx® + (3m—2)x +3 dong bién trén TXD

3
4)y = —X?+ (m—2)x* + (m-8)x+1 nghich bién trén TXD

5y= (m=2)x+3 nghich bién trén timg khoang xac dinh ctia ham sb
X+m
mx+4 A X AN , , . ) \ £
5)y= dong bién trén tung khoang x4c dinh ctia ham s6
X+m
_ 2mx—m ,
6)y= nghich bién trén tung khoang xac dinh ctia ham so.

§2 CUC TRI CUA HAM SO
I. PINH NGHIA: SGK/ 13, 14. , 7
Cho hs y = f(X) lién tuc trén khoang (a; b) va X, € (a; b). Ham'sd dat cuc ticu (cuc dai) tai X,
+ X, 1a diém cuc tiéu (diém cuc dai) cia ham ) goi chung la diém cuc tri,
+ f(x,)l1a gia tri cuc tiéu (gid tri cuc dai) cua ham b .cdn goi 13 cuc tiéu (cuc dai) goi chung 14
cuc tri 7 ) 7 7 . )
+Pbiem M(x,, f(x,)) 1a diém cyc ti€u (di€m cyc dai) cua do thi'ham so.
II. PINHLY: ‘ ,
1. PIEU KIEN CAN: ham s6 y= f(x) c¢d.dao ham trén khoang (a; b) va dat cuc tri tai x, thi
y '(Xo) = O
2. PIEU KIEN DU :
a/ Quy tac 1: Cho hs y= f(X) c6 dao ham trén' khoang (a; b), x, € (a; b) va y'(x,)=0.Tacd:
+ Néu dao ham d6i ddu tir 4m sang duong khi qua x,thi x, 1a diém cuc tiéu.
+ Néu dao ham d6i dautir dwong sang am khi qua x,thi x, 1a diém cuc dai.
* Phwong phap: 1p bang bién thién.
+ B1: TXb
+ B2: Tinh y’ va tim cac Xi (y’ = 0 hoac khong xac dinh)
+B3: Lap BBT ‘ ) q
_+ B4 Két luan vé cyc tri: POI = cuc dai; THUNG LUNG -> cyc tiéu
* Ap.dung: tim cac diém cuec tri cia ham so:
al/ty=10+15x+6x> — X

1
a2/ y=x+1+—
y x-1

a3/ y=§—2x2 +6
b/ Quy tic 2: Cho hs y = f(x)
y'(%)=0
y'(%)>0
y'(%)=0
y'(%) <0
y'(%)=0
| Y'(%) %0
+Nhé am 16i (CP), duong 16m (CT)

+ Ham sd dat cuc tiéu tai X, <:>{
+ Ham sb dat cuc tiéu dai X, <:>{

+ Ham sb dat cuc tri tai X, <:>{
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* Phwong phap:
+ B1l: Tim TXD
+ B2: Tinh y’. Giai pty’ = 0 tim cac nghiém xi (i =1, 2, 3...n).
+ B3: Tinh y”* va y”(xi).
+ B4: Két luan vé cyc tri: y”’(xi)) >0 CT ;y’(xi) <0 > CP
* Ap dung:
Bai 1: Tim cac diém cwe tri ciia ham s6 y=x*-x*-x+3
Bai 2 : Tim m dé ham s6 :
al y=x>—2x>+mx+1 dat cuc tiéu tai x = 1

b/ y=%x3—(m+2)x2+(3m+4)x—m o 2 cuec tri.

II1. BAI TAP :
Bai 1: Tim cuc tri ciia cac ham so:

1 1
1)y = =x*—4x 2)y= =x'-4x*-1
)y 3 )Y=7
X% —3X 2X+7
3 = 4y =
)y X+1 )y 4x+3
X2 —2X+2 X+3
5 y=——"=— 6) y=——
)Y x-1 ] ) X—4
Bai 2: Tim m dé ham so:
2
1)y = XT+mx+1 dat cuc dai tai x =2
X+m
2
2)y = XT—mx+m-1 dat cuc tiéu tai x = 1
X+1
2
3) y:w dat cuc tiéu tai x =.2
X+1

4) y=mx®+3x?+5x+m dat cuctiéu tai'x = 2
1
5) y_gmx +(m-2)x* +(2= M) X+ 2dat cuc dai tai x = -1

Bai 3: CMR ham s&: y=x*=x*<(m?*+I)x+m—1 ludn c6 1 diém cuc dai va 1 diém cuc ticu.

§3 GIA TRI LON.NHAT VA GIA TRI NHO NHAT CUA HAM SO

I. CACH TIM GTLN = GTNN (max — min) CUA HAM SO y = f (x) TREN KHOANG (a; b):
* Phwong phap : lap BBT
+ B1:. TXD
+ B2: Tinhiy’ va tim céac Xi (y’ = 0 hoac khong xac dinh)
+B3: Lap BBT
+ B4: Két luan vé GTLN — GTNN (@i > max, thung ling = min)
* Ap dung: Tim GTLN — GTNN ciia ham sé:

a/ yz—%x —3x*+7x+1

b/ y=2x—1+xi+1 voix<-1

I1. CACH TIM GTLN — GTNN (max — min) CUA HAM SO y = f (x) TREN POAN [a; b]:
* Phuwong phap :
+ B1: Tinh y’ va tim cac X, X,, X,,...€(8; b) may’ = 0 hoac khong xac dinh

+B2: Tinh y(a), y(b), y(x1), y(x2), y(x3), ..

+ B3: Tim s6 16n nhat m va s nho nhat n trong céc so trén. Véi rpab?( y=m; mln y=n¥*
a;
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* Ap dung: Tim GTLN — GTNN ciia ham s6:

a/ y=x"+6x*+2 trén doan [-3; 1]
b/ y=+5-4x-x’
¢/ y=5-X+/x+2

III. BAI TAP: Tim GTLN, GTNN ciia ham so:

1)y= %x3+2x2 +3x—4 trén doan [-4; 0]

2)y = 4100—-x°
3)y= 3+ X+/6—-X

4)y=2c0s2x—5Cc0sx+3

3
9) y = 2sinx + sin2x trén doan {O;g}

11)y=x+ 1 trén khoang (0; + )
X

Trang 7

5) y=2x*-3x*+1 trén doan [-2; 2]

6) ¥ =x+12-3%>
7) y=~/X+3+10-X
8) y=2sin*x—cosx+1

10) y = X — 2.Inx trén doan [1;¢]

12)y = X—f trén‘doan [2; 5]

2
13)y = 2x-1+— i _ trén doan [-1.:2) 14)y = 2XA0XHA e doan [-3: 3]
§4 PUONG TIEM CAN
I. TCN: Néu X'Lrpoo f(X) = Yo thi y = yo 14 tiém can ngang
lim f (x) = +o0
Il. TCP: Néu "™ thi X = Xo 14 tiém can dimg
lim f (X) = %00
I11.CHU Y:

+ Tiém can dimg X = Xo véi Xo 1a nghiém-ctia mau chi c6 & ham phan thirc (da thirc chia da
thure)
+ Tiém can ngang chi c6 khi bac tit < bac mau:
e Néu bac tir < bac mau thitiém can ngang y = 0.
e Néu béc tir = bae'mau thi tiém can ngang y = (hé s6 cua mil cao nhat trén tur)/(hé s6 cua mil
cao nhat dudi mau)
* Ap dung: tim cAc dwdng tiém cin ciia do thi cac ham sé:

vy= 2Xx_+31 2l y:% 3y= x2X—4
Yy X>§2 _4);113 o y=?;)(<_+i 6/ yz))%j

Ty =22 B y=X X ol y=""2
100y = ;; i‘; 11/

§5 KHAO SAT SU BIEN THIEN VA VE PO THI HAM SO
I. HAM SO: y=ax® +bx? +cx+d (a#0) (ham bdc ba)
1. TXD: D=1
2. y'=3ax*+2bx+c Choy’ =0 = tim nghiém.
3. Két luan dong bién, ng}lich bién.
4. Cuc tri: cuc dai, cuc ti€u.

5. Gi6i han: limy = , limy=

X—>+00
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6. Bang bién thién.

7. y"=6ax+2b Choy”

8. Tim giiém.
9. V€ do6 thi: Do thi ¢d 1 trong cic dang sau:

=0 = tim nghiém= diém uén.

a<o

Pty’=0co6
hai nghiém
phan biét.

Pty’=0co
nghi¢m kép

Pty’=0vo
nghiém

Nhé: Pé thi nhin diém uén lam tém déi xirng
* Bai tAp mau: Khdo sat sy bién thién va v& do thi cua ham so: y= 2x3— 9x?+ 12x— 4
Giai:

Tap xac dinh: D=0
y = 6x°— 18x+ 12

y =0< 6X°—18x+ 12=0< {

y'>0 <:>{x<l;

Ham so dong bién trong 2 khoang:(—oo; 1) va (2; + ), nghich bién trong khoang: (1;2)

X>2

X =1

y<0 <l<x<?2

X=2

Ham sd'dat cuc dai tai x=1; ycp=1, cuc tiéu tai x=2; yct=0

limy= +o0,

X—>+00

limy=-—

X—>=%0

Bang bién thién:

X | —o0

yl

Trang 8

Diém dic biét

Y_/

NIR[NW

* Ap dung: Khao st sy bién thién va vé dé thi cac ham so:

1/ y=2+3x-x°

2/ y=X3+4x*+4x
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3/ y=x3+x*+9x 4/ y=-2x>+5

5/ y=2x°-3x*-2 6/ y=x>-Xx*+x

7 y=—x>+3x*-3x-2 8/ y=—x>+3x*—4x+1
9/ y:%X?’—7X2+5x—1 10/y=-2x3 -x+2

II. HAM SO: y=ax*+bx?+c (a=0) (ham triing phwong)
1. TXb: D= 10
2. y'=4ax’+2bx Choy’ =0 = tim nghiém.
3. Két luan df)ng bién, ng}lich bién.
4. Cuc tri: cuc dai, cuc ti€u.
5

X—>Fo0

e . -0, a<0
. Gidi han: lim y:< o as
40, a>0

o)

. Bang bién thién.

. Tim diém.

. V& d6 thi: Do thi c6 1 trong cac dang sau:

a<o0 a>0

/\A N
3 np phén T \\/// L \\\//

biét / RNV \ -1

Pty =0 cé £ex \2: /
1 nghiém / (1 \

Do thi nhgn Oy lam truc déi xirng
*Bai tdp mau: Khao sat su biénthién va vé do thi ciia ham sé: y= x*— 2x>- 1
Giai:
Mién xac dinh: D=1

oo~

x=0
Yy =4x3-4x cho y =0 < 4x3-4x=0< | x=1
x=-1
y>0 o —1<x<0; <0 o x<-1
x>1 O<x<1

Ham so ddng bién trong 2 khoang: (—1;0) va (1; +oo), nghich bién trong 2 khoang: (-« ;—1) va (0;1)
Ham s6 dat cuc dai tai x=0; ycp= -1, cuc tiéu tai x=+2; ycr= -2
limy= I|m y =+

X0

Béng blen thién:ix{——= -1 0 1 +20
y - 0+ O
Y| +o0 1 2/'+oo
\_2
Diém dic biét
x| 2] 1] 0| 1] 2
yl 712111 -2]7
Nhén xét: d6 thi ham s6 nhan Oy lam tryc ddi xtng.

* Ap dung: Khao sat sw bién thién va vé d6 thj cac ham so:
1/ y=—x"+8x*-1 2/ y=X*"—2x*+2
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1 4 2 3 4 2
3/ y:EX + X -5 4 y=-2x*—4x*+3
x* 1
5/ y="—-x*+1 6/ y=—>x*+x%°
y 2 T y 4
71 y=—x*-2x*+1 8/ y=%x4—x2+2
9/ y=x*+5x*-3 10/y=2x2—x*-1
11l. HAM SO: y = g’(‘:s (c#0:ad —bc #0) (ham nhdt bién)

1. TXD: D= 1[I \{—%} (—% la nghiém mau)

,_ad-bc /<0VvxeD
~ (cx+d)? \>0VvxeD
3. Két luan dong bién, nghich bién (chi dong bién hoic nghich bién)

* Trén cac khoang (—oo;—%] va (—%ﬁooj .y’ <0 nén ham sd nghich bién

* Trén cac khoang (—oo;—%j va (—%;+ooj ,y’ > 0 nén ham s6 dong bién

4. Cyc tri: ham s6 khong co cuc tri
5. G161 han, tiém can:

A a A A a
*lim y:E = Tiém can ngang: y =—
C

X—>to0

Trang 10

e lim y=+o(hoac—o), lim y=~ow(hoac+w) => Tiém can ding: X = —%(no mau)

=t s

6. Bang bién thién.

y’ <0 y’ >0

X |- - d/c + o0 X |- - d/c + 00
Y = S y L

alc + o0 +oo|| alc
y T, DI alc Y lalc — -0 /
7. Tim (‘iiém. ‘
8. V& do6 thi: Béthi co 1 trong cic dang sau:

y’ <0 y’ >0
R\\ bt : , o

Do thi nhin giao diém 2 dwong tiém cin lam tim déi xirng
2X—2
X+1

* Bai tdp mau: Khalio saut hagm soad y =
TXN: D=R\{-1}

y' = 4 2>0 vxeD
(x+1)

= Ha@gm sod luoan fioang biedn trean tégng kholang xauc fnonh cuda nou.
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Tiedm cadn nganglag: y=2 vi Iim y=2,

X—>Fo0

Tiedm cadn Adunglag x=-1 vi Iim y=+o0; Ilim y=-o0

x—>-1" x—>—1*

Balng biean thiean.

X -0 -1 + 0
y/ + [ +
y //;oo l /2.
2 .

Noa tho: N

ol

/ot

d_,—a-—/ 4t

3

* Ap dung: Khao st sy bién thién va vé do thi cac ham so:

’ v=;§:i i
5/ yz% 6/ yzzlx__x1
11y= 52 8/ yzi—j

IV. CAC BAI TOAN LIEN QUAN PEN KHAO SAT HAM SO:
1. Bién lugn s() nghiém phwong trinh bing d6 thi:
* Dua pt vé dang: f(x) g(m).
* S6 nghiém pt 1 s6.giao diém cua (C): y= f(x)va (d):y=g(m) song song hoic trung vdi Ox
(cung phuong Ox)
* Ap dung: Cho ham sb: Y =—x"+2x*+3 (C)
a/'Khao satva v& do thi (C)
b/ Dua vao do thi bién luan theo m s nghiém pt: X* — 2x*—1-m=0
2. Viét pttt cha dwong cong y = f(x):
* Dang pttt: y = £(xo0) (X — Xo) + Yo
Tim Xo: hoanh d6; yo = f(Xo): tung do; £(x0) = y’(Xo): hé sb goc cua tiép tuyén.
+ Dang 1: Cho Xo: thay Xo vao y tim yo; thay Xo vao y’ tim f*(xo)
+ Dang 2: Cho yo: thay yo vao y tim Xo; thay Xo vao y’ tim *(xo)
+ Dang 3: cho ’(xo): thay f’(x0) vao y’ tim xo; thay Xo vao y tim yo
+ Cha )'/
o Tlep tuyen song song voi dudong thang y=ax+tb < f(x0) =a
e Tiép tuyén vudng goc véi duong thing y = ax + b < f(xo) = —1/a
e Truc hoanh Ox: y =0
e Tryc tung Oy: x =0
x+1

* Ap dung: Cho ham sé: y = %1

©)
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a/ Khao sat va v& d6 thi (C)
< R 5 < R < R A A r e \ N 1
b/ Viét pttt cia (C) biét ti€p tuyén vudng goc voi duong thang y = 3 X—2

3. Vi tri twong dbi ciia hai @d thi: Cho 2 duong (C1): y = f(x) va (C2): y = g(X)
* Dé tim giao diém cla (C1) va (C) ta lap pt hoanh d6 gd cua (C1) va (C2): f(x) = g(X)
* S6 nghiém pt nay 1a sb giao diém cua (C1) va (Cz)
* Ap dung: Tim toa do giao diém cua dd thi 2 ham sb: Yy = —X*+2X-3va y= X2 —X+2
V. BAI TAP TONG HQP:
Bai 1: Cho ham s6 y =x>—3x-2 (C)
1/ Khao sat va v& dd thi cua ham s6 (C)
2/ Viet pttt cua (C) tai diem M(-2;-4)
3/ Viét pttt cua (C) song song v6i duong thang y = 24x +10

1
4/ Viét pttt ciia (C) vudng goc véi duong thang y = gx -7

5/ Dya vio (C) bién luan theo m s6 nghiém pt: x*-3x-2-m=0
. 1 5
Bai 2: Cho ham s6 Y =2 x* ~2x*+ = (C)

1/ Khao sat va v& do thi (C)
2/ Viét pttt cua do thi ham s6 tai di€ém c6 hoanh d¢ =2
5-m

3/ Dua vao (C) bién luan theo m s6 nghiém pt: %X4 = 2%% + =0
Bai 3: Cho ham s6 y = x® + 3x2 — 4

1/ Khao sat su bién thién va v& db thi (C) ctia ham 50.

2/ Viét phuong trinh tiép tuyen ctia do:thi (C) tai dlem Mo( 1;-2)

3/ Viét pttt ciia do thi ham sd tai diém c6 tung d6 = —4
Bai 4: Cho ham s6 y = -3 + 3x + 1.

1/ Khao sét sy bién thién va v&do thi (C) ciia ham sb.

2/ Dua vao do thi (C), bién luan theo m s6 nghiém cta phuong trinh: X3 —3x + m = 0.

3/ Viét phuong trinh tiép tfuyén ctia:do thi (C) tai diém c6 hoanh d6 xo = 1.
Bai 5: Cho ham s y = x3=6x% + 9x +1

1/ Khao sét sy bién thién va v& d6 thi (C) cua ham sb.

2/ Viét phuong trinh tiép tuyén ciia (C) vudng goc véi duong thang y = — 2—14 X+ 2

3/ Viét phuong trinh duong thang di qua hai diém cyc tri ctia ham s6

4/ Dwra vao d6 thi (C), bién luan theo m s6 nghiém ctia phuong trinh: x3 — 6x% + 9x + m = 0
Bai 6: Cho ham s6 y = —x3 + 3x% - 2.

1/ Khao sat sy bién thién va vé d6 thi (C) ctia ham sb.

2/ Viét phuong trinh tiép tuyén ciia (C) song song v6i dudng thang y =— 9x + 1

3/ Tim m dé duong thiang y = m cit dd thi (C) tai ba diém phén biét.

Bai 7: Cho ham s y = %x3 ¥ +1

1/ Khao sat sy bién thién va v& do thi (C) ciia ham sb. 7

2/ Viet phuong trinh tiép tuyeén cua (C) biét tiep tuyen di qua diem A(1 ; 0)
Bai 8: Cho ham sb y = %xs —x*+x+1

1/ Khao sat sy bién thién va v& do thi (C) ciia ham sb.

2/ Viet phuong trinh tiép tuyén cua (C) tai giao diém cua (C) v6i truc hoanh.
Bai 9: Cho ham soy = x3 + X

1/ Khao sat su bien thién va v& do thi (C) ctia ham so.

2/ Viét phuong trinh tiép tuyén cua (C) tai giao diém cua (C) vdi truc tung.
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Bai 10: Cho ham sy = x* —2x2 + 1
1/ Khao sat su bién thién va v€ d6 thi (C) ctia ham so.

2/ Bién luan theo m sé nghiém cua phuong trinh: x* - 2x2+1-m = 0.
3/ Viét phuong trinh tiép tuyén cua (C) tai diém c6 hodnh do x =+/2
Bai 11: Cho ham sé y = — x* + 2x% + 2.
1/ Khao sat sy bién thién va v& d6 thi (C) ctia ham sb.
2/ Tim m dé phuong trinh x* — 2x2 + m = 0 c6 bon nghiém phan biét.
3/ Viét phuong trinh tiép tuyén cia (C) tai diém cuc tiéu ctia do thi ham sb.
4
Bai 12: Cho ham sé y = X?—?MZ +g

1/ Khao sét sy bién thién va v& d6 thi (C) caa ham sb.
2/ Bién luin theo m s6 nghiém cua phuong trinh: x* — 6x?> + 3 —m = 0.

3/ Viét phuong trinh tiép tuyén cta (C) biét tiép tuyén tai diém A(0; g)

Bai 13: Cho ham sy = —x* + 6x2—5
1/ Khao sét sy bién thién va v& d6 thi (C) cia ham sé.
2/ Tim m dé duong thang y = m cat d6 thi (C) tai ba diém phan biét.
3/ Viét phuong trinh tiép tuyén cia (C) tai diém Mo(1 ; 0).

Bai 14: Cho ham sd y = %x“ -2x% -1

1/ Khao sat su bién thién va v& do thi (C) ctia ham 6.
2/ Tim m dé phuong trinh : x* — 8x? — 4 + m = 0.c6 4 nghiém phan biét.
3/ Viét phuong trinh tiép tuyén cua (C) tai giao diem cua (C) vai truc tung.

Bai 15: Cho ham s y = X—f

1/ Khao sat su bién thién va vé d6 thi (H) ctia ham sb.
2/ Viét phuong trinh tlep tuyen cua (H) tai dlem M(2; 3).
3/ Viét phuong trinh tiép tuyén biéttiép tuyén song song v6i dudng thang y = —2x + 1
Bai 16: Cho ham s6 y = 2X+1.
X+1
1/ Khao sat su bién thien va veé dd thi (H) ctia ham sb.
2/ Viét phuong trinh tlep tuyen cua (H) tai dlem c6 hoanh d¢ x = -2
3/ Viét phuong trinh tiép tuyén cua (H) biét tiép tuyén vudng goc véi dudng thing y = —x + 2

Bai 17: Cho ham sb y=

1-x
1/ Khao sat su bién thlen va vé& do thi (H) cta ham s6.
2/ Tim trén (H) nhiing dlem c6 toa do 1a cac 5O nguyén.

3/-Viét phurong trinh tiép tuyén cua (H) tai giao diém cua (H) véi truc tung.

Bai 18: Cho ham sd y = —1
X

1/ Khéo sat sy bién thién va v& d6 thi (H) ctia ham sd.
2/ Viét phuong trinh tiép tuyén cua (H) tai giao di€m cua (H) véi truc hoanh.

Bai 19: Cho ham sé y = %

1/ Khao sat su bién thién va v& do thi (H) cua ham s0.
2/ Viet phuong trinh tiép tuyén cua (H) biét tiep tuyén di qua diem A(4; 4).
Bai 20: Cho ham sé y = 31" +X1
1) Khéo sat va v& d6 thi (C) ciia ham sb. q
2) Viet pttt cua do thi bi€t tiép tuyén vudng goc voi duong thangy = —x + 2
3) Tim nhiing diém trén do6 thi thi ¢6 hoanh d6 va tung d§ déu la nhiing s6 nguyén.
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Bai 21: Cho ham s6 y = x* +2mx?+m?+m
1) Khao sat va v& d6 thi (C) ctia ham sé khi m = -2

2) Dya vao (C) bién luén theo k s nghiém pt: x* —4x>+k =0
3) Tim m dé€ ham so6 dat cuc ti€u tai X = -1

Bai 22: Cho ham sb y = —%x“ L 221

1) Khao sat va v& d6 thi (C) cua ham sb.
2) Tim m dé pt x* —8x2+4=mc6 2 nghiém phan biét
3) Viét pttt ctia d6 thi tai diém c6 hoanh d6 = 1.
Bai 23: Cho ham s6 y =—x®+3(m+1)x? -2
1) Khao sat va v& d6 thi (C) cia ham sé khim =0
2) Dya vao d6 thi (C) bién luan theo k s6 nghiém pt: —x° +3x> =2k =0
3) Tim m dé ham s6 dat cuc dai tai x =2
4) Viét pttt cua d6 thi (C) biét tiép tuyén c6 hé sd goc =3
Bai 24: Cho ham s6 y=4x*-3x-1
1) Khao sat va v& d6 thi (C) ctia ham sb.
2) Viét pttt ciia (C) biét tiép tuyén vudng goc voi dudng thang y = X5

72
2x+1

X+1

1) Khao sat va v& d6 thi (C) ciia ham sd

2) Viét pttt tai diém c6 tung do bang —1/2

Bai 25: Cho ham s6 y =

Chuong 11: PHUONG TRINH — BAT PHUONG TRINH MU - LOGARIT
§1 LOY THUA - MU - LOGARIT

acR,neN’ a"=aa.....a(n thira sd )
a=0 a’”zin, a’=1
a
Luwu y: 0°,0™" khong cé nghia
m m
a>0,r:F,meZ,neN,n22 a —an = Ya"
a“.a’ =a*"’ & g
a?
a a
(@)’ =a*”’ a2
b b“
(ab)* =a”.b”
Néu: a>1 thi Néu: 0<a<1 thi
a“>a’ a>p a”>a’ ca<p
log,b=a < b=a“ log,1=0 log,a=1
logbh=a < b=10" a%" =p |Oga(aa)=a
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Inb=ag < b=¢e

O<a=#1b>0,c>0. Khido:

log, b.c=log, b+log, c log, b_ log,b—log, c
c
O<a=#10<b,0<c=1. Khido:
log, b* = log, b Iogaabzilogab, (a#0)
(24
log, b = 109:2 log,b=——, (b 1)
log. a log, a

§2 PHUONG TRINH MU — PHUONG TRINH LOGARIT
A. PHUONG TRINH MU
I.  Phwong trinh mii co ban a*=b (a >0;a ;tl)
Néu b > 0 thi phwong trinh c6 duy nhdt mét nghiém X = logy b
Néu b = 0 hodc b < 0 thi phwong trinh v6 nghiém

Bai 1: giai cac phuong trinh sau: a) 10X =1 p) 2% =8 c) 4% =4 d)eX =5
X
e) 3X:2 f)3X:i g) 1 -9 h) 2x+2x-1+2x—2=3x_3x—1+3x-2
27 2
Il. M@t sb cach giai phwong trinh mii:
1. Puwa vé cing co'so6: O<a =1 af(x) —aP <:>f(x)=b af(x) = a9%) @f(x):g(x)
2 Al 2
Bai 2: giai cic phuong trinh sau: a) 5% 7 1 b) [EJ =3 c) 4% —3X+2 14
d) 24 =34 e)(1,25)! ~*= (0,64)**
) x2—2x-3 ) x2-2
Bai 3: giai cac phuong trinh sau: a) (?j —7xH b). [Ej — pA-3X
5—x X+1
3 (4 —X 2_ _ 1
0 (0,75) - (5) d) (0.5 = (v2) Q) XX g (Ej - 1257
X —6x—2
g)2x+2x-1+2x—2=3x_3x—1+3x—2 h) 2 2:16\/5
Bai 4: giai ¢ac phuong trinh sau:
a) X gX—2 _3X3 x4 _750 p)32X1 32X _10g 0)52%*H _352x-1 _g5g
2x—71 1 1
_ _ 1) 6 -
d) 26X X _ g e) 23 _g3¥ 1 _3X_g ¢ (E) 4% = gbx

2. Pitan phu:
* Dang 1: Phwong trinh A.a2x +BaX+C=0
Cich gigi: Dt t=a*, didukién: t>0
Giai phuong trinh theo t: At? + Bt + C = 0, chon t thoa dk. Suy ra a¥=tox= logy t

. 1
Bai 5: Gidi céc phuong trinh sau: a) g.52" +55% =250 b) 22X*2 _g92X 120

0 3 93X 160 d) 270427 _17-0 ¢ 0¥ -23-15-0
f) 64% —8% —56 =0 g) 25% —6.55 +5=0 hy 9X —24.31115-0
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i) 3B _432X+5 57 _¢ 4% 36281 320 Kk BX_3eX -

) 4% +21-8=0 m) 216" -154*-8=0  n)
* Dang 2: Phuwong trinh ¢6 chira a¥ va a™, hofic a*vab* véiab=1. Pit: t=a*=a" :%;bxz% t>0
Bai 6: Giai cac phuong trinh sau: a) 3 11837% =29 b) ¥ 13X _10

0) 5VX —51"VX 140 d) e2X — 407X =

X X X X
) (4+I5) +(4—i5) =62 0 (v2+5) +( 2-\3 | -4
X X

g)( 6435 + s_ﬁ) _12 (\/7+4\/§) +(7- J§) “14

- X « - 5 X 2 X+1 8

i) (5+2J€) +(5—2J€) ~10 i) (Ej —2(gj +5=0

k) (4—J1_5)X+(4+J1_5)X -8 )

* Dang 3: Phuong trinh m.a2X +naXpX+ p.b2x =0

Cdch gidi: Chia 2 vé ciia phiong trinh cho mét trong 3 s a2X :aX ¥, bZX dé dwa vé dang 1 hodc 2

Bai 7: Giai cac phuong trinh sau a) 2.25% —7.10° +54% =0 b) 3.16° +2.81% =5.36"

1 1 1
¢) 25X 410X = 22x+ d) 49X +12X ~3.16% =0/ )84 265 =9 ) 2.4X 46X —9X
g) 32Xt 1 456X —9.22X2 _g h) 3.25% 1 2.49% =5 35X )3.8" +4.12 ~18* = 2.27"
j) 27 +12* =2.8" k) 6.9° -13.6*+6.4"=0 )
3. Phwong phap logarit hoa
Str dung tinh chdt: Néu o.>0;B >0 va a=p < loggo=logyf; O<a=l
Thu'ang St dungphu’ngphap nay khz gap phwong trinh c6 dang: af(X) = bg(X)
Ldy logarit ciing mét co s6 dé dwa an thodt ra khéi so mii.
2_ _
Bai 8: Giai cac phuong trinh sau: a) 215X = 200 by 2X° 4 = 3%2
2_ _ 1.x2 _
¢) 5% OX+6 _ X3 d)3 12X L gaX2 e) 55X HgX =100
B. PHUONG TRINH LOGARIT
logg X =b logg f(x)=b
I.  Phwong trinh logarit co ban: O<a=1 b b
& x=a < f(x)=a
Bai 9: Giai cac phwong trinh:  a) log, X =3 b) logx =-1 c) Inx=0
d) Iog2(x+5)=2 e) log; X(x+2)=1 ) Iogz(xz—x)zl
Il. Céch giai mdtsd phwong trinh logarit . . .
Khi gidi phwong trinh logarit néi chung, ta can dat diéu kién dé logarit xac dinh.
1. Pwavécingcosd: O<a=1l [log f(x)zlog g(x) bat diéu kién: f()>0
' ) a a ' " ox)>0
Phuong trinh da cho twong duong voi: f(x) = g(x)
Bai 10: Giai cac phuong trinh: a) log, (5x +3) = logg (7x+5) b) log(x* —6x +7) =log (x—3)
¢) log, (x—5)+log, (x+2)=3 d) log, (x2 —3) —log, (6x-10)+1=0
e) 2log 2x:logz(x2+75) f) log, x—log, (x-3) =2
=25
g) log, X +log, X +logg X +l0g; s X = 53 h) Iog3x+log3(x+2) =1
i) logsx = logs(4x + 5) + 1/2 j) loga(x +3) — loga(x?—1) =

k) log(x—1)—log(2x —11) =log 2 1) log, x +log, (x ~1) =1
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m) Iogﬁx+4log4x+logsx=13 n) Iog3x+logJ§x+Ioglx=6

X+8 1
log—— =1 =1 2_4x-1)=log(8x)—log(4
0) log~—=logx P) 5 og(x* —4x —1) =log(8x)—log (4x)

2. Dit 4n phu:
Bai 11: Giai cac phuong trinh:
a) log, x+log., (4x)=5 ( TN 2006 —2007) b) log%s(x+1) — 5logs(x+1)+6 = 0

¢)log; (x+1) -3log, (x+1)* +log,32=0  d) log?, x—4log; x~5=0

5

1 2
e) 3log®, x—4log, x+1=0 + =
) 3log’s g% D X 24 inx
Q) Iogzﬁx+3log2x+log%x=2 h) log, , 16 + logy, 64 =3
3. Mii hoa:

§3 BAT PHUONG TRINH MU — BAT PHUONG TRINH LOGARIT
I. Badgt Phédng trinh mud(0 < a #1)

* Chuu yu: -Hagm sod y=a* foang biean khi a>1 vag nghoch biean khi O<a<1
- Cauch giaQi ph6ong trinh mud vaan coan nuung cho vieac giadi bpt mud

f(x)>log® neua>1
RPN f(x)>g(x) neua>1 a's pes (x) gz
f(x)<g(x) neub<a<1 f(x)<log, neua>1
Bagi 1: Gialii cauc baat phoong trinh
2x+5 6
a) 16 %>8 b) [g) <9 c) 9% <32
4x*215x+4
X2 —x+6 1 3x—4 2
d) 4 >1 e)ZE <2 f) 5%+ 2> 3. 5
Bagi 2: Gialii cauc baat phodng trinh
1 1
a) 2%t 4+ 2x+7 517 b) 523 -2.,5%2<3 c) 4¢ > 2% ‘43

d) 5.4*42.25¥<7.10*° ) 2.16*—2%—4%*-2 <15 f) 4**1 -16* > 2log.8
g). 9.4 4 5 6% < 4.9/
Bagi 3: Giadi cauc baat phédng trinh
a)3¥tls5 b) (1/2) *-3<3 c) 5 =315 (5% 1 -3%-2)
Bagi 4: Giadi cauc baat phdong trinh

1,57 <125 2. 7% >1 3. 27" g%
1 K -5x4 X 3 3x-7 7 7x-3
— >4 2 X—2 _ > —
4. [2) 5. (+/3)2 >9 6. (7) _(?J
2-2X X—2 X Dx—x2
23] <8 8 25° —45 —5<0 g9 oft] <3
2 7 3
10. 4" -2 -2<0 11.34"-26"<9" 12.3*+9.37-10<0

13 2x+2 _ 2x+3 _ 2x+4 > 5x+l _5x+2 14 62x+3 < 2x+7 33x—1
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ll. Baat Phééng trinh logarit

* Chul yu: -Hagm sod logarit fioang biean khi a>1 vag nghoch biean khi 0<a<1
- Cauch giai ph6ong trinh logaritd vaan cogn nuung cho vieac giadi bpt logaritd

f(xX)>g(x)>0 neu a>1

Jog!® >log!™ <
O< f(X)<g(x) neub<ax<l

b
Tog!® > b < f(x)>a” neu a>1
0< f(x)<a® neub<a<1

Bagi 1: Giali cauc baat phoong trinh

a) loga(x + 7) > loga(1 — x) b) logz(x +5) <logx(3-2x) -4

c) loga( x> —4x—5)< 4 d) log1/2(logsx) >0

e) 2logs( x- 2) — logs( x- 3) > 2/3 f) logax(x? -5x + 6) < 1

g) log, 251

3 X+2

Bagi 2: Gialii cauc baat phoong trinh

a) log% + logx <0 b) logi/sx > logx3 = 5/2

c) logz x +logx 8 <4 d) ! + . >1

1-log X' logx
1 x

e) log, 2.l0g, ;2 > Tog X6 f) log, (3' —1).Iog%(316 L s%
Bagi 3. Giali cauc baat phobng trinh

a) logs(x +2)>2-x b) logs(2*+ 1) < 5 - 2x

c)logy5-x)>x+1 d) log2(2*+ 1) + logs(4* +2) <2

Chwong 111: NGUYEN HAM - TICH PHAN
81 NGUYEN HAM

A. BANG NGUYEN HAM:
2
1J.OdX:C IXdX:X—+C
2
2. jdx:jldx:x+c Ikdx:kx+C
Xa+1 a+l
3 [Xdx=—— 4 C (a 1) [(ax+by dx=1 2DV
a+l a a+l
1 1 1
4, J';dx—ln|x|+C jax+bdx—g.ln|ax+b|+c
1 1 1 1 1
5. [ dx=-=+C dx=—=.
J‘xz X xJr J‘(aerb)Z X a ax+b
1 1 1
6. | —=dx=2+x+C dx=2.=ax+b+C
J.\/Y Vx I ax+b a
7. jexdx:eX+C je”*bdx:iewuc
a
8. [adx= & c (a>0,a=1) Iakx+bdx:1.akx+b+c (a>0,a=1)
Ina k Ina
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9. jcosxdx:sinx+C jcos(ax+b)dx=%.sin(ax+b)+C
10. Isin xdx =—cosx+C jsin(ax+b)dx=—§.cos(ax+b)+c
1 1

-(a 2 - ————dx==tan(ax+b)+C
11. Icos dx = [ (1+tan® X)dx =tan x+C Icosz(ax+b) _tan(ax+b)+

— 2 __ ;d __1 t b)+C
12. jsinzxdx—j(lﬂ:ot x)dx =—cotx+C jsinz(ax+b) x=—=cot(ax-+b)+

B. CAC PHUONG PHAP TIM NGHUYEN HAM:

1. Phuwong phap dwa vé cac nguyén ham co ban:
Biéu dién ham s6 dudi dang: f (x) = af,(x) +bf (x) +..

Trong d6 ta da biét nguyén ham cua cac ham so fl(x), f,(X),... 1a F(X), F,(X),...
Vay F(x)=aF(x),+bF,(x)+...+C
2. Phuwong phap doi bién so:
* Phwong phap: Tinh: [ f (¢(x))p'(x)dx = |
+ it t =g(X) = dt = '(X)dx (ldy dao ham 2 vé)
+ 1= j f (t)dt (thé vao)
3. Phuwong phap tinh nguyén ham tirng phin:
* Phwong phap: Tinh: IP(X)Q(X)dX =1
Bit. {u =P(X) = du =P'(x)dx

dv=Q)dx v = F(x) oL Iadnguyen ham ctia Q(x)

+ 1=uv—[vdu
* Nho:
+ Thir ty vu tién khi dit u;1c, da, liy, mi, luong.
+ Khi P(x) 1a 1 da thuc chira x
. Néu Q(x) 1 sinx hodc cosx hodc e* thi dit u = P(x), dv = Q(x)dx
. Néu Q(x) 1a Inx thi ddtu = Q(x), dv = P(x)dx
C. BAI TAP:
Bai 1: CM ham s6 F(x) 12 nguyén ham ciia ham so f(x):
* Phwong phap:
+ Tim tapXac dinh D ciia ham s6 F(x) va f(x)
+ CM: F(x) = f(x) YxeD
1/ CMR F(x) =2x + sin2x 1a 1 nguyén ham ctia ham sd f(x) = 4cos?X
* Huéng dan:
+ Tap xac dinh cua F(x) va f(x) la [
+F(x) =2+ 2cox2x = 2(1 + cos2x) = 2.2cos?X = 4¢0s?X = f(X)
+ Vay F(x) 1a 1 nguyén ham cua f(x)

2 CMR F(x) = 4sinx+ (4x +5)e* + 1 1a 1 nguyén ham cua ham s6 f(x) = 4cosx + (4x + 9)e*
Bai 2: Tim nguyén ham F(x) ctia ham so f(x) théa di€u kién cho truwée 1a F(a) = b:

* Phwong phap:
+ Tim F(x) = P(x) + C (*)
+ Thay F(a) = b vao (*) tir d6 tim C
+ Két luan F(x) =?
x*+3x* +3x-1
X?+2x+1

1/ Tim nguyén ham F(x) ctia ham s6 y = f (X) = biét F(1) = %

* Huéng dan:
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x*+3x2+3x—-1 1.2
X2+2x+1 (x+1)?

+ Bién ddi: y=f(x)=

2

+F(x):jf(x)dx=j[x+1—( )de— Fx4—24C

2 X+1
2
+Taco: FQ)== l—+l+i+C—1<:>C:—E
3 2 1+1 3 6
X? 2 13
+Vay: F(X) =2 4 x+ =2
ay: F() 2 X+1 6

2/ Tim nguyén ham F(x) ctia ham sd y = f(x) = 2x + 1 biét F(1) =2
3/ Tim nguyén ham F(x) ctia ham sé y = f( x) = X —% +2biét F(1) =2
4/ Tim nguyén ham F(x) ctia ham s6 y = f(x) = 4x® — 3x? + 2 biét F(-1) = 3
Bai 3: Tim:
1/ [e* 2 dx 2/ [ tan? xdx 3/ fsin? £ dx
2

4/ J' cos? xdx

5/ Iww 6/ J'e*(ex—l)dx

+1
COS2X 1
/ Icos2 X.sin? de 8l I dx o Icos X.sin? de
. 2x—1 x+\/_+1
10/ | sin 5x cos 3xdx 11/ | ——————dx 12/
j I (x=D(x-2) I Ix

1

13/ jmdx

j 5x<=5
(X+2)(x— 3)

Bai 4: Str dung phwong phap ddi bién sd, tinh:
* Phwong phap: Tinh: [ f (¢(x))p'(x)dx =i
+Pit t=p(X) = dt =@ (X)dx (ldy dgo ham 2 vé)

+1=[ f(t)dt (@hé vao)

1/ [(1-x) dx

1
Y J‘ex+e*X+2dX
7/ [x(3—x)"dx

10/ I X/ X2+ 1dx

13/ Icos3 X sin xdx

16/ j(2x2 +1)" xdx

19/

Bai 5: Sir dung phwong phap tinh nguyén ham tirng phan, tinh:

2/ [x(1+ xz)2 dx

5/ | xe ™ dx

8/ [sin’ xcos* xdx

11/ [ X231+ dx (x > 1)
14/ [x? +1xdx

17/ j(x3+5)4x2dx

20/

* Phwong phap: Tinh: IP(X)Q(X)dX =

Dit: u="P(X) = du=P'(x)dx
T ldv=Q()dx=v=F(x)
+ I:uv—jvdu

* Nho:

1
1 _[ 2y cin?
COs” X.SIn” X

3/ jcos?’ xsin xdx

6/ jcos xsin® xdx

X
o | =0

2
12/ | @dx

dx
15/ j —
1

21/

voi F(x) 1a 1 nguyén ham cua Q(x)
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+ Thir tr wu tién khi dit u: 16c, da, liy, mi, luong.

+ Khi P(x) 1a 1 da thuc chtra x
. Néu Q(x) 1a sinx hodc cosx hoic e* thi dit u = P(x), dv = Q(x)dx
. Néu Q(x) 12 Inx thi dit u = Q(x), dv = P(x)dx

1/ { xIn xdx 2/ [ (x* +2x~1)e"dx 3/ [ xsin(2x+1)dx
4/ [ (L—x) cos xdx 5/ [ xIn(l—x)dx 6/ [ xsin® xdx

7/ J'\/;Inzxdx 8/ jx.sin xdx 9/ jxcosxdx

10/ jxsin 2xdx 11/ Ix.costdx 12/ jln xdx

82 TICH PHAN

I. DANG 1: Tinh tich phin dwa vao dinh nghia va cac tinh chat ciia tich phéan:
* Phwong phap: bién doi ham so dwdi dau tich phan vé dang tong, hiéu cac ham so co nguyén
b

ham: [ f()dx=F ([ =F(b)-F(a)

(

Bai 1: Tinh cac tich phan:

L , 1
1/ _([x (x—1)2dx )d 3/ _[(x+x+x—+x )dx

z
j
T
4
2
1

p X2 2x dx
4/ (£ +tt)dt 6/
! '[\/x +1-/x-1
X 0 1 3 N2 2x+1
7/ j d 8/ [edx 8/[(1+3x)2dx 9/ [ & gy
S NX+2+X—2 Y ] ]
4 1 1 3 2
10/ || t+—=—=|dt 11/ [ (x° +1)dx 12/ | x(x—3)dx
(5% J !
3 3 3
13/ [(2cos x—sin x)dx 14/ f%dx 15/ jﬂd
0 2 sin® xcos’ x sin? x cos? X
6 4
Bai 2: Tinh céc tichrphan: (tich phan chira gia tri tuyét déi)
3 3 1
11 = [|x—2)dx 2/ f[x* —3x+2fdx 3/ [|x* —x—2fdx
1 1 -2

4/ '3|:|1— X/dx 5/ Jz"x2 —4x+3‘dx 6/
2 0

Bai 3: Tinh cac tich phan: 3
_ *Tich phan ham hitu ti dang bdc tw I6n hon hay bang bic mau: chia tir cho mdu tich thanh
tong cua 1 phan nguyén va 1 phdn soé roi tinh

4 e?
1 sz X1y 2/]2X_1dx 3/ j7X 20X -5 o
> —X
X2 —2x— 3 2 %3 _1 X2 +2x+3
2 TERT oy
4/! - 5/.([—dxz_lx 6/! g O
2 5 2_
7l j“z 8/ jf’x‘l— —1jdx of Iudx
o\ X+2 ,  X=3

Bai 4: T|nh cac tich phéan:



GV : Dio Phwong Thio On tap tot nghiép- Trang 22

* P(x)
Dang !(x+a)(x+b)
N P(x) A B  A(x+a)+B(x+b)
Phan e i D) x+a xib  (xra)(x+b)

= P(x)=A(x+a)+B(x+b) (*)
Cho x = nghiém mau: x=-a, x=-b. Thay vao (*) tim A, B

POX) o .. ... PX) A B C
*D dx: ph h =
ang J( ray o P e T xra  xra)y T xray
P(x) o P(x) A B
*D dx : phan tich =
gmgj(x+a)(x+b)2 X P e ) (x+b)? x+a | (x+b)?
4% -3 + x-3 5x—5
2/ | ——dx
J.(x D(x - 5) £x2—3x+2 J.(x+2)(x 3)
X T 2x-1 4
4/ | ———d 5 |————d 6/ | —————
!(x+l)(2x+l) X { x—D(x=2) -E(x—l)(x+3)
b o2x-3 2
7l j X 8/ | b 9/
3X+2 1 X(x—4)
Bai 5: Tlnh cac tich phan: (ham lwong glac ha bdc, tich thanh tong,...)
1/ jsm2xcosSxdx ZIJ sin® x.cos>x.dx 3/ J.OESiI’IZZX.dX
V4 V4 %
4/ [ (2sin x—3cos x)dx 5/ [/2+-2cos2xdx 6/ [ sin7xsin 2xdx
el 0 =
7 7 .
7/ jcoszxdx 8/ jsingcosxdx 9/ Isin 2xcos? xdx
0 0
2 %3_cos? X4 7
10/ j c0s 3x cos xdx 11/ j 12/ j sin 3x.cos5xdx
J cos? X
& 3
% V4 0
13/ j sin? x.cos® xdx 14/ J' sin X.cos 3xdx 15/ I c0s3x cos 5xdx
0 0

6
I1. DANG 2:Tinh tich phan bang phwong phap doi bién:
A. Déi biéndang 1:

b
* Tinh: [ (x)dx = |
+ Budc 1: bat x=u(t) = dx=u'(t)dt

x=a=ult)=a=t=«a

+ Bude 2: doi can:
ude2:doiean: ) =b=t=g
B
+ Budc 3: thay vao | = [ f[u(t)]u'(t)dt

Cha y: Khi gip tich phan ma biéu thirc duéi dau tich phan c6 dang:
a2 —x? thi dit x = asint  te [—%;g]
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a®+x* thidatx = atant  te (—%;—)

x2—a? thiditx = - te [-Z;Z]\ {0}
sint
Ap dung: Tinh céc tich phan sau:

1/ szxll—x2 dx 2/ T

2
0 9+ X

2
4_2
4/0)(2+12 5/£\/ X2 dx
1 - NE) 1
7 1-x°d
/}[\/ x2dx 8/.([3+X2dx

B. Péi bién dang 2:
b
* Tinh: [ f[u()lu'(x)dx =1

+ Budce 1: doi bién: dat t =u(x) = dt = u'(x)dx
X=a=>t=«

+ Buée 2: dbi can:
udc 2: doi can X=b=t=p3
B
+ Budc 3: thay vao I:jf(t)dt

Bai 1: Tinh céc tich phan:

L2x+2 b e
U [——=———dx 2/ [ 7 xdx
o X°+2X+1 0
. AT 3
4/ dex 5/ I(sin“x+1)cosxdx
X 0
: :
I sin xdx 8/J-co_s>3<dx
- 1+3cos X z SIn°X
6
©2X
10/ | ——dx 11/ [——X_dx
5 Naw

0
13/ [ X+ 3dx 14/ j (X 4
-1

v

% 12
16/ j J1+cos X sin xdx 17/ j tan 4xdx
0

19/

b\ﬁ'—-'\l\ﬁ

22 jx3 (x* +1)"dx

Inx 4

1

1
e%* sin xdx 20/ Ix\/x2 +1dx
0

2
23/ fsin5 Xcoxadx
0

w
<

OtV [ P O ey o O ey
>
N
o
>

(o]
S

3/ |sin® xcos? xdx

ot—o N

xIn® x
e

1
9/ I X+/1— x2dx
0

2
21/ J'xlex3 +1dx
0

1
24/ [ x(x* +3)°dx
0

1
27/ [ x*(1—x°)"dx
e

Trang 23
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1
31/ J'xex“zdx
0

0
34/ I X/ X2 + 3dx
e

7l2

37/ J‘ COSX

Sln X

\/1+ In xdx

40/ j

Bai 2: Tlnh cac tlch phan:
5
U [x2x—1dx
1
2

I X3\/x? +1dx
0
%
7/ [sin® xcos” xdx
4
1
10/ I x3/1— xdx
0

1
13/ [ x(1-x)°dx
0

On tap tot nghiép-

1
29/ j xe**dx

e*dx
e*+1

32/ j

NN

38/ J'es‘”x cos xdx

edx

1
2/ J.x3 \J1-x%.dx
0

1
5/ jx%/l— x2dx
0

8/ J'x\/x +1dx
0

T

2
11/ Isin3xdx
0

8

X

14/ dx
g[ NP

In xdx

30/ j

33/ J‘x\/x2 +3dx

Ny e

36/ J' e 25" os xdx

o

s

2
39/ _[sinz X c0s> xdx

4 e¥dx

Ix

42/ j

3
3/j

O(x-1)2

6/J2-4sin3 xdx
1+cos x

9/ |sin? xcos® xdx

_J;‘Q!—’N\ﬁ ©

s

2
12/ I cos® xdx

e (1+ x)

15/ j dx

I1. DANG 3: Tinh tich phan bang phwong phap tich phan tirng phan:

b
* Tinh : J'udv= |

+ Budc 1: dat

u=u(x) = du=u'(x)dx

dv=v!(x)dx = v =v(x)

b
+ Budce 2: thay vae-cong thuce: | = UV|Z - j vdu

Lww-yz thi tw wu tién khi dit u: loc, da, liy, mi, lwong. Khong ddit u la ham lwong gidc

Ap dung: Tinh céc tich phan:

1/ | (x+1)sin xdx

O 0 | N

1
4/ [In(1+x)dx
0

1
71 [ (x* +1)e™dx
0

10/ [(1—x*)In xdx
1

2/ sz In xdx
1

11/ [ xIn@+x*)dx
0

3/ | (x+3)e*dx

6/ | (2—x)sin3xdx

9/ | (x—1)cos xdx

oty Ol O [N Oy
a1

12/ [2xIn(x—1)dx
2

Trang 24
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s

2 . ®n? X4
13/ j e* cos xdx 14/ f xe**dx
0 0
1 V.4
16/ | (4x+1)e"dx 17/ j (¢ +1)e"dx 18/ j (2x+1) cos xdx
0 0
7l2 g
19/ jeXsin xdx 20/ [(4x+1).sinx.dx 21/
0

§3 UNG DUNG CUA TiCH PHAN TRONG HINH HQC
1/ Daing toaun1l: Dieédn tich hinh phaing giéui hain b6di 1 i66@ng cong vag 3 fi66@ng thaung.

Coding théuc:
Cho hagm sod y=f(x) liean tuic trean foain [a;b] khi fiou diedn tich hinh'phaunggioli hain bodi

b
f66@ng cong (C) :y=f(x) vag calic ibdgng thadng x= a; x=b; y=01lag : S = _ﬂ f (x)| dx

~

2/ Daing toaun2: Diedn tich hinh phating gidui hain bdii 2 i66@ng cong vag 2 66@ng thaing.
Coding théuc:
Cho hagm soa y=f(x) cou fioa tho (C) vag y=g(x) cou fioa tho (C’) liedn tuic trean noain [a;b] khi hou
diedn tich hinh phalng gioui hain bodi A66@ng cong (C), (C’) vag cauc A6o@ng thalng x= a; x=b lag :

S = [|f(x) — g (0| dx

Phé6ng phaup giadi toaun:
B1: Ladp phoong trinh hoagnh fiod giao fiieam gioda (C) vag (C')
B2: Tinh diedn tich hinh phaldng caan tim:
TH1:
Nedu phoéong trinh hoagnh fiod giao fnieam voa nghiedm trong (a;b). Khi fiou diedn tich hinh phauing

g (X)]dx‘

b
caantimlag: g —

TH2:
Nedu phoong trinh hoagnh foa giao nieam cou 1 nghiedm lag xie(a;b). Khi fiou diedn tich hinh
phaung caan tim lag:

S = [|f ) —g()|dx= ( g (x)]dx

TH3:
Nedu phoong trinh hoagnh fiod giao fiiedm cou cauc nghieam lag x1; x2e(a;b). Khi fiou diedn tich
hinh phadng caantim lag:

X X2
JLF0O—g00]dx|+ j[f(x)—g(x)]dx

X2

= f[f(x)—g(x)]dx +

Chut yu: * Nedu phoong trinh hoagnh fiod giao fiiedm col nhieau hon 2 nghiedm lagm to6ng toi
tro6eng hoip 3.
* Daing toaun 1 lag tro6gng hoip fiaéc biedt culia daing toaun 2 khi icdé@ng cong g(x)=0
Vi dui 1i:
Tinh diedn tich hinh phadng gioui hain bodi fioa tho culia hagm soa y = sinx trean foain [0;2 7] vag
truic hoagnh .
Giadi :
Ta cou :sinx = 0 cou 1 nghiedm x=7 € (0;27) vady diedn tich hinh phalng caan tim lag:
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27 2z

= [|sinxdx= +| [ sinxax = ‘cosx|g‘+‘cosx|i” =
(0]

Vi dui 2:

Tinh diedn tich hinh phaung gidui hain bodi (P1): y = x?> =2 x, vag (P2) y= x*> + 1 vag cauic iddpng
thaung x=-1;x=2.

Giadi
phhiigi : x>-2x=x*+1 U 2x+1=0 U x=-1/2. Do fiou :

2 -1/2 2

2x)- (X +1)|dx- 0 [(x*- 2X)- (X*+ 1)]dx|+ 0 [(X*- 2X)- (X*+ D]dx

- l -1 -1/2

7 : 1, 25_13

O @x+Ddx+ | o (2x+ Ddx| = ‘(x2+ x)|_ -4 222

4 2

-1 -1/2
Vi dui 3:
Tinh diedn tich hinh phaung gidui hain bodi (P): y? = 4 x vag Adé@ng thatng (d): 2x+y-4 = 0.

y? 4-y

Giadi: Tacol (P):y? =4 x < x =7 vag (d): 2x+y-4=0 < x=

2 » -2
Phoong trinh tung fiod giao fileam culia (P) vag n6o@ng thaung (d) lag: y7=4_2y = B_ 4

Vaady diean tich hinh phaL’mg caan tim lag:
5= j(“ Y Yoy - j(z Y Yy =2y~

2

4 12 )l"‘

Bagi tadp:
Bai 1:
1/ Tinh die&n tich hinh phalng giéui hain giéda fc6@ng cong (P): y= x?- 2x vag truic Ox.
2/ Tinh diedn tich hinh phadng gioti hain bodi n6égng cong (H): y:X—+1 vag calc Aoo6@ng
X

thalng col phoong trinh x=1, x=2 vag y=0

3/ Tinh diedn tich hinh phadng gidui hain gioda fiddeng cong (C): y= x*- 4x?+5 vag Add@ng
thaung (d): y=5

4/ Tinh dieén tich hinh-phaung giéui hain bodi (C): y=x>-3x,vagy=x.
Bai 2: Tinh dién tich hinh phing giéi han béi cac dwong sau:

1/ y=x*-2x,Xx=-1 x=2 truc hoanh Ox 2/ y=-x*—-4x, Xx=-1, x=-3 truc hoanh Ox

3/ y=1-x*;y=0 4] y=x>—=2X,y =—X*+4X 5/ y=-x*+2xva y=—
6/ f(x)=x>=x—4 va g(x) = x*—3x* - 2x 7 y=2x"-2%X,y=x>+3x-6,x=0,x=4
8/ y=x*+3x-4,y=0,x=-1,x=3 9 y=x>-5x"+4x,y=0,x=-1,x=3

10Ly = x*¥X =5,y =—x*+3x+7 11/ y=x>+1, Ox, Oy, x=1

2/ Da'|'ng toatm 3: Theé t|'ch culia moat vaéit theé tro¢n xoay

phoong trinh y= f(x) vag cauc n66@ng thaung x= a, x=b , y= 0 quay moat vogng xung quanh truic ox
b

lag: V = nj f 2 (x)dx

Vidui 1: Tinh thea tich khodi caau sinh ra do quay hinh trogn col tadm O baun kinh R quay xung

quanh truic ox taio ra.
Giadi: N66@ng tropgn tadm O baun kinh R col phééng trinh :x? + y? = R? = y2= R%-x?

AU ( i 2R _4 L
Thea tich khodi caau lag : V= 7Z'I (R2—x2)dx =« RZX_E = x| 2R3 3 )7 gﬂRe*(nvtt)
R -R
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Vidui2: Tinh thea tich cula vaat thed trogn xoay, sinh ra b6Gi moai hinh phadng gidui hain bodi
calic A66@ng sau khi nou quay xung quanh truic Ox: x=-1;x=2;y=0;y=x>-2x

2 2
Giadii: Thed tich cu(ia vait thed trogn xoay caan tim lag : Sz;z_[(x2 —2x)%dx = 7Z'I (x* —4x® +4x*)dx =
a 2

X5 4 4 34/2 187[ ~
a(——-x"+=x) =— (fivtt
( = 3 ), c (fvtt)
Bagi tadp: Tinh thead tich culia vaat thed trogn xoay, sinh ra boli modi hinh phadng gidui hain bodi

cauc Noo6@ng sau khi nou quay xung quanh truic Ox:

a/y:cosx;y=0;x:0;x:% b/y=sin’x;y=0 ;x=0;x=r
X
c/y=xez2;y=0;x=0;x=1 d/ y=—x*—-4x, x=-1, X=-3 truc hoanh Ox

el y=2x—-x*y=0

Chuong IV: SO PHUC

I. Tém tit Iy thuyét
1. Pinh nghia s6 phirc
e S6 phirc z 1a mot biéu thic c6 dang Z=a+bi, frong d6 a va b 1a cac sb thuc, i 1a mot sb
théa man 1> =—1.

o ala phan thyc.
o b 1a phan o.
o 1ladon vido.

e Tap hop cac sb phuc ki hiéu lacl] |

e Dat biét:
o Sbphiac z =a+ 0 c6 phan 40 bang 0 duogc coi 1a sé thuc va viét z = a.
o Sbphic Z =0 + bi ¢6 phan thuc bang 0 duoc goi 13 s6 thuan 4o ( s6 40) va viét z =

bi.
o So phitc z =0+ 0f vira 1a s6 thuc vira 1 s6 ao.
2. S6 phirc bang nhau.
e Hai s phitc Z=a+ bi va z'=a'+ b'i bang nhau néu phan thuc va phan 4o cia ching
turong tng bing nhau.
: : a=a
o Z=Z'«wathi=a'+bie
{b =p
3. Biéu dién hinh hoc ciia sé phikc.
o Sophitc Z=a+ bi duogc biéu dién bai diém M(a;b) trong mit phang Oxy.

4. M6 dun sb phirc.
e Modun sb phirc Z = a+bi 1a s6 thuc khong am ki hiéu |Z| =Ja’+b*.
5. S6 phirc lién hop.
e S6 phuc lién hop cua s phiee Z = a + bi 1asé phirc Z =a - bi.
6. Cong, trir, nhan va chia so phirc.
e (Cong, trir, nhan 2 so phirc: nhw da thirc.
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e Chia 2 sb phirc: nhdin tir va méu cho sé phire lién hop ciia méu.
e Cho hai s phuc z=a+bi va z'=a'+b'i.
o Cong hai sb phirc: (a+bi)+ (a'+b'i) = (a+ a') + (b + b')i :
o Trir hai s6 phuc: (a+bi)—(a'+b'i) = (a—a')+(b —b')i :
o Nhan hai s6 phire: (@+bi)(a+h'i)=(aa-bb')+(ab'+a'b)i.
a+bi _ (a+bi)(@a'-b') _ aa'-bb’ N ab'+ a'bi
a+bi (a+b'i(a-b'i) a’-b? a®-b?
7. Can bac hai ciia s6 thwe am.
e Cin bac hai cua sd thyc a am 1a ii\/@ :
8. Phwong trinh bac hai véi hé s6 thue.
e Cho phuong trinh béc hai ax® +bx+c=0 v¢i a,b,ce,a=0.

e A=Db’*—4ac
—bxia]
T\

o Chia hai sb phuec:

e A<O0: phuong trinh ¢6 hai nghi¢m phue: X, = 2—

b
e A =0: phuong trinh ¢6 nghiém kép: X=——

2a
o b+ A
e A >0: phuong trinh c6 hai nghiém thuc: X, = 5 :
: a
n* Bam may: mode 5 3 hoic
—B++D
Mode 2 D = BZ—4AC:X=T*/_ CALC
9. Phuwong trinh trung phwong:
e Dang: ax’+bx*+c=0; ab,cell,a=0
e Giai: bAm: mode 53, nghiém: x?
II. Cac dang bai tap. \ )
Bai 1: Xac dinh phan thire va phan éo cta so phtrc
1.2=(1+2)-/3 2. 7=1+2i - 3i% + 4i* - 5i*
Gidi

1. S6 phtic z= (l+ \/E) ~J3i ¢ phan thyc la z=1+ J2 phan vio 14 J3

2. 2=1+2i - 3i° +4i° -5i" =4+ 2i—-4i-5=-1-2i
Vay s6 phire z c6 phan thuc 1a — 1, phan 4o la —2.
Bai 2:'Cho hai s6 phuc z=2+3i, z=3-4i.
1. Xac dinh phan thyc va phan ao cta sb phirc z+z.
2. Xac dinh phan thuc va phan 4o cta sé phirc z—2z’.
3. Xac dinh phan thuc va phan 4o cta s phic 2z.2”.
Xéc dinh phan thuc va phan 4o ctia s6 phic % :
Gidi
1. Tacd: z+2'=2+31+3—-4i=5-1.
S6 phirc z+2° ¢6 phan thuc 14 5, phan a0 1a —1.

2. Taco: z—22'=2+3i—2(3—-4i)=—4+11i.

S6 phirc z+2z’ ¢6 phan thuc 14 —4, phan do1a 11.
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3.Tac6 22.2'=2(2+3i)(3—4i)= 36+2i
S6 phirc 2z.z” ¢6 phan thuc 1a 36, phan 4o 13 2.
z 2+3i (2+3i)(3+4i) —6+17i -6 17 i

4. Tacdb —= - = _ < = -4
z' 3-4i (3-4i)(3+4i) 25 25 25

S6 phire i. c6 phan thuc —% va phén 4o 13 %
Bai 3: Xac dinh phan 4o cua sb phirc
1. z=(1+2i) +(1-3i)i+2 2. 2=(1-i)" (2+3i)+i(1-2i)
Gidi:
1. z:(1+2i)2+(1—3i)i+2=—3+4i+i+3+2:2+5i
Vay sd phuc z ¢6 phan 40 13 5.
2.Taco z=(1-i)" (2+3i)+i(1-2i)
z=(-2i)(2+3i)+2+i

2=6-4i+2+i
JA = 8-3i .
Vay s0 phurc z ¢6 phan o 1a -3.
N [ - A \ X s . A , - AN 4+2i
Bai 4: Xac dinh phan thyc va phan 4o cia so phtic z biét Z = 1o
+1

RIS LI D
I+i  (1+i)(2-i) 3
= Z2=3+I
Vay sd phuc z c6 phan thyc 13 3 phan a0 — 1.

Bai 5: Xéc dinh phin 40 ciia sé phire z bidt E=(J§+i)2 (1—J§i)
Taco 2= (V2 +4) (1-2i)
E=(1+2\/§i)(1—\/§i)
7=5+\2i=z=5-/2i

Vay sd phirc z.¢6 phan 4o 1a —/2.
Bai 6: Cho sophtre Z =1+(1+ m|)+(1+ ml) . X4c dinh so0 thuc m dé z 13 s6 thuan 4o.

Taco z =1+(1+mi)+(1+ mi)2
z =1+1+mi+1+2mi+m?’
z=(3-m?)+3mi
m=+/3
m=—3

Vay voi m = \/§, M = —+/3 thi z 14 sb thuan 4o.
Bai 7: Xac dinh phan thuc, phan 40, mé dun, sé phic lién hop cia cac sb phirc:

Pé z1asd thudnao < 3-m?* =0 <
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1. z2=(8-6i)—(2-3i) 2. z=(1-2i)(2+4i)—(3i+1)

3. z —(3-4i)=(2-3i)° 4 (1-i)z=3-4i

2

i -\ 2
2-3I =1
5. z= - 6. z= ( )
1+ ‘ , 1-1
Bai 8: Xac dinh phan thuc va phan ao cia so phirc z, biét:
- . i - 1 i = i i
1. z:(2—2|)2(1—3|) 2. z:r—(3|+1) 3. iz —(3-4i)=2+4i
+1
Bai 9: Xac dinh modun va tim sd phirc lién hop cua s phuc z, biét:
1.2=4+3i 2. 2z=8-06i

Gidi
1. |z2|=V/4+3* =5,Z=4+3i

2. |2|=4/8°+(-6)" =10, Z=8+6i

Bai 10: Cho hai sé phuc z =2+3i, z'=4-11i. X4c dinh modun so phic z+ 2.
Taco: z+72'=2+3i+4-11i=6-8i.

S6 phic Z+2'=6—8i c6 modun la |Z+Z'|:|6—8i|=\/62 -l-(—8)2 =+/100 =10.
_ (1B

Bai 11: Cho hai s6 phitc Z = 1 . Xac dinh modun s6 phirc 7+iz.
—i
\3
- (1-4E) g < s@+i) -s-si .
Taco: 2= - = - = - — = =4 —4j
1—i 1< (1=i)(1+1) 2
=z7=-4+4i

= 2+iz=—d=4i+i(~4+4i)=—4-4i —4i + 4i° =88

Vay médun sé phie:Z +iz 12 ‘E+ iZ‘ = |—8—8i| = \/(—8)2 +(—8)2 =82,

Bai tap luyén tap
Bai 12: Tim phan thyuc, phan ao, mddun, s phtrc lién hgp cua cac so phirc:

(2-3i)i

1. \z=(1+2i)2i - 3i%+2 2. 2=
—I1

30 z=(1-2i)(2+1)i—(3i+1)3i 4. z -2 =(1-i) 2
5. 2=i+(2—4i)(3+2i) 6. 2= (-1+i)’ - (2i)’
7. 2=2 4 (Lriy 8. (32 + 4=

1-i 2+1

Bai 13: Giai cac phuong trinh sau trén tap s6 phirc

1. iz=3-7i 2. iz +4+5i=i(6 +3i) 3. (1-i)z+(2-i)=4-5i

Bai giai
1. iz=3-7i

Tacd 1z=3-7I < 223_7i = (S_YI)(_I) = 713i =7-3i

i i.(—i)
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2. iz+4+5i=i(6+3i)

& i2=-3+6i—-4-5i

Siz=-T7+1
—7+i_(—7-+|)|:1+7i

i i2
3. (1-i)z+(2-i)=4-5i

< (1-i)z=—(2-i)+4-5i

=>1=

< ((1-i)z=2-4i
o, 274 _(2-4)(140) _6-2i_, .
1 (=i 2

Bai 14: Giai cac phuong trinh sau X° —2X + 5 = O trén tap s phec.
Tac6a=1b=—2,c=5.
Tinh A=b?—4ac=(-2)° —~4.1.5=4-20=-16

X, =1+2i

X, =1-2i

Bai 15: Giai cac phuong trinh sau z2° —62+10=04rén tap'sd phrc.
Tacoda=1, b=—6, c =10.

Tinh A=b? —4ac=(-6)" —4.1.10=36-40=—4

Phuong trinh c6 hai nghiém phurc {

Z, =3+I
Z,=3—1I
Bai 16: Goi Z,, Z, 1a hai nghiém phirc ciia phuong trinh z* —2z+10=0. Tinh gi4 tri cua biéu thic

Phuong trinh c6 hai nghiém phitrc |:

2 2
A=z | +|z,|"
Tacoa=1,b=-2¢c<10.
Tinh A =b?=4ac =(+2)° —4.1.10=4—-40=-36
{4=1+m
Phuong trinh c6 hai nghiém phtrc )
z,=1-3I

Taco|z,|=+10, |z,|=+10.
vay A=|z,|" +|z,[ = 10+10 = 20,
Bai 17: Giai cac phuong trinh sau z* +32° —4= 0 trén tap s phtec.

4 2 22 =1 z=%1
2"+32° -4=0 = 4c>

Bai 18: Giai cac phuong trinh sau X* +10x*+ 9 = Otrén tap s6 phitc.
. ) x*=-1 [x=4i

X" +10x"+9=0 < = _

x> =—-9 X =3I

Bai 19: Giai cac phuong trinh sau trén tap sd phic:
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1. z=(1-3i)-(2-3i)(1-i) 2. 7=(1-2i)3i - (3i+1)(1+i)

3. iz —(2-4i)=(4-i) 4. (1-i)z—(2-i)i=3-4i

6

8

5. (1-1)z—(2-1)=(1-i)(2-i) 6. (2-i)z-(1-1) =(1-i)*(2-i)

7. (L+3i)z—(2+5i) = (2+i)z . 4L:_3i+2—3i=5—2i
9.(1+3i)z—(2+5i)=(2+1i) 10.(3-2i)z+(6—4i)=5-i
Bai 20: Giai cac phuong trinh sau trén tap s6 phirc:
1. z°+1z+10=0 2. —2°+27-5=0
3. —2°+2-3=0 4, x*-3x+7=0
5. 3x*—x+2=0 6. 3x° +x+2=0
Bai 21: Giai cac phuong trinh sau trén tap so phuc:
1. x*+5x*+4=0 2. x*+17x*+16=0
3. —z' —3z°+4=0 4, 7*—82°-9 =0
5.2-522-6=0 6.2+722-8=0
Bai 22: Tim calc soa thoic x vag y bieat:
a.(2x+3)+(y+2)i=x —(y—-4)i c.(3x=2)+(2y+1)i=(x+1)—(y-=5)i
b.(2-x)=iv2 =3 +(3-y)i d.(2x+y) +(y+2)i=(x+2) = (y—4)i

Phan 2: HINH HQC
Chuwong I, 1
A. TOM TAT KIEN THUC:
1. Cac cong thirc vé khoi da dién

n , 1
a) Thé tich khdi chop V' = N Bh

b) Thé tich khéi lang tru V = Bh
Vg apgce  SA' SB' SC*

Chu ¥: c6 the str dung cong thire sau day khi giai toan vV T SA SB SC
S.ABC

c¢) Dién tich xung quanh: Sxq= tong dién tich cdc mat bén
d) Dién tich toan phan:  Stpchep= Sxqt Sday; Stpigiru = Sxat 2Sqay

2. Cac cong thirc vé khoi tron xoay, mat tron xoay.

2 L. l 2
a). Thé tich khoi non tron xoay V = 3" r‘h

b) Thé tich khéi tru tron xoay V = zr’h = zr?l

, . 4
c) Thé tich khoi cau V= §ER3

d) Dién tich xung quanh cta mat non, mat try, mat cau lan luot 1a
S, =natl; S,=2xrl, S, =4R
Chuy:
1/ Budng chéo cua hinh vudng canh a 13 av/2 . Buong chéo cua hinh 1ap phuong canh a laa+/3.
Puong chéo cua hinh hop chitr nhat cé 3 kich thuéc a, b, ¢ la va® +b* +¢?,
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av3 .. ... .. a3
4

2/ Tam gi4c déu canh a: duong cao la — dién tich la

3/ Hinh chdp déu 12 hinh chép c6 day la da gic déu, cac canh bén déu bang nhau ( hoic c6 day la
da gic déu, hinh chiéu cua dinh tring véi tam cua day). A
4/ Lang tru déu la lang tru ding c6 day la da giac deu.

5/ H¢ thirc lugng trong tam gidc vudng : cho AABC vudng ¢ A tacp b
a) Dinh ly Pitago : BC* = AB® + AC?
b) BA*=BH.BC; CA°=CH.CB |
c) AB.AC=BC. AH B H a C
g L .1 1
AH? AB* AC®

e) sinB=9, cosB:E, tanB:E,cotB:E

a a c b
f) b=a.sinB =a.cosC, ¢ =a.sinC =a.cosB, a= L __b , b=C.tanB =c.cot C

sinB cosC

+Trong mot tam gidc vudng mdi canh goc vudng bang canh huyén nhan sin goc déi hay cos
goc ké. Canh huyén bang canh géc vuéng chia sin goc doi hay cos goc ké.
+Trong mot tam giac vudng canh goc vudng nay bang canh goe.vudng kia nhan tang goc doi
hay cotang goc ké.
6/ Hé thac luong trong tam giéc thuong:
*Pinh Iy ham s6 Cosin:  a%= b?+ ¢2- 2bc.cosA
*Pinh Iy ham sé Sin: a _b -_C -
sinA sinB sinC
7/Céc cong thure tinh dién tich.
a/ Cong thuc tinh dién tich tam giéc

S—%axha—zabsmc— R —pr—\/p(p a)(p—b)(p-c) trongdo p=

a’\3
4

a+b+c
2

Pac biét : AABC vuong 6. A . S= . AB.AC , AABC déucanha: S =
b/ Dién tich hinh vuéng: S=.canh x canh
¢/ Dién tich hinh chinhat :* S= dai x rong
d/ Dién tich hinh thang: S = % (d4y 16n + déy nhé) x chidu cao

e/ Dién tich'hinh binh hanh :  S= day x chiéu cao
f/ Dién tich hinh trdn : S=7.R?

B. BAI TAP. AP DUNG:
Bai tapl: Cho hinh chop S.ABCD c6 day ABCD la hinh vuong canh a, SA = a va SA vudng goc véi
day.

a) Tinh the tich khoi chop S.ABCD ‘ ,

b) Chirng minh trung diém I ctia canh SC la tdm mat cau ngoai tiép hinh chop.

Bai giai:

) 1 1
a) Ap dung cong thuc V = 3 Bh trongdoB=a2 h=SA=a=V = gag(dvtt)
b) Trong tam giac vudng SAC, c6 Al 1a trung tuyén tng v6i canh huyén SC nén Al =1S =IC.q
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BC L ABvaBC L SA = BC L SB = A SBC vuéng tai B, IB 14 trung tuyén tng v6i canh huyén
SCnénlIB=1S=1IC (.

Tuong tu ta ciing c6 ID = IS = IC). Tur (1), (2), (3) ta c6 I cach déu tat ca cac dinh hinh chép nén
I 1a tAm mit cau ngoai tiép.

Bai tdp2. Cho hinh chop S.ABC c6 day 1a tam gidc ABC vudng tai B, AB=a, BC =a/3. Tam giac
SAC déu va ndm trong mit phang vudng goc voi day. Tinh thé tich khédi chop S.ABC.

Giai:
Trong mp( SAC), dung SH | AC tai H = SH L (ABC).

1
V= 3 B.h | trong d6 B 1a dién tich AABC, h = SH.

1 a?\/3

B= EAB.BC == Trong tam gidc déu SAC ¢c6 AC=2a = H =

2a2«/§:a\/§.

a3

vay V= < (vt
Bai tdp3. Cho hinh chép déu S.ABCD c6 canh-ddy banga; goc SAC bang 45°.
a) Tinh thé tich khéi chép .
b) Tinh dién tich xung quanh-ctia mdt nén ngoai tiép hinh chop S.ABCD

Glé]: - ::j_j: b A
a) Goi O 1a tim ctia hinh vuéng ABCD = SO L (ABCD).

J2 a2

V:%B_h, B:az; h:&):OA.tan450:a7. = V= 6 (tht)

b) Ap dung céng thirc SS<q =7.rl trong d6 r = OA, | =SA=a.

a2 a?\2

Thay vao cong thirc ta dugc: S@l =7 2 2 (dvdt)

Bui tdp4: Cho hinh lang tru tam giac déu ABC.A’B’C’ c6 tat ca cac canh bang a.
a) Tinh thé tich khéi lang tru ABC.A’B’C".
b) Tinh dién tich ctia mit try tron xoay ngoai tiép hinh tru

Giat:
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I =

a) Taco V=B, trong d6 B 1a dién tich dy cta ling try, h 1a chidu cao

2\/5 a-3\/§

.h=AA’=a:>V=T(dvtt)

lang try .

. -/ X . 3 A a
Vi tam gidc ABC déu, c6 canh bang anén B=

b) Dién tich xung quanh mat tru dugc tinh theo cong thirc S< =2m.rl

2a_\/§ a\/_

r 1a ban kinh dudng tron ngoai tiép AABC = r ==

3 2 3
a\/_ 3

fimla Sq = 272 T (dvdt)

, | =AA’ =a nén dién tich can

Bdi tgp5: Cho hinh chop S.ABC c6 SA = 2ava SA 1(ABC). Tam giac ABC vudng cén tai B,

ol
a) Tinh thé tich khdi chop S.ABC

b) Tinh ban kinh mit cdu ngoai tiép hinh chop

¢) Goilva H lan luot 1a trung diém SC va SB. Tinh thé tich khdi chop S.ATH

=]

) 1 \/— \/— 2 2a’
B:§ABC:§.a 2.a 2=a,h:SA:2a:>v:?

b) Goi T1a trung diém SC
SA LAC nén'A thudc mit cau duong kinh SC
BC L.SAvaBC 1 Abnén BC L SB = B thudc mit cau dudng kinh SC. Nhur vay tim mat cau la

trung diém I ctia SC con ban kinh mit cau 1a R= % Taco

AC =+/2a%+2a°> =2a
L =SA2 + AC? =/4a? +4a% = 2aJ2 = R=a2

| Vews _ 8 H_1_ ., _1
c¢) Ap dung cong thirc S.AH
p dung cdng Virw L B 4 4

Bai tdp6: Cho hinh 1ap phuong ABCD.A’B’C’D’ canh a.

a) Tinh thé tich khéi 1ap phuong

b) Tinh ban kinh mit cau qua 8 dinh cua 1ap phuong

¢) Ching minh hai khéi chop B”.ABD’ va D.C’D’B ¢6 bang nhau
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Giai:

A ,",
a) V = as (dvtt)
b) Goi O 1a diém dong quy ctia 4 dudng chéo AC’, DB’, A’C, BD’ = O 1a tim mit cau ngoai tiép 1ap
phuong.

AC' a3

2 2

¢) Hai khéi chop trén 13 anh ciia nhau qua phép d6i xtrng mat phang (ABC’D’) = dpem
C. BAI TAP TU GIALI:

1) Cho hinh chép déu S.ABCD canh day bang a, goc SAC bang 60°.

a) Tinh thé tich khdi chop.

Ban kinh mat cau 1a R=

b) Xéc dinh tdm va tinh ban kinh mit ciu ngoai tiép
2) Cho hinh chép S.ABCD ddy 1a hinh vudng canh a, SA bang a'va SA vudng goc day.
a) Tinh thé tich khéi chop.
b) Xac dinh tAm va tinh ban kinh mit cau ngoai tiép:
¢) Quay tam giac vudng SAC quanh duong thang chira canh SA, tinh dién tich xung quanh cta
khdi nén tao ra
3) Cho hinh nén c6 dudng cao bang12cm, ban kinh day bang 16cm.
a) Tinh dién tich xung quanh ctia hinh n6n dé
b) Tinh thé tich ctia khdi nén do
4) Cho hinh chép déu S/ ABC canh d4y a, mit bén hop diy mot goc 60° .
a) Tinh thé tich khéi chop S.ABC.
b) Tim tdm va tinh ban kinh mat cau ngoai tiép hinh chdp.
5) Cho t.dién OABC ¢6 OA = OB = OC =a va d6i mdt L nhau. Goi H la tryc tam tam giac ABC
a) Chirng minhOH L (ABC)
b) Tinh thé tich khéi tir dién

6) Cho hinh chép tam gidc déu S.ABC cé canh ddy bang a, canh bén bang 2a. Goi | 1a trung diém cua
BC.

a. Ching minh SA vudng goc vaoi BC.

2 14 3

b. Tinh thé tich khoi chop S.ABC va S.ABI theo a. DS: b. V; 4 = %VSAABC = az_\ﬁl_l
7) Cho hinh chép S.ABC c6 day la tam giac vudng tai B, SA vudng goc véi day. Biét AB=a,
BC =ay/3, SA=3a.

a. Tinh thé tich khéi chép S.ABC.

b. Goi | 1a trung diém cta SC. Tinh d6 dai doan Bl theo a.PS : a. V, oo =——
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8) Cho hinh chop S.ABC c6 day 1a tam gidc vudng tai B, SA vuong gbc vdi day. Biét
SA=AB=BC-=a. Tinh th¢ tich khoi chop S.ABC.

DS: V, e =a€
9) Cho hinh chép tir giac S.ABCD c6 day ABCD 1a hinh vuéng canh a ¢ SA vudng goc voi day va
SA=AC. Tinh thé tich khdi chop S.ABCD.  DS: V, o :#
10) Cho hinh chop tir giac S.ABCD c6 day ABCD la hinh vuoéng canh a c6 SA vudéng goc véi day
canh SB =a+/3. Tinh thé tich khéi chép S.ABCD. DS: Ve :%
11) Cho hinh nén tron xoay c¢6 duong cao h=a, ban kinh day r=1,5a. Tinh dién tich xung quanh cta

5 1 2 3
hinh nén va thé tich khéi non di cho theo a. pS: s, = 3”6‘441_3 V= 3’; X

12) Cho hinh hop chir nhat ABCD.A’B’C’D’ ¢c6 AA’=a, AB=b, AD=c. Goi (S) 1a mit'cau ngoai tiép
hinh hop. Tinh thé tich khdi cau. bS: v :%(az +b2+c?)y/a? + b7 +¢7

13) Cho lang tru dtmg ABC.A’B’C’ ¢6 day ABC la tam giac vuong tai A va AC=a, géc ACB=60°.
Puong chéo BC’ ctia mit bén tao v4i mat phang (AA’C’C) mét goc 30°.
a. Tinh d0 dai doan AC’.
b. Tinh thé tich khdi ling tru. PS: a. AC’=3a; b. vV =6a°

ON TAP KIEN THUC CO BAN HINH HQC LOP 12

A. THE TiCH KHOI DA DIEN
I/ Cac cong thirc thé tich cua Khoi da dién:

1. THE TICH KHOI LANG TRU: ‘ ' ~__7
V=B.h
.. (B:diea tich fiay n
VO1
h: chiea cao 1

a) Thé tich khéi hop chiv nht:

/

véi a,b,c’1a ba kich thudce

b) Thé tich khéi lgp phwong:
=33
vo1 a la d§ dai canh

2. THE TICH KHOI CHOP:
v=18Bh
3

B : diea tich hay
vOoi C .
h: chiea cao
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3. TI SO THE TICH TU DIEN.

Cho khéi t diép SABC va A’, B’, C’ 1a
cac diém tuy y lan lugt thuoc SA, SB, SC
ta co:

Vaee _ SA SB SC

Vaee SA'SB'SC
4. THE TICH KHOI CHOP CUT: A

Vv :g(m B'+ BB')

B, B': diea tich hai hay
vOi .
h: chiea cao c

11/ Bai tap:
L0o4Il: THE TiCH LANG TRU

1) Dang 1: |[Khoi ling tru dieng cO chiéu cao hay canh day
Vidu 1: Day cua lang try dirng tam giac ABC.A’B’C’ la tam giac ABC vudng can tai A co
canh BC = a+/2 va biét A'B = 3a. Tinh thé tich khdi lang tru.

Loi giai:

Taco

[JABC vudng can tai A nén AB=AC=a
ABC A'B'C' 1a lang tru dimg = AA' L AB
JAA'B=AA"Z=A'B>-AB? =82
> AA'=2a2
Véay V =B.h = Spgc .AA' = a2

Tinh thé tich khéi ling tru nay.

' cr Loi giai:
7 ABCD A'B'C'D' 1a lang tru dimg nén
Al BD?=BD"-DD"”=9a* =BD=3a
B R " 3a
ABCD la hinh vuong = AB=—
4a 5a \/E
2
D - J¢c Suyra B=SABCD=9%
A “ Vay V = B.h = Sagcp.AA' = 1823
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Vidu 3: Day cua lang tru dung tam giac ABC.A’B’C’ 1a tam giac déu canh
a=4 va biét dién tich tam gidc A’BC bang 8. Tinh thé tich khoi lang tru.

Trang 39

A

cC

Loi gidi: 7 ‘

Goi I 1a trung diém BC .Ta c6 | ABC déu nén
Alz%ﬁzzﬁ&AuBc

= A'l LBC(dI31)

1 : o 25,
SA.BC:EBC.A I=A |:#BC:
AA' 1 (ABC)=AA'LAI.
JA'Al= AA'=JA'I?-AI? =2

Vay : Vascasce = Sasc AA'= 83

4

Vi du 4: Mot tAm bia hinh vudng c6 canh 44 cm, ngudi ta cat bo di.o moi'goc
tam bia mQt hinh vudng canh 12 cm r61 gap lai thanh mot cai hop chitr nhat
khong c6 nap. Tinh thé tich cai hop nay.

c

Giai

c Theo dé bai, ta co

Cl c1|AA'=BB'=CC'=DD'=12 cm nén
ABCD la hinh vudng cé
' AB=44cm-24cm=20cm

—||\va chiéuqcao hop h=12 cm
s ]| ‘Vay thé tich hop la

V = SABCD-h = 4800Cm3

Vidu 5: Cho hinh hop dimg 6 day la hinh thoi canh a va c¢6 goc nhon bang 60° Puong
chéo 16n cua day bang duong chéo nho cia lang try. Tinh thé tich hinh hdp .

"

CI

Loi giai:

Ta c6 tam giac ABD déunén: BD=a
5 a’/3

va Sascp = 2SaD = g/_

Theo d& bai BD' = AC = 2# —a3

'DD'B=DD'=+vBD"%?-BD? =a\/2

3
Véy V =Sagcp.DD’ = a 5/6
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2)Dang 2: Ling tru dirng c6 gOC giva dwong thang va mdt phang.

Vi du I: Cho lang try dimg tam giac ABC A'B'C' c6 day ABC la tam giac vudng cén tgi
B véi BA = BC = a ,biét A'B hop véi ddy ABC mot goc 60° . Tinh thé tich ling tru.
A < Loi gidi:
Taco A'AL(ABC)= A'A L AB&ABIa hinh
chiéu ctia A'B trén day ABC .
Vay goc[A'B,(ABC)]=ABA'=60°
JABA'= AA'=AB.tan60° =a/3

_1 _a?
A C SABC - EBABC —?
3
Viy V = Sasc.AA' = & f

B

Vi du 2: Cho lang tru dung tam gidc ABC A'B'C' c6 ddy ABC la tam gidc vuong tai A
vGi AC =a, ACB= 60°biét AC' hop v6i (AA'C'C) 1 gdc 30°. Tinh AC' va thé tich ling tru.
A c Loi gigi: JABC=5 AB< AC.tan60° = ay/3.

Ta co:
\ AB L AC,ABLAA'=AB 1L (AA'C'C)

nén AC'1a hinh chiéu ctiia BC' trén (AA'C'C).
B Vay goc[AC(AA"C"C)] = AC'B =30°
30 AB
JAC'B= AC'= =
=27 T tan3oe

V =B.h = SAB(;./A\/A\I

JAAC = AA'=JAC?-A'C? =2a\2
. 2
y [JABC la nira tam giac déunén S,g. = a—f
B
Vay V= a®J/6
Vi du 3: Cholang tru ding ABCD A'B'C'D' c6 day ABCD la hinh vudng canh a va duong

chéo BD' cua ldng tru hop v6i ddy ABCD mot goc 30°. Tinh thé tich va tong dién tich cta céc
mat bén cua lang tru .

C B’ Giai:
- ‘ Al Ta c6 ABCD A'B'C'D' 1a lang tru dung nén ta co:
|

DD' 1L (ABCD)=DD' 1 BD vaBD la hinh chiéu
cua BD' trén ABCD .
Vay goc [BD';(ABCD)] = DBD' =30°

>

a
OO

C B
D - 'BDD'= DD'=BD.tan30°:%
A
3 2
a Viy V = Sagcp.DD' = 2 /6 S =4Sappa = 4226

3 3

Vi du 4: Cho hinh hop dimg ABCD A'B'C'D' c6 day ABCD la hinh thoi canh ava BAD =
60° biet AB' hop voi day (ABCD) mot goc 30° . Tinh thé tich ctia hinh hop.
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B’ c’

30

A 60° D

Giai
. 2
[JABDd@€u canh a = S, =af;/§
a2\3
= Sasep = 2app = o

ABB' vudng taiB = BB'= ABtan30° = a_33

3
Vay V=Bh=S,;.,.BB' :%

3) Dang 3: \Ldng tru dirng c6 gOcC gifka 2 mdt phang

60° . Tinh thé tich lang tru.

Vi du 1: Cho lang tru dimg tam giac ABC A'B'C' co day ABC la tam giac
vuong can tai B voi BA = BC = a ,bict (A'BC) hop vo1 day (ABC) mot goc

A fc-
Awé/c

Loi giai:
Taco A'/AL(ABC)&BC LAB=BC_LA'B

Vay goc[(A'BC);(ABC)]=ABA'=60°
JABA'= AA'= AB.tan 60° =a./3

1 a?

= ZBABC=2

SaBc 5 C 5
a3

Véy V = SAB(;./A\/A\I = >

Tinh thé tich khdi lang tru.

Vidu 2: Day cua lang tru ding tam giac ABC.A’B’C’ ]a tam giac déu . Mt
(A’BC) tao voi day mot goc 30° va dién tich tam gidc A’BC bang 8.

A c

Giai: JABC deu = Al LBC ma AA L (ABC)
nén A'l LBC(dl3.L1).
Vay g6c[(A'BC);)ABC)] =A'lA = 30°

2x+/3
Gia st BI=x = Al = Xz‘/—zxﬁ.Tacé
2A1  2x4/3

AA'Al: A'l = Al :cos30° === =225 = 2x
V343

J3
A’A = Altan 300 = xx/§.? — X

Vay Vagcance = CLALA’A = x3 +/3
Ma SA’BC =BILA’'[=x2x=8 = X = 2

Do d0 Vapcasc = 8+/3

Vi du 3: Cho lang tru t giac déu ABCD A'B'C'D' ¢6 canh ddy a va mat phang
(BDC") hop vo1 day (ABCD) mét goc 60°. Tinh thé tich khoi hop chit nhat.
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Goi O latam cia ABCD . Taco

ABCD Ila hinh vuéng nénOC 1. BD
CC'L(ABCD) nén OC'LBD (dl 31). Vay
g6c[(BDC):(ABCD)] = COC' = 60°
TacoV=Bh= SABCD.CC'

ABCD la hinh vuéng nén Sagcp = a2

"JOCC' vudng nén CC' = OC.tan60°=a—\f

3
V'«TnyV=azJ6

Vi du 4: Cho hinh hop chit nhat ABCD A'B'C'D' ¢6 AA' = 2a ; mit phang
(A'BC) hop véi day (ABCD) mét goc 60° va A'C hop véi day (ABCD) mot
goc 30° .Tinh thé tich khoi hdp chir nhat.

Ta co AA' L (ABCD)=>AC la hinh chiéu

D' | cua A'C trén (ABCD) .

Vay goc[A'C,(ABCD)] = A'CA=30°
BC LAB =BC LAB(dl31).

Vay goc[(A'BC),(ABCD)] = A'BA =60°
JA'AC=AC = AA'.cot30° = 2a/3

A AB=> AB = AA'.COtB0° = @

UABC='BC=VAC?—AB? = 4a§/6

3
Viy V= AB.BC.AA' = 16""3&

4)Dang4: |Khoi lang tru Xién

Vi du 1: Cho lang tru xién tam giac ABC A'B'C' c6 day ABC la tam giac
déu canh a , biét canh bén 1a a3 va hop voi day ABC mét goc 60° .
Tinh thé tich ling try.

Lo giai ,
Taco C'H L (ABC)=>CH 14 hinh chiéu
cua CC' trén (ABC)
Vay goc[CC',(ABC)]=C'CH = 60°
JCHC' = C'H = CC".sin 60° = 32""

s

3
.Va yV SABcCH— a8\/§

Sasc =

Vi du 2: Cho lang tru xién tam giac ABC A'B'C' c6 day ABC la tam giac
déu canh a . Hinh chiéu ctiia A' xudng (ABC) 1 tim O duong tron ngoai tiép

Trang 42
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tam giac ABC biét AA"hop voi day ABC mot goc 60 .
1) Chimg minh rang BB'C'C 1a hinh chit nhat.

2) Tinh thé tich lang tru .

Loi giai:

1) Taco A'O L (ABC)= OA Ila hinh
chiéu ciia AA' trén (ABC)

Vay goc[AA',(ABC)]=0AA'=60°

Ta ¢c6 BB'CC' 1a hinh binh hanh ( vi mat
bén cua lang tru) 7

AO L BC tai trung diém H cta BC nén
BCLA'H@I3 1)
= BC L (AA'H)=BC L AA' ma AA'//BB'
nén BC_L BB' .Vay BB'CC'1a hinh chirnhat.

A 2 2a\3 a3

2) OABC déu nén AO = §AH =35 =3
JAOA'=A'O=A0tan60° =a

3
Viy V = Sage. A0 = 2 f

Vi du 3: Cho hinh hop ABCD.A’B’C’D’ ¢6 day la hinh chit nhat vé1

AB = /3 AD =+/7 Hai mit bén (ABB’A”) va (ADD’A”) Ian luot tao voi ddy
nhitng goc 45° va 60% . Tinh thé tich khdi hop néu biét canh bén bang 1.

Al

¥
o\

C

Loi giai:
Keé A’H L (ABCD) HM L AB, HN L AD
— A'M L AB, AN L AD(dl3 1)
~ A'MH =45 A'NH = 60°
Pt A’H = x . Khi d6
AN = x - sin 600 = =X
=X: = —=
J3
_ 2
AN = VAAZ_A'N? :1/3 ;X — HM

Ma HM = x.cot 45° = x

Nghta fa x = || :>x—\/§
ghialax = 3 -

Vay Vascpasop = AB.AD.X

_ @.ﬁ.\f; _3

Trang 43
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THE TiCH KHOI CHOP

Dang 1: Khoi chop c6 canh bén vudng goc véi ddy

Vi du 1: Cho hinh chép SABC ¢4 SB = SC =BC = CA = a . Hai mit (ABC)
va (ASC) cung vuong gboc voi (SBC). Tinh thé tich hinh chop .

A Loi giai:
Taco
a (ABC) L (SBC)
_ ] {(ASC)L(SBC) = AC L (SBC)
1 1ay3,_a’y3
/ Do do V—3SSBCAC 31 AT

Vi du 2: Cho hinh chop SABC c6 day ABC la tam giac vuong can tai B véi
AC = a biét SA vudng goc véi ddy ABC va SB hop voi day mot goc 60°.
1) Chiing minh cac mat bén la tam giac vuong .
2)Tinh thé tich hinh chop .

Loi giai:
1) SAL(ABCO)=SA LAB&SA 1L AC
ma BC1LAB=BCLSB (dl3 1).
Vay cac mat bén chop la tam giac vudng.
2) TacoSA L (ABC)= AB Ila hinh chi¢u
cta SB trén (ABC).
Vay goc[SB,(ABC)] = SAB= 60°

[JABCvubng can nen BA=BC = =
| 7

_1 5
SABC - EBABC—Z

ISAB= SA = AB.tan60° = a[

. 1 1a2 aJ_ a3\6
V= - -
Vay V=35ecSA=37"5 ~ o4

Vi du 3: Cho hinh chop SABC c6 day ABC 1a tam giac déu canh a biét SA
vuodng goc voi day ABC va (SBC) hop véi day (ABC) mot goc 60°.
Tinh thé tich hinh chép .
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S

Loi giai: Mla trung diém cua BC,vi tam giac
ABC déunén AM 1L BC=SALBC (dI31).
Vay goc[(SBC);(ABC)] = SMA =60°.

TacoV = %B.h :%SABC.SA

JSAM = SA = AM tan60° =37a
1 a3
2 npc A=

oo 1o,
Vay V—éB.h—3 5

Vi du 4: Cho hinh chép SABCD c¢6 dady ABCD la hinh vudng c6 canh a va SA
vuong goc ddy ABCD va mat bén (SCD) hop vai day mot goc 60°.

1) Tinh thé tich hinh chép SABCD.

2) Tinh khoang céch tir A dén mit phang (SCD).

Loi giai: 1)Taco SA 1L (ABC) va
CD_LAD=CD_LSD (dl3 1).(1)
Vay g6c[(SCD),(ABCD)] = SDA =60°.
JSADvudng nén SA'= AD.tan60° = aJ/3
1

3
Vay V :§SABCD-SA :%aza\@: a:;/é

2) Ta dung.AH 1 SD,vi CD 1 (SAD) (do (1))
nén CD.L AH= AH 1 (SCD)
Vay AH 1a khoang cach tir A dén (SCD).
1 1 1 1 1 _ 4

Vay AH = a_f

2) Dang 2 : |[Khoi chop cO mét mét bén vudng goc véi day

Vidu 1: Cho hinh chop S.ABCD c6 day ABCD la hinh vudng c6 canh a
Mit bén SAB la tam giac déu nam trong mat phang vudng goc véi dayABCD,
1) Chitng minh rang chan dudng cao khdi chop tring véi trung diém canh AB.
2) Tinh thé tich khoi chop SABCD.

S

Loi giai:

1) Goi H la trung diém ciia AB.

ISAB déu = SH L AB

ma (SAB) L (ABCD)=SH 1 (ABCD)
Viay H la chan duong cao ciia khbi chop.
2) Ta c6 tam gidc SAB déu nén SA =a—\2/§

3
suy ra V =%SABCD.SH = a_é/§

Trang 45

Tinh thé tich t& dién ABCD.

Vidu 2: Cho tir dién ABCD c6 ABC la tam giac déu ,BCD la tam gidc vudng can tai D ,
(ABC) L (BCD) va AD hop véi (BCD) mot goc 60° .
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A Loi gidi:

Goi H 1a trung diém cua BC.

Ta c6 tam giac ABC déu nén AH L (BCD),
ma (ABC) L (BCD) = AH L (BCD).

Taco AHLHD=AH = AD.tan60° =a/3
& HD = AD.cot60° =a_f

2a

BCD=BC =2HD = T\/ésuy ra

1 11 a3
V== AH==.=BCHD.AH=
SSBCD 32 9
Chu y ! dap an ktra lai V
1 1aa2x/§ a3\/§
V==DMS, ==2Z -
3 Shec 32 4 24

Trang 46

b) Tinh thé tich khbi chop SABC.

Vi du 3: Cho hinh chép S.ABC ¢6 day ABC la tam giac vuong can tai B, co BC = a. Mat
bén SAC vuong gc')c‘v()’i day, cac mat bén cc:)n lai déu tao vo1 mat déyq mot goc 45°,
a) Ching minh rang chan duong cao khoi choép trung véi trung diém canh AC.

0O

b) HI

B

s Loi giai:
‘ a) K& SH 1 BC vi mp(SAC) L mp(ABC) nén
SH L mp(ABC).
Goil, J 1a-hinh chiéu ctia H trén AB va BC =
SILAB, SJLBC, theo gid thiét SIH=SJH =45°
Ta c6:-ASHI = ASHJ = HI = HJ nén BH la
duodng phan giac cua [/ABC1ur d6 suy ra H 1a trung

. "/ diém cua AC.
J

a 1 a’
=HJ=SH :E :>VSABC=§SAB(:-SH :E

3) Dang3 : [Khoi chop déu

Vidu I: Cho chop tam giac déu SABC canh d4y bang a va canh bén bang 2a.
Ching minh rang chan duong cao ke tir S cua hinh chop la tam cua tam  gidc
deu ABC.Tinh the tich chop déu SABC .

Loi giai:
Dung SO_L(ABC) Ta co SA =SB = SC
suy raOA=0B =0C
Vay O 1a tam cta tam giac déu ABC.
Ta ¢ tam giac ABC déu nén
_2 2a/3 a3
AO = 3AH =375 ~ 3

2
1SAO= SO? = SA2 — QA2 = 112
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Cafll .\, 1 _ a1l
=80=222 Vay V=58,0.80=01=

Vi du 2:Cho khdi chop tir giac SABCD ¢6 tat ca cac canh c6 do dai bang a .
1) Chung minh rang SABCD la chop tir giac déu.
2) Tinh thé tich khoi chép SABCD.

Dung SO 1 (ABCD)
Taco SA =SB =SC =SD nén
OA = OB = OC = OD=ABCD la
hinh thoi c¢6 duong tron gnoai tiép
nén ABCD la hinh vuéng .
Ta c6 SA? + SB2 = AB? +BC? = AC?

R . av?2
nén [JASC vuong tai S = OS = B Z

1 1 ,av2 a2
- V =§SABCD.SO=§aZT: 6
3 /
Vay V:a62

Vi du 3: Cho khoi it dién déu ABCD canh bang a, M I trung diém DC.
a) Tinh the tich khoi tr dién déu ABCD. 7
b)Tinh khoang cach tir M dén mp(ABC).Suy ra thé tich hinh chop MABC.

Loi giai:
a) Goi O la tam cia AABC = DO L (ABC)
V= %SABC .DO
a’\3 2 a3

S, =2 Y2 oc-fc =22
ABC 4 ’ 3 3

J6
ADOC vudng ¢6 : DO = +/DCZ —0C? =aT
2 3
jv_la 3 a«/gza\/Z

3 4 3 12
b) Ké MH// DO, khoang cach tr M dén
mp(ABC) la MH

MH = Lpo=avb
2 6
2 3
:>VMABC :%SABC'MH :%a 4 3-a;{6: 3.2\4/?
) a2
Vay V =
i 24

Bai tap tuong tu:

Trang 47
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Bai 1: Cho hinh chép déu SABC c6 canh bén bang a hop véi ddy ABC mot goc 60° . Tinh

thé tich hinh chop. Ps: V= i—%g
Bai 2: Cho hinh chép tam giac déu SABC c6 canh bén a, goc & day ctia mit bén
|a 45°.
1) Tinh d6 dai chiéu cao SH cua chop SABC . bs: SH = %
2) Tinh thé tich hinh chép SABC. Ps: V= %3
Bai 3: Cho hinh chép tam gidc déu SABC c6 canh day a va mat bén hop véi day
mot goc 60°. Tinh thé tich hinh chop SABC. Ps: V= a;f
Bai 4 : Cho chép tam giac déu co6 duong cao h hop véi mot mit bén mot goc 30°.
Tinh thé tich hinh chop. Ps: V= hgf
Bai 5 : Cho hinh chép tam giac déu c6 duong cao h va mit bén ¢o goc & dinh
bang 60°. Tinh thé tich hinh chop. Ps: V = hgf

Bai 6 : Cho hinh chép tir gidc déu SABCD c¢6 canh ddy a va ASB =60°.

a2\/3

1) Tinh tong dién tich cdc mit bén ctia hinh chép déu: Bs: S==3
, 3
2) Tinh thé tich hinh chép. Ps: V=2 f
Bai 7 : Cho hinh chép tir gidc déu SABCD c6 chiéu cao h ,goc ¢ dinh ciia mit bén
. , 3
bang 60°. Tinh thé tich hinh chop. bs: V= %

Bai 8: Cho hinh chép tr gide déu ¢6 mit bén hop voi ddy mot goc 45° va khoang
cach tir chan duong cao ctia chop dén mat bén bang a.

. 3

Tinh thé tich Hinh chop . Ps: V = 8a3J§

Bai 9: Cho hinh-chép tir gidedéu c6 canh bén bang a hop voi ddy mot goc 60°.
N 3

Tinh thé tich hinh chop. Ps: V= alf

Bai 10: Cho hinh chop SABCD co tat ca cac canh bang nhau. Ching minh rang
SABCD Ia chop tir gidc déu.Tinh canh cua hinh chop nay khi thé tich cua
3
%\2 Ds: AB=3a

ybang V = .
no bang 5

4) Dangd: |Khoi chop & phwong phap tp sé thé tich

Vi du 1: Cho hinh chép S.ABC c6 tam giac ABC vudng can 6 B, AC =av2 |
SA vudng goc véi ddy ABC, SA=a
1) Tinh thé tich ctia khdi chép S.ABC.
2) Goi G 1a trong tAm tam giac +SBC, mat phang () qua AG va song song
v6i BC cat SC, SB lan luot tai M, N. Tinh thé tich ciia khdi chop S.AMN
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Loi giai:
1
a)Ta co: Vs asc :§SABC'SA va SA=a

+ AABCcan c:AC =av2 = AB=a

1, 11 a’
= SABC :Ea Vé}v] VSABC zélzazlazE
b) Goi I 1a trung diém BC.

61 o i o & 2
a trong tam,ta co : S| 3

SM SN SG
SB SC Sl

al//BC = MN//BC =

:>VSAMN _SM .SN :ﬁ
SB SC 9
4 2a°
§VSABC :E

VSABC

Vay: VSAMN =

Trang 49

cat BD tai F va cat AD tai E.

b) Chirng minh CE L (ABD)

Vi du 2: Cho tam giac ABC vudng can & A va AB=a. Trén duong thang qua C va vudilg
goc voi mat phang (ABC) lay di€ém D sao cho CD =a. Mat phang qua C vudng gboc voi BI

a) Tinh thé tich khéi tir dién ABCD.

¢) Tinh thé tich khéi t&r dién CDEF.

~

D

Lot giai:

RV 1 _a
a)Tinh Vagep © Vagep —§SABC'CD =6
b)Taco:

AB L AC,AB LCD = AB L (ACD) = ABL EC
Tacé: DB_LEC = EC_L(ABD)
Vocee  DE DF
Ve DA’ g ")
Ma DE.DA=DC?, chia cho DA?
DE DC? a* 1

¢) Tinh Vpcer :Ta co:

j— = =
DA DA* 2a® 2

Tuong tu: DF _DC_ i 1
€W DB " DB?Z DC’+CB? 3

V 1 1 a

Tu(*) = ﬁ ZE VayVocer :EVABCD :£

Vi du 3: Cho khoi chop tir giac déu SABCD. Mot mit phang (o) qua A, B va trung diém M
ctia SC . Tinh ti s6 thé tich cua hai phan khéi chop bi phan chia béi mit phang do.
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Loi giai:
K¢é MN // CD (N e sD)thi hinh thang ABMN la
thiét dién ctia khbi chop khi cat bai mit phang

(ABM).
V SN 1 1 1
+ VSAi = S_D = E :>VSANB = EVSADB = _VSABCD
SADB
VSB,\,IN SM SN 11 1 1 1
2 = == ==V ==V ==V
VSBCD SC'SD 22 4 SBMN 4 SBCD ) SABCD

\ 3
Ma Vsagmn = Vsang + Vseun = §VSABCD'

5
Suy ra Vaemn.ABcD =§VSABCD

Do do: —sem _3

ABMN.ABCD 5

tai E va cat SD tai F.
a) Hay xac dinh mp(AEMF)

Vi du 4: Cho hinh chop tt giac déu S.ABCD, d4y 1a hinh vudng canh a, canh bén tao v¢i
day goc 607 . Goi M 1a trung diém SC. Mat phang di qua AM va song song véi BD, cat SB

b) Tinh thé tich khoi chop S.ABCD
c) Tinh thé tich khoi chop S.AEMF

Loi giai:
a) Goi 1-SO~AM. Ta c6 (AEMF) //BD
—EF /I-BD

1
b) Vsasco = gsABCD'SO voi Sagep = a’

a\/6

+ [1SOA c¢6 : SO = AO.tan60° :T

a’\/6

Vay : Vs asco = 6
c¢) Phan chia chop tir gidc ta co
Vs .aeme = Vsamre + Vsame =2Vsawr

VS.ABCD =2Vsacp = 2 Vsagrc

Xét khdi chop S.AMF va S.ACD
e oM _1
aCco . SC 2
ASAC c6 trong tam I, EF // BD nén:
S| _SF_2_ Voue _SM SF _1

TS0 SD 3 V., SCSD 3
:>VSAMF :lVSACD :1 SACD :ﬂ
3 6 36
a6 _a’'J6

:>VS.AEMF - 36 18
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tai C’. 7 ,
a) Tinh thé tich khoi chop S.ABCD.
b) Ching minh SC L (AB'D’)

Vi du 5: Cho hinh chop S.ABCD c6 day ABCD 1la hinh vuéng canh a, SA vuong goc day,
SA= aﬁ . Goi B, D’ 1 hinh chiéu cua A 14n luot 1én SB, SD. Mit phéng (AB’D’) cat SC

¢) Tinh thé tich khéi chop S.AB’C’D’

Loi gidi:

3
a) Ta co: Vs asco Z%SABCD'SA -2 f
b) Tacé BC L (SAB)= BC L AB'
& SB 1L AB'Suy ra;: AB' L (SBC)
nén AB' L SC .Tuong tu AD'.L SC.
Vay SC L (ABD')
c) Tinh Vs agcro:

Voo~ SB' SC!
+Tinh Vs snc f Ta c6: =—.—("
S.AB'C Voge SB SC
. sc' 1
ASAC vudng can nén Sc 2
[ SBIUSK o2 o2&’ 2
4C0- 5B "sB? oA+ AB? 3a’ 3
i (%) = Vsnec: _ 1
VSABC 3
1 a2 a2
:>VSAB'C':§' 3 = 9
2a3/2

+ VS.AB'C'D' - 2VS.AB'C' -

9

5) Dang5: ON tdp khoi chop va ling tru

Vi du 1: Cho hinh chop S.ABCD c6 ABCD Ia hinh vuéng canh 2a, SA vuong
goc dy. Goc gitra SC va day bang 60”7 va M Ia trung diém cuia SB.

1) Tinh thé tich cua khoi chop S.ABCD.

2)/Tinh thé tich cta khoi chép MBCD.

Loi giai:
1
a)Taco V = 3 Sascp-SA

+ S50 = (20)° = 4a°
+ ASAC c6 :SA= ACtanC = 2a/6
8a\/6

3

=V :%4a2.2a\/5:
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S

b) Ké MH //SA= MH L (DBC)

. 1 1
Tacod: MH ZESA, Stco :ESABCD

1. 2a%6
=V ==V =
MBCD 4 3

6°

2a

C

Vidu 2: Cho hinh chop tam giac S.ABC c6 AB = 5a, BC = 6a, QA = T7a. Cac mat
bén SAB, SBC, SCA tao v6i day mét goc 60° . Tinh thé tich khoi chop.

S

Loi giai:

Ha SH L (ABC), k& HE 1 AB, HF 1 BC, HJ L AC
suy raSE1LAB, SF1BC,SJLAC . Tacéd

SEH = SFH = SJH =60° =

ASAH = ASFH = ASJH nén HE =HF = HJ =
( r 1a ban kinh duong tron ngoai tiép AABC)

Ta €0 Sage= \/p(p—a)(p—b)(p—c)

b
il ik =9a Nén SABC = +v9.4.3.2 a2

Vol p = >
S 2J6a
Mat khac SABc:p.r:r:B: 3

Tam giac vuéng SHE:

2+/6
SH = r.tan 60° = \/_a.\/§=2\/27a

3

Vﬁy VSABC = %6\/6 a22\/§ a= 8\/§ a3_

Vidu3: Cho hinh hop chit nhat ABCD.A’B’C’D’ ¢6 AB=a+/3 , AD =g,
AA’ =a, O la giao diém ctia AC va BD.

a) Tinh thé tich khéi hop chit nhat, khéi chop OA’B’C’D’

b) Tinh thé tich khéi OBB’C’.

c) Tinh d¢ dai duong cao dinh C’ cta tr dién OBB’C’.

Loi giai: q ,
a) Goi thé tich khoi hdp chit nhat1a V.

Tach:V = AB.ADAA' =av3.a’=a’\3

AABD c6 :DB =+ AB? + AD? = 2a
* Khéi OA’B’C’D’ ¢6 day va dudng cao
1. a3

giong khdi hop nén: = Vorgep = §V =3

b) M 14 trung diém BC =OM L(BB'C)

Trang 52
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& B 1 1a
>V e ==S000 OM ==, — —— =
OBB'C 3 BB'C 3 2 12
c M ¢) Goi C’H la duong cao dinh C’ cta tor

3V
dién OBB’C’. Taco ; C'H =—2<

.
A AABD ¢6 :DB:x/ABZ+AD2 —2a

1
o DSOBB.:EaZ:c'H=2a\/§

Vidu 4: Cho hinh lap phuong ABCD.A’B’C’D’c6 canh bang a.
Tinh thé tich khoi tr dign ACB’D’.

Loi giai:
Hinh 1ap phuong duogc chia thanh: khoi
ACB’D’ va bén khdi CB’D’C’, BB’AC,
D’ACD, AB’A’D>:

B +Céc kh6i €CB’D’C’, BB’AC, D’ACD,

A .
AB’A’D” ¢6 dién tich day va chiéu cao
bang nhau nén c6 cung thé tich.

- = 5i V=t Largodys
Kho1 CB’D’C’ ¢c6 Vi 32 6
. . 3
N N +Khéi 1ap phuong c6 thé tich: V, =a
1 1
— Vygp =8 —4.=a° §a3
S
O

a

Vidu5: Chohinh lang tru dimg tam giac c6 cac canh bang a.
a) Tinh the tich khoi ta dién A’B” BC. 7 ,
b) E 1a trung diém canh AC, mp(A’B’E) cat BC tai F. Tinh thé tich khoi CA’B’FE.

Loi giai: ?
£ E 5 a) Khoit A’B’ BC:Goi I la trung diém AB,
1 1 1a’ a»\/_ a’\3
) E Vigee ==SppaCl =22 2%
~ AB'BC T 3 AB'B 37 > 12
b)Khoi1 CA’B’FE: phan ra hai khoi CEFA’
va CFA’B’.
+Khoi A’CEFc6 day 1a CEF, duong cao
1 :
A B | A’Anén Vacer = 3 Scer-A'A
\
< 1 a’/3 a’\3
Scer = 2 Spec = 16 = Vcer = 18
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+Goi J 1a trung diém B’C’. Ta c6 khdi A’B’CF ¢6
day la CFB’, duong cao JA’ nén
1 : 1 a’
Vagcr = § Scrg-A'J Seeg = E Scep' = Z
la?aV3 a3
>Vaper =55 =
34 2 24
a’\3
+ Vay: Vcasre ~ 16

Chuong 11

CHOONG II
KHOAI TRO@N XOAY

Trang 54

. Maét caau — Khoai caau:
1. Nonh nghéa

e Maét caau: §JO;R) = {MlOM =R}

e Khodi cadu: V(O;R) = {M|OM <R}

2. Vo tri to6ng foai gioda maét caau vag maét phalng
Cho maét caau S(O; R) vag maét phaung (P). Goiid = d(O; (P)).
e Nedu d < R thi (P) caét (S) theo giao tuyean lag "606@ng trogn naem trean (P), cou tadm H vag baln

kinh r =+ R? —d? |

e Nedu d = R thi (P) tiedp xuuc voui (S) taii tiedap fiieam H. ((P) Agl tiedp diedn cuda (S))
e Nedu d > R thi (P) vag (S) khoang colu fiiedm chung.
Khi d = 0 thi (P) i qua tadm O vag figl maét phaung kinh, A66@ng trogn giao tuyedn cou baun kinh
baéng R gl A6é@ng trogn l6un.
3. Vo tri toong fhoadi gio0a‘maét caau vag n6ogng thaing
Cho maét caau S(O; R) vap fcdeng thaung A. Goii d = d(O; A).
e Nedu d < R thi A'caét (S) taii hai fiieam phaan bieat.
e Nedu d = R thi A tiedp xuuc voui (S). (4 Agl tiedp tuyedn cuda (S)).
e Nedu d >R thi A vag (S) khoang colu liedm chung.
4. Maét caau ngoaii tieap — noai tieap

Maét caau ngoaii tiedp

Maét caau nodi tieap

Hinh ha diedn

Taat cal cauc neenh cula hinh fa
diedn fieau naém trean maét caau

Taat call cauc maét culQa hinh Aa
diedn fieau tiedp xuuc vOoui maét
caau

Hinh trui Hai fio6@ng trogn fialy cula hinh | Maét caau tiedp xuuc voUi cauc
trui naém tredn maét caau maét flauy vag moii N66gng sinh

cu@a hinh trui
Hinh noun Maét caau fi qua faenh vag "6dpng | Maét caau tiedp xuluc vOui maét

trogn nady cuda hinh noun

flauy vag moii N66@gng sinh cula
hinh noun

5. Xauc fionh taam maét caau ngoaii tieap khoai fia diedn
e Cauch 1: Nedu (n — 2) fzenh cula fa diedn nhin hai fieeanh cogn laii d66Ui moat gouc vuoang thi

tadm culia maét caau lag trung fiieam cula fioain thalng noai hai fzenh fou.
e Calch 2: Ned xauic Adnh tadm culia maét caau ngoaii tiedp hinh choup.

— Xauc nonh truic A cula fiauy (4 lag i66a8ng thaung vuodng gotic voui fiaty taii tadm

n66@ng trogn ngoaii tiedp fia giatc Aaay).
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— Xauc nonh maét phaung trung troic (P) culia moat cainh bean.
— Giao fiieam cula (P) vag A lag taam culla maét caau ngoaii tiedp hinh choup.

Il. Diedn tich — Thea tich

Caau Trui Noun
S(q =27Rh %(q =7Rl
Diedn tich S=47R?
Sp = qu + zsﬁay %p = qu + Sﬁay
Thea tich V=%7rR3 V = 7R%h V=%7rR2h

VAAN NEA 1: Maét caau — Khodi caau

Bagi 1. Cho hinh choup S.ABC cou Aauy ABC lag tam giauc vuoang taii B vag SA 1. (ABC).

a) Goii O lag trung fiiedm culia SC. Chéung minh: OA = OB = OC = SO. Suy ra boan iieam A, B, C,
S cugng naém trean maét caau tadm O baun kinh R = % .
b) ChoSA=BC=avag AB= a+/2 . Tinh baun kinh maét caau noUi trean.

Bagi 2. Trong maét phaung (P), cho n66@ng thalung d vag moat fiieam A ngoagi d. Moat gouc xAy di
fodng quanh A, caét d taii B vag C. Tredn fid0@ng thaung qua A vuoang gouc voui (P) lady fiedm
S. Goii H vag K lag cauc hinh chiedu vuoang gouc cu(ia A trean SB vag SC.
a) Choung minh A, B, C, H, K thuoac cugng moat maét caau.

b) Tinh baun kinh maét caau trean, bieat AB=2, AC=3, BAC = 60°.

Bagi 3. Cho hinh choup S.ABCD cou nauy ABCD lag hinh vuoang cainh a, SA 1 (ABCD) vag
SA =a+/3. Goii O lag tadm hinh vuoang ABCD vag K lag hinh chiedu cu(ia B trean SC.

a) Chuung minh ba fiieam O, A, K cugng nhin-fioain SB do6ui moat golc vuoang. Suy ra naém
fieam S, D, A, K B cugng naémtrean maét caau i66eng kinh SB.
b) Xauc Aionh tadm vag baun kinh maét caau noui trean.

Bagi 4. Cho maét caau S(0O;a) vag'moat fiieam A, biedt OA = 2a. Qua A kell moat tiedp tuyean tiedp
xuuc voui (S) taii B vag cudng qua A kell moat caut tuyean caét (S) taii C vag D, bieat CD = av3.
a) Tinh AB.

b) Tinh khoaGng caluch t6@ O fneadn "66@ng thalng CD.

Bagi 5. Cho hinh choup tam gialc fieau S.ABC, cou cainh fiauy baéng a vag gouc héip boli maét
bedn-vag fialy baéng 60°. Goii O lag tadm culla tam giauc ABC. Trong tam giauc SAO doing
A6O@Nng trung troic cula cainh SA, caét SO taii K.

a) Tinh SO, SA.

b) Chéung minh ASMK /7 ASOA( voui M lag trung fieam cula SA). Suy ra KS.
c) Cholng minh hinh choup K.ABC lag hinh choup fieau. suy ra: KA = KB +KC.
d) Xauc nonh tadam vag baun kinh maét caau ngoaii tieap hinh choup S.ABC.

Bagi 6. Cho hinh choup S.ABC. bieat raéng cou modt maét caau baun kinh R tiedp xuuc voui cauc
cainh culia hinh choup vag tadm | cula maét caau naem trean fid6@ng cao SH cula hinh choup.

a) Choung minh raeng S.ABC lag hinh choup feau.
b) Tinh chieau cao cuda hinh choup, bieat raeng IS = RV/3
Bagi 7. Cho tou diedn fieau ABCD cou cainh lag a.
a) Xauc Aonh taam vag baun kinh maét caau ngoaii tiedp tou diean.
b) Tinh diedn tich maét caau vag thea tich khoai caau fou.
Bagi 8. Cho moat hinh choup toéu giauc fieau cou cainh Rauy lag a, cainh bean hoip voui maét Aauy
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moét gouc 60°.
a) Xauc Aonh taam vag baun kinh maét caau ngoaii tieap hinh choup.
b) Tinh diedn tich maét caau vag thea tich khoai caau fou.

Bagi 9. Cho hinh choup téu giauc neau S.ABCD cou taat cal cauc cainh fieau baéng a. Xauc nonh
tadm vag baun kinh cula maét caau i qua naém iiieam S, A, B, C, D.

Bagi 10. Cho tam giauc ABC cou foa dagi ba cainh lag 13, 14, 15. Moat maét caau taam O, baun kinh
R = 5 tiedp xuuc voui ba cainh culia tam giauc ABC taii calc tiedp niedm naem trean ba cainh
fou. Tinh khoaling cauch t6@ taam maét caau téui maét phaung chdua tam giauc.

Bagi 11. Hinh choup S.ABC cou n66@ng cao SA = a, fiauy ABC lag tam giauc feau cainh a. Tinh baun
kinh maét caau ngoaii tieap hinh choup.

Bagi 12. Cho hinh choup t6g gialc neau S.ABCD cou cainh fially baéng a vag gouc héip boli maét
bean vag fally baéng 60°. Xauc fionh tadm vag baun kinh maét caau ngoaii tiedp hinh choup.
Bagi 13. Hinh choup téu giauc feau S.ABCD cou cainh fiauy a vag idd@ng cao h. Goii-O lag taam cula
ABCD vag H lag trung fiiedm culia BC. N66@ng phaan gialic trong culia gouc SHO caét SO taii |.
Chéung minh raeng | lag tadm maét caau nodi tieap hinh choup. Tinh batin kinh maét caau nagy.

Bagi 14. Cho hinh choup S.ABC cou SA L (ABC) vag tam giauc ABC vuoang taii B. Goii AH, AK laan
[66it lag calc N66@ng cao culla cauc tam giauc SAB vag SAC.

a) Chéung minh raéng naém fiiedm A, B, C, H, K cugng 60 trean moat maét caau.
b) Cho AB =10, BC = 24. Xauc ionh tadm vag tinh baun kinh maét caau nou.

Bagi 15. Cho hinh choup S.ABCD cou ABCD lag hinh vuoang cainh baeng a, SA = a\ﬁ vag SA L
(ABCD). Moat maét phaung (P) qua A vag vuoang gouc voui SC, caét SB, SC, SD laan |66it taii H,
M, K.
a) Choung minh raeng baly fiieam A; B, C, D, H, M, K cugng 60 tredn moat maét caau.
b) Xalc nonh tadm vag tinh baun kinh maét caau fiou.

VAAN NEA 2: Maét trui — Hinh trui — Khoai trui

Bagi 1. Cho hinh trui cou cauc nauy lag hai hinh trogn taam O vag O’, baun kinh fauy baéeng 2 cm.
Tredn NOO@Ng trogn fiauy taam O lady hai fiiedm A, B sao cho AB = 2 cm. Biedt raéng thea tich
tou diedn OO'AB baéng 8 cm3. Tinh chieau cao hinh trui vag thed tich khoai trui.

Bagi 2. Cho hinh/trui cou cauc nauy lag hai hinh trogn taam O vag O’, baun kinh fiauy baeng 2 cm.
Trean fi06@ng trogn fauy taam O lady fiiedam A sao cho AO' hdip vOui maét phaldng fialy moat
gouc 60°. Tinh chiedu cao hinh trui vag thea tich khoai trui.

Bagi 3. Cho hinh trui cou calc fauy lag hai hinh trogn tadm O vag O’, baun kinh fiauy baéng chieau
cao vag baeng a. Trean Noo6gng trogn Naly tadm O lady fiedm A, trean N06@ng trogn naly tadm
O’laay niedm B sao cho AB = 2a. Tinh thea tich culia khodi tou diedn OO'AB.

Bagi 4. Moat khoai trui cou chieau cao baeng 20 cm vag cou baun kinh flauy baeng 10 cm. Ngoo6gi ta
kel hai baun kinh OA vag O’B’ laan |66it trean hai fiauy sao cho chuung hoip voui nhau moat
gouc 30°. Caét khodi trui bd0i moat maét phalng chéua fiddgng thaung AB’ vag song song voui
truic OO’ culia khodi trui fiou. Hady tinh diedn tich cula thieat diean.

Bagi 5. Moat hinh trui cou baun kinh fiauy R = 53 cm, khoaling cauch gi6da hai fiauy h = 56 cm. Moat
thieat diean song song voui truic lag hinh vuoang. Tinh khoalng cauch t6¢ truic fiean maét
phaung thieat diean.

Bagi 6. Cho hinh trui baun kinh fiauy R, chieau cao OO’ = h, A vag B lag hai Aiedm thay fioai trean hai

noo6@gng trogn fauy sao cho fod dagi AB = a khoang foai (h >a<h? +4R2).
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a) Chéung minh gouc gioda hai icd6@ng thaung AB vag OO’ khoang fioai.
b) Chéung minh khoaling calch gi6da hai idd6@ng thaung AB vag OO’ khoang fioai.

Bagi 7. Trong khoang gian cho hinh vuoang ABCD cainh a. Goii | vag H laan 166it lag trung niedm cula

cauc cainh AB vag CD. Khi quay hinh vuoang nou xung quanh truic IH ta Ad6ic moat hinh trui
trogn xoay.

a) Tinh diedn tich xung quanh cuda hinh trui trogn xoay fi6dic taio nean.
b) Tinh thea tich cula khoai trui trogn xoay fiddic taio neadn bodi hinh trui trogn xoay fiou.

Bagi 8. Moat hinh trui cou baun kinh fauy R vag cou thieat diedn qua truic lag moat hinh vuoang.
a) Tinh diedn tich xung quanh vag diean tich toagn phaan cuda hinh trui.

b) Tinh thea tich cula khodi laéng trui tou gialc fieau noai tiedp trong khodi trui fiad cho.

Bagi 9. Moat hinh trui cou baun kinh fauy R vag "66@ng cao baéng R/3; Avag B lag hai fiiedm trean
hai Aiddeng trogn fially sao cho gouc hdip bddi AB vag truic culia hinh trui lag 30°,
a) Tinh diedn tich xung quanh vag diean tich toagn phaan cuda hinh trui.

b) Tinh khoaling cauich gi6da AB vag truic cula hinh trui.

Bagi 10. Cho hinh trui baun kinh fauy R, chieau cao h. Goii A vag B lag hai fiieam laan [66it naem
trean hai N66@gng trogn nauy (O, R) vag (O’, R) sao cho OA vag Q'B hdip voui nhau moat gouc
baéng x vag vag hai A66gng thaung AB, O’'O hdip voui nhau moat gouc baeng y.

a) Tinh baun kinh R theo h, x, v.
b) Tinh Sxq, Stp va@ thea tich V cula hinh truitheo h, x, .

Bagi 11. Cho hinh trui baun kinh fiauy baéng a vag truic 00" = 2a. OA vag OB’ lag hai baun kinh cula
hai Aidd@ng trogn fiatly (0), (O’) sao cho gouc culla OAvag OB’ baéng 30°.
a) Tinh fiod dagi fioain thaung AB’.

b) Tinh tang cula gouc gicda AB’ vag O0'.
¢) Tinh khoa(ing cauch gioa AB’ vag OO’.

Bagi 12. Moat khoai trui cou cauc hauy lag hai hinh trogn taam O vag O’, baun kinh R vag cou
A6o@ng cao h= R/2 . Goii A lag moit fiieam trean fA60@ng trogn taam O vag B lag moat fiileam
trean N0OG@ng trogn tadm O’ sao cho OA vuoang gouc voui O’B.

a) Choung minh raéng cauc maét bean culia tou diean OABO’ lag nhodng tam giauc vuoang.
Tinh tee sod thea tich culia khoai tou diean OABO’ vag khoai trui.

b) Goii () lag-maét phaling qua AB vag song song voui O0’. Tinh khoa(ing cauch giéda truic 00’
vag maét phaung(a) .

c) Chéung minh raéng () lag tiedp diedn culla maét trui col truic 0O’ vag col baln kinh fially

RV2

baeng ——.
& 2

VAAN NEA 1: Maét noun — Hinh noun — Khodi noun

Bagi 1. Cho hinh laéng trui tou giauc fieau ABCD.A'B'C'D’ cou cainh fiauy baeng a, chieau cao 2a.
Biedt raéng O’ lag tadm cula A'B'C'D’ vag (C) lag id6@ng trogn nodi tiedp fiauy ABCD. Tinh thed
tich khodi noun cou fizenh O’ vag fauy (C).

Bagi 2. Cho hinh laéng trui tam giauc fieau ABC.A'B'C’ cou cainh fiauy baeng a vag chieau cao 2a.
Biedt raéng O’ lag tadm culia A'B'C’ vag (C) lag Ao6@ng trogn nodi tiedp Rauy ABC. Tinh thead tich
khodi noln cou fiaenh O’ vag nauy (C).

Bagi 3. Cho hinh choup tou giauc fieau S.ABCD cou cainh fiauy baéng a, cainh bean héip voui fauy
moat gouic 60°. Goii (C) lag AGO@Ng trogn ngoaii tiedp fially ABCD. Tinh thed tich khodi noun cou



GV : Dio Phwong Thio On tap tot nghiép- Trang 58

fizanh S vag nauy (C).

Bagi 4. Trong khoang gian cho tam giauc OIM vuoang taii |, golc IOM baéng 30° vag cainh IM = a.
Khi quay tam giauc OIM quanh cainh gouc vuoang Ol thi A66@ng gadp khuuc OMI taio thagnh
moat hinh noun trogn xoay.

a) Tinh diedn tich xung quanh cu(a hinh noun trogn xoay taio thagnh.
b) Tinh thea tich cula khodi noun trogn xoay taio thagnh.

Bagi 5. Thieat diedan qua truic culGa moat hinh noun lag moat tam giauc vuoang caan cou cainh gouc

vuoang baeng a.

a) Tinh diedn tich xung quanh vag diean tich toagn phaan cu(a hinh noun.

b) Tinh thea tich cuGa khoai noun t66ng 6ung.

c) Moét thiedt diedn qua fisenh vag taio voui fiauy moit golc 60°. Tinh“diedn tich culia thieat
diean nagy.

Bagi 6. Cho hinh noun fanh S, i6d@ng cao SO, A vag B lag hai fiieam thuodc N66@ng trogn fiauy
sao cho khoaling calich t6¢ fiieam O fean AB baéng a vag SAO= 30°, SAB=60". Tinh fioi dagi
Ad6o@ng sinh cula hinh noun theo a.

Bagi 7. Thieat diedn qua truic culla moat khodi noun lag moat tam giauc vuoang caan cou cainh
huyean baéng a. Tinh thea tich khodi noun vag diean tich xung quanh culia hinh noun fiad cho.

Bagi 8. Cho hinh ladp phoong ABCD. A’B’C'D’ cainh a. Tinh diean tich xung quanh cuda hinh noun
cou fizenh lag taam O cula hinh vuoang ABCD vag fiauy lag hinh trogn noai tieap hinh vuoang
A'B’'C'D’.

Bagi 9. Caét moat hinh noun baeng moat maét phaung fi qua truic culia nou, ta Adoic thieat diedn
lag moat tam giauc fieau cainh 2a. Tinh diean tich.xung quanh, diean tich toagn phaan cuda hinh
vag thea tich cula khoai noun.

Bagi 10. Cho hinh choup tam giauc fieau S. ABC cou cainh bean baéng a vag gouc gioda cauc maét
bean vag maét fauy lag «. Moat hinh noun fanh S cou N6O@Ng trogn Rauy nodi tieap tam
giauc neau ABC, Hady tinh diean tich xung quanh cuda hinh noun nagy theo a vag « .

Bagi 11. Cho hinh choup téu gialic fieau S.ABCD cou chieau cao SO = h vag SAB=a (a > 45°). Tinh
diedn tich xung quanh.cula hinh noun fizenh S vag cou A6O@BNg trogn Aauy ngoaii tieap hinh
vuoang ABCD.

Bagi 12. Moat hinh noun cou foa dagi N66@ng sinh baeng 1 vag gouc gidoda NO6O6@Nng sinh vag Aauy
lag .

a) Tinh diedn tich xung quanh vag thea tich cula khoai noun.

b) Goii | lag fiiedm trean A66@ng cao SO cula hinh noun sao cho SS—(I) =k (0 <k <1). Tinh die&n tich

culia-thiedt diean qua | vag vuoang gouc vOui truic.

Chuong HI:

CHOONG IlI
PHOONG PHAUP TOAI NOA TRONG KHOANG
GIAN

[ l. VECTO TRONG KHOANG GIAN ]
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1. Nonh nghéa vag cauc pheup toaun
e Nonh nghda, tinh chadt, cauc phelp toaun vea vectd trong khoang gian fiddic xady dding
hoagn toagn t66ng t6i nho trong maét phadng.
e Lou yu:
+ Qui taéc ba nieam: Cho ba iiieam A, B, C baat kyg, ta cou: AB+BC = AC
+ Qui taéc hinh binh hagnh: Cho hinh binh hagnh ABCD, ta coli: AB+ AD = AC
+ Qui taéc hinh hodp: Cho hinh hodap ABCD.A'B'C'D’, ta cou: AB+AD + AA'= AC'
+ Heai thouc trung fiieam foain thaung: Cho | lag trung fiieam cula foain thaing-AB, O tuyg
yu.
Ta cou: I1A+IB=0; OA+OB =20l
+ Hed thouc troing tadm tam giauc: Cho G lag troing taam cuda tam giauc ABC, O tuyg yu.
Ta cou: GA+GB+GC =0; OA+OB+0C4 30G
+ Head thouc troing tadm tou diean: Cho G lag troing taam cula téudiean ABCD, O tuyg yu.
Ta cou: GA+GB+GC+GD =0; OA+OB+0OC4 OD =40G
+ Nieau kiedn hai vectd cugng phoodng: a vad cuag phéong(@+0) <3 keR:b=ka
+ Niedm M chia fioain thatng AB theo tee soa k (k = 1), O tuyg yu.
Ta cou: MA= kWB; oT/|=OA1‘—':<OB
2. S6i noang phaung cuiia ba vecto
e Ba vecto noodic goii lag Noang phaung nedu calicgiau culia chulng cugng song song voui moat
maét phaung.
e Nieau kiedn fied ba vectd fioang phatng: Cho ba vectd a,b,c, trong fiou a vad khoang
cugng phoong. Khi fiou: a,b,¢ fioang phatng <>3!' m, n € R: €=ma+nb
e Cho ba vectd &,b,¢ khoang fieang phalng, X tuyg yu.
Khi fiou: 3'm, n, p €R: X =méa+nb+ pc
3. Tich voa héoung cuiia haivecto
¢ Gouc giooa hai vectd trong khoang gian:
AB =10, AC =V = (0,V) = BAC (0° < BAC <180°)
e Tich voa hooung culia hai vecto trong khoang gian:
+Cho 0,V =0.Khi fou:  0.v=|al.[v].cos(@,v)

U
0
hoaé v =0. Qui 66uc: GV=0
v

[ Il. HE TRUC TOA DO TRONG KHONG GIAN ]

1. Hei toia fod Neacac vuoang gouc trong khoang gian:
Cho ba truic Ox, Oy, Oz vuoang gouc voui nhau tégng fioai moat vag chung moat nieam goac O.

- - -

Goii i, j, k lag cauc vectd Adn vo, toong dung trean cauc truic Ox, Oy, Oz. Hea ba truic nho vady
goii lag heé toia fiod Neacac vuoang gouc Oxyz hoaéc fidn gialin lag hei toia fiod Oxyz.

2 =2 =2 e e
Chuoya: 1 =j =k =1 vag i.j=ik=kj=0.
2. Toia foa culia vecto: z

a) Nonh nghéa: u = (% y; Z)<:>a = Xi+yj+2k
k(0:0:1
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b) Tinh chaat: Cho az(al;az;a3), B:(bl;bz;t%), keR

e dtb=(a tb;a b, ath)
o ka = (ka; ka,; ka,)

. . |a=h
esa=bhe a2:b2
a; = by
e 0=(0;0;0), i =(%0;0), j =(0;1,0), k=(0;0;1)
e a cugng phédng b(b =0) < a=kb (keR)
a = kb
o o=k, @%%:%, (by, by, by #0)
ay = kb,
e db=a.b +a,b, +a,b, ealb o ab +a,b, +a5b, =0
P el i e
e cosa By= 2 _ b +3b +ab (voui 3,5 %0)

alIBl fa? a2 82 o2 + 52+ 2

. Toia foa culia hieam:

a) Nonh nghéa: M(X; y; 2) <OM = (X ¥;2) (x:hoagnhfiod, y : tung fiod, z : cao fiod)
Chuayu: eM € (0Oxy) <z=0; M € (Oyz) <>x=0; M € (Oxz) &y =0

oM eOx &y=2=00M €Oy &>x=z2=00M €¢0zx=y=0
b) Tinh chaat: Cho A(X,; Ya; Za), B(Xg: Vgi Z3)

° ?BZ(XB_XA;yB_yA;%_ZA) ° AB= \/(XB_XA)Z+(yB_yA)2+(ZB_ZA)2

X, —kx - Z, —
e Toai fiod flieam M chia fioain AB theo tae sod k (k#1): M( Al ” B. yAl ll((yB ; Al tZBj

X, + X + Z, +
e Toai fiod trung fiiedm M cudia foain thaung AB: M ( A > B. Ya > Ye A > ZB)
e Toai foa troing tadm G cu(ia tam giauc ABC:
G(XA+XB+XC Yat¥st¥c .ZA+ZB+ZCJ

3 3 3
e Toai fiod troing taam G cula tou diean ABCD:

G[XA+XB+XC+XD YaTYe Y ™Yo .ZA+ZB+ZC+ZCJ

4 4 4
Tich cou h6oung cuha hai vectd: (Chéong trinh nadng cao)

a)Nonh nghéa: Cho a=(a, a,, &), b= (b, b,, b,).

[&5]=aA5=£a2 NENENEN az}(azbsasbz:agblalbs:albzazbl)

b, by |by b [B b

Chut yu: Tich cot hééung cutia hai vecté lag modt vecto, tich vod h66ung cuda hai vectd lag modit sod.
b) Tinh chaat:

[7]=k  [Tk]=T; [kTi]=T elablLla [ab]Lb
[5,5]‘ =|al.lol.sin(3,b) e a, b cugng phodng < [a b] =0

c) OUng duing cuda tich cou hédung:

—

e Nieau kiedin fioang phatng cuila ba vecté: a, b vag ¢ fioang phaung < [a, b].c=0
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« Diedin tich hinh binh hagnh ABCD: S, ascp =L AB.AD |

e Diedin tich tam giatc ABC: SAABC = %‘[A—B, E)]‘

* Thed tich khodi hodp ABCD.ABCD’ Vg wgcpr = [AB, AD].AA]

e Theé tich té dieéin ABCD: Vaseo = %‘[A—B, AC].AD|
e D
r‘I ‘r.} {.- Al (
C
A / E 1 “ c 4
b C B ; 5
Chuu yu:

— Tich vod hé6ung culia hai vectd th66@ng s60 duing fied chélung minh hai Aé6@ng thaung vuodng
golic, tinh gouic giéda hai idé@ng thaung.

— Tich cou hébéung culia hai vecté théésng séa duing fiea tinh diedn tich tam gialc; tinh thea tich
khodi téu diecin, thed tich hinh hodp; chéiung minh catc vecté fioang phaung — khodng fioang phatng,
chéung minh cauc vectd cugng phééng.

albeab=0
a vad cumag phééng< [a,b]=
a, b, ¢ fioag phatg < [a,b].c=0

5. Pho6ong trinh maét caau:
e Phobng trinh maét caau (S) tadm /(a; b, ¢), baun kinh R:

(x—a)% +(y—b)? +(z=¢)* =R?

e Phoodng trinh X2+y2+22+2ax+2by+2cz+d:O voui a2 +b?>+c?—-d>0 lag phodng trinh maét

caau tadm I(-a; —b; —c) vag baun kinh R = \/a2 +b%+c?-d.

VAAN NEA 1: Calic phelp toaun vea toai fiod culia vectd vag culia fiiledm

— S61 duing calic codng théuc vea toai fiod culia vecté vag cuiia hieam trong
khodng gian.
— $60 duing cauc pheup toaun vea vecté trong khoéng gian.

Bagi 16. Vieat toia fioa culia cauc vectd sau fady:
a==2i +j; b=7i —-8k; c=-9k; d =30 —4] +5k
Bagi 17. Vieat dooui daing Xi +VYj +zk modi vectd sau fiady:

a:{O;%;ZJ; b=(4-50); cz(g;o;%} a:(ﬂ;%;%j

Bagi 18. Cho: a=(2;-5;3), b=(0;2;-1), ¢ =(1;7;2). Tim toai fioa culia cauic vectd T voui:

a) U:43—%5+3é b) G=a—4b-2¢ c) u=—46+§c
d) t=3a-b+5¢ e) d=la-2p_2c f) 0=a-SB-2c
2 3 4" 3

Bagi 19. Tim toia fioa culia vecto X, bieat raeng:
a) a+x=0 voui a=(L-21) b) a+x%=4a véui a=(0;-21)
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c) a+2%x=Db voui a=(5,4,-1), b=(2-5,3)

Bagi 20. Cho a=(1;,-3;4).
a) Tim y vag z fied b=(2;y;2) cugng phdong voui a.
b) Tim toai noa culia vect6 ¢, biedt raéng a va@ ngodic hodung vag lel=2[a].

Bagi 21. Cho ba vectd a=(1,-1;1), b=(4;0;-1), ¢ =(3,2;,-1). Tim:

a) (ab)c b) a%(b.c) c) a’b+b%c+c%a
d) 3a-2(ab)b+c%b e) 4a.c+b? —5¢2

Bagi 22. Tinh gouc gioda hai vecté a vag b:
a) a=(4;31), b=(-123) b) a=(2;5;4), b=(6;0;,-3)
¢) a=(21-2), B=(0—V2:V2) d) a=(32,23), b= (3;24/3;-1)
e) a=(-424), b=(2V2:-242;0) f)a=(3-21), b=(21-1)

Bagi 23. Xeut s6i fioang phaung cuda ba vectd &, b, ¢ trong modi trodgng hoip sau faay:

a) a=(1-1:1),b=(0;1;2),c=(42;3) b) a=(4;34), b=(2=12),c=(121)

c) a=(-31-2), b=(111),c=(-221) d) a=(42;5), b=(31%3), c=(20;1)

e) a=(2;31),b=(1-2,0),c=(3,-2;4) f) a=(5,4;-8),b=(-2,3,0),c=(L7;-7)

g) a=(2-43),b=(,2-2),c=(3-21) h) a=(2-4;3),b=(-1,3,-2),c =(3,-21)
Bagi 24. Choéung tol boan vectd &,b,c,d fioang phaung:

a) a=(-2,-6;1), b=(4;,-3-2), c =(-4;,-2;2),d = (-2;~1L1)

b) a=(26,-1), b=(21-1),c=(-432),d =(211-1)

VAAN NEA 2: Xauc fonh fiiedm trong khoang gian. Chéung minh tinh chaat hinh hoic.
Diedn tich — Thea tich.

— S61 duing caliccodng thélc vea toai fiod culia vectd vag cuiia Rieam trong
khodng gian.

— S60 duing cauc pheup toaun vea vecté trong khodng gian.

— Codng théuc xatic Aonh toai fiod culia calic hiedm Aaéc biedit.

— Tinh chadt hinh hoic cuia calic iiedm naéc biedt:

oA, B, Cthating hagng < AB,AC cugng phééng <> AB=kAC <[ AB,AC|=0

¢ ABCD lag hinh binh hagnh <> AB=DC

e Cho AABC col calic chadn E, F cuiia catic ié66@ng phadn giauc trong vag
ngoagi culia golc A cuiia AABC tredn BC. Ta cou: EB= —% EC, FB= B FC

e A, B, C, D khodng hoang phaung < AB, AC, AD khodng Aoang phatung <
| AB,AC|.AD #0

Bagi 1. Cho fliedm M. Tim toia foa hinh chiedu vuoang gouc culia fileam M:
e Trean cauc maét phaung toia fioa: Oxy, Oxz, Oyz e Trean cauc truic toia foa: Ox, Oy, Oz
a)M(L2;3) b) M(3;-12) c) M(-13-3) d) M(%;2;-1)
e) M(2;-5;7) f) M(22;-15;7) g) M(11-9;10) h) M(3;6;7)
Bagi 2. Cho ifliedm M. Tim toia fiod culia Nieam M’ fiodi xdung voui fiieam M:
e Qua godac toai nod e Qua mp(Oxy) e Qua truic Oy
a) M(;2,3) b) M(3,-12) c) M(-13-3) d) M(%2;,-1)
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e) M(2;-5;7) f) M(22;-15;7) g) M(1%-9;10) h) M(3;6;7)
Bagi 3. XeUt tinh thaung hagng cula cauc boa ba fiieam sau:

a) AL 31),B(0,12),C(0;0;1) b) ALL1),B(—4;31),C(-9;51)

c) A(10;9;12),B(-20;3;4),C(-50;-3;,-4) d) A(-L5;-10),B(5,-7;8),C(2;2;-7)

Bagi 4. Cho ba fileam A, B, C.
e Choung tol ba fiieam A, B, C taio thagnh moat tam giaulc.
e Tim toai foa troing tadm G cula AABC.
e Xauc nonh fiedm D sao cho ABCD lag hinh binh hagnh.

a) A(L2;-3),B(0;3;7),C(12;5;0) b) A(0;13;21),B(11;-23;17),C(;0;19)

c) A3 -4,7),B(-5,3,-2),C(L2,-3) d) A(4:2;3),B(-2,1,-1),C(3,8;7)

e) A3 -12),B(2,-1),C(-11-3) f) A(4;,1,4),B(0;7,-4),C(31-2)

g) A(10;0), B(0;0;1), C(21,1) h) A(L-2:6),B(2;51),C(-18;4)
Bagi 5. Trean truic Oy (Ox), tim fiiedm cauch fieau hai fiieam:

a) A(3L0), B(-2,41) b) AL -2;1),B(110;7) c) A(414),B(0;7;-4)

d) A3 -12),B(12-1) e) A(3-4,7),B(-5,3,-2)  f) A(4,23),B(-2,1-1)
Bagi 6. Trean maét phaung Oxy (Oxz, Oyz), tim fiieam calch fieau ba fiieam:

a) ALL1),B(-11%0),C(3L-1) b) A(-3;2;4),B(0;0;7),C(=5;3;3)

c) A(3:-12),B(L2:-1),C(-L1-3) d) A(0:13;21),B(11:—23;17),C(L 0;19)

e) A(L0;2),B(-2,11),C(L-3,-2) f) AL -2,6),B(251),C(-18;4)

Bagi 7. Cho boan iiieam A, B, C, D.
e Choung minh A, B, C, D lag boan fizenh cutia-moat tou diean.
e Tim toia Noa troing tadm G cuda tou diedan ABCD.
a) A(2;5,-3), B(1;0;0), C(3,0;-2), D(-3;-12) b) A(%;0;0), B(0;1,0), C(0;0;1), D(-2;%;-1)
c) A(110), B(0;21), C(1,0;2), D(1%1) . d) A(20;0), B(0;4,0), C(0;0;6), D(2:4;6)
e) A(2,31),B(4,1-2),C(6;3,7),D(=5-4,8).  f) A(57,-2),B(3,1-1),C(9;4;-4),D(L5;0)
8) A(241),B(-10,1),C(-14,2),D(L=21) ' h) A(=3,2,4),B(2,5,-2),C(L,-2,2),D(4;2;3)
i) A(3;4,8),B(-12;1),C(5;2;6), D(=7; 4, 3) k) A(=3,-2;6),B(-2;4;4),C(9;9,-1),D(0;0;1)
Bagi 8. Cho hinh hodap ABCD.A'B'C'D'. Tim toai foa cauc fizenh cogn laii.
a) A(1;0,1),B(21%2),D(1,-1,1),€(4,5-5) b) A(25-3),B(1;0;0),C(3,0;-2), A'(-3,-12)
) A(0;2,1),B(L-11),D(0;0;0;), A'(-110)  d) A(0;22),B(0;1,2),C(-111),C'(L-2-1)

VAAN NEA 3: Phoong trinh maét caau

Ned viedt phééng trinh maét cadu (S), ta caan xauc fidnh tadm I vag baiun kinh R culia maét
caau.
Daing1: (S) cou taam I(a; b; c) vag baun kinh R:
(S): (x—a)’ +(y—b)? +(z—0)* =R?
Daing 2: (S) cou tadm I(a; b; c) vag fii qua fileam A:
Khi Aot baun kinh R = IA.
Daing 3: (S) nhaan foain thaung AB cho tréduc lagm fidoeng kinh:

X + X + Z, +
—Taém | lag trung fiiedm cuda Aoain thaung AB: X, =—2 > Biy, = Ya > Ye 1z =-A > iy

—Baln kinh R = IA = %

Daing 4: (S) fii qua boan nieam A, B, C, D (maét caau ngoaii tiedp téu dieéin ABCD):
— Gial sé0 ph66ng trinh maét cadu (S) coll daing: X? + y2 +7Z2 +2ax+ 2by+2cz+d =0 (*).
— Thay laan 166it toai fiod cua cauc fiedm A, B, C, D vago (*), ta iédic 4 phébng trinh.
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— Giali hed phééng trinh fiou, ta tim Addic a, b, ¢, d = Phddng trinh maét caau (S).
Daing 5: (S) fii qua ba fiieam A, B, C vag cou tadm | naem trean maét phaung (P) cho tréduc:
Giadi tébng téi nhé daing 4.
Daing 6: (S) col tadm | vag tiedp xulic vOui maét caau (T) cho troouc:
— Xauc Aonh tadm J vag baun kinh R’ culia maét caau (T).
— S64 duing Aieau kiedn tiedp xutc culia hai maét caau fed tinh batn kinh R culia maét caau
(S).
(Xeut hai tré6@ng héip tiedp xutc trong vag tiedp xuuc ngoagdi)
Chuu yu: Véui phééng trinh maét caau (S):
X2 +y? + 72 + 2ax+2by+ 2cz+d =0 voui a®+b?+c®>—d>0

thi (S) cou tadm I(~a; —b; —c) vag batin kinh R = a2 +b? +c? —d..

Bagi 1. Tim tadam vag baun kinh cuQa cauc maét caau sau:

a) X2 +y? + 722 —8x+2y+1=0 b) X2 +y? + 22 +4x+8y—2z—4=0
) X2 +y?+22 —2x—4y+4z=0 d) X2 +y? + 22 —6x+4y—2z-86=0
e) X2 +y? +22 —12x+4y—6z+24=0 f) X2 +y? + 22 —6x<12y+127+72=0
g) X2 +y? +Z2 —8x+4y+2z—4=0 h) x?+y? + 7> —3x+4y =0

i) 3x% +3y? +32% +6x—3y+152—2=0k) X* +y? + 22 —6X+2y=2z+10=0
Bagi 2. Vieat phoong trinh maét caau cou tadm | vag baun kinh R:

a) 1(L-35), R=+3 b)I(5-37), R=2 ¢) I(L-32), R=5 d)(24-3), R=3
Bagi 3. Vieat phoong trinh maét caau col taam | vag fi qua fiieam A:

a) 1(2,4,-1), A(5,2;3) b) 1(0;3;,-2), A(0;0;0) c) 1(3-21), A(2L-3)
d) 1(4,-4,-2), A(0;0;0) e) 1(4-12), AL-2-4)

Bagi 4. Vieat phoong trinh maét caau counoo@ng kinh AB, voui:
a) A(2,4,-1), B(5,2;3) b) A(0;3;-2), B(2;4;-1) c) A3 -21), B(2L-3)
d) A(4,-3,-3), B(2,1,5) e) A(2,-35), B(4,1-3) f) A(6;2,-5), B(-4,0,7)

Bagi 5. Vieat phodng trinh maét caau ngoaii tiedp tou diean ABCD, vOui:
a) A(12,0), B(0;2;1),C(%0;2), D(£11)  b) A(2;0;0), B(0;4;0), C(0;0;6), D(2;4;6)
) A(2:31),B(41-2),C(6;3,7),D(-5,—4:8)  d) A(57,-2),B(3,1,-1),C(9%4;-4),D(L5,0)
e) A(6;,-2;3),B(0;16),C(2,0,-1),D(410)  f) A(0;10),B(2;31),C(-2,2,2),D(,-12)
Bagi 6. Vieat phoong trinh maét caau i qua ba fiieam A, B, C vag cou tadm naém trong maét

) Y T AL 2;0),B(-113),C(2,0,-1)
phaung (P) cho trédlc, voui: a) {(P) ~0x) b)
{A(z; 0;1),B(1,3:2),C(3,2;0)
(P)=(Oxy)
Bagi 7. Vieat phoong trinh maét caau (S) col tadm | vag tiedp xuuc voui maét caau (T), voui:

a) L(-511) b) 1(=3,2,2)
(T): X2 +y2 +72 —2X+4y-6z+5=0 (T): X2 +y2 +72 —2X+4y-8z2+5=0

[ lll. PHUONG TRINH MAT PHANG ]

1. Vecto phalup tuyedn — Caép vect6 chee ph6ong cuGia maét phating
e Vectd fi=0 lag VTPT culia (o) nedu giali cufla i vuoang gotic voui (a).
e Hai vectd &,b khoang cugng phodng lag caép VTCP cula (o) neadu calc giau culia chuling song song
hoaéc naem trean (o).




GV : Pio Phwong Thio  On tdp tot nghigp- Trang 65
Chut ya: e Nedu i lag modt VTPT culia (a) thi kit (k # 0) cubng lag VTPT cuiia ().

e Nedu @,b lag modt caép VTCP cuiia (o) thi i=[3,b] lag modt VTPT cuda (a).
2. Pho0ng trinh toang quaut cuia maét phatng
Ax+By+Cz+D =0 Vil A> + B> +C? >0
e Neau (o) col phoong trinh Ax+By+Cz+D =0 thi n=(A;B;C) lag moat VTPT cula (o).
e Phd6ng trinh maét phaung fii qua M (X,; Y %)) vag cot modt VTPT i = (A B;C) lag:
A(X=%)+B(y—Yy) +C(z—7)) =0

3. Cauc trooeng hoip rieang

Cauc hed soa Ph6ong trinh maét phaing (o) Tinh chaat maét phaing (o)

D=0 Ax+By+Cz=0 (o) Ai qua goac toai fiod O

A=0 By+Cz+D=0 (a) // Ox hoaéc () o Ox

B=0 Ax+Cz+D=0 () // Oy hoaéc (o) > Oy

C=0 Ax+By+D =0 (o) // Oz hoaéc (o) © Oz
A=B=0 Cz+D=0 (o) 4/ (Oxy) hoaéc (o) = (Oxy)
A=C=0 By+D=0 (a) //'(Oxz) hoaéc (o) = (Oxz)
B=C=0 Ax+D=0 (o) // (Oyz) hoaéc (a) = (Oyz)

Chuu yu: e Nedu trong ph66ng trinh cuda («) khodng chéua adn nago thi («) song song hoaéc chéua
truic té6ng 6ung.
A \ .. . N [ X'y z
e Ph66ng trinh maét phaung theo fioain chaén: —+ B +—=1
a Cc
(e) caét calc truic toai fiod taii cauc Aiedm (a; 0; 0), (0; b; 0), (0; 0; c)
4. Vo tri toong nodi cuGia hai maét phaung
Cho hai maét phaung (a), (B) cou phééng trinh: (a): AX+By+Cz+D, =0

(B): Ax+By+C,z+D, =0
e(a), (p) caét nhau < A B :C= A LB, :C,

’(a)//(ﬁ)©i=i=&¢& .(a)f(ﬂ)@ﬁ_ﬁ_&_[)

1
A B G Db A B G Db
*(0) L(f) = AA+BB, +CC, =0
5. Khoalng cauch tég fiedm Mo(xo; yo; 20) iedan maét phaing (a): Ax+ By +Cz+D =0

By, +Cz,+D
e e
A°+B°+C

VAAN NEA 1: Vieat phoong trinh maét phaung

Ned laéip ph6éng trinh maét phating (a) ta caan xatic Aionh moéit fiiedm thuodic
(o) vag modit VTPT cudia nou.
Daing 1: (@) fii qua fiedm M (x,;Y,;z,) col VTPT n=(A;B;C):
(a): A(x—x)+B(y—Yy)+C(z-2)=0
Daing 2: (@) fii qua fiiedm M (x,; Y,;2,) cou caép VTCP &,b:
Khi fiolr modit VTPT cuiia (c) lag 1i=|3,b].
Daing 3: (@) fi qua fiedm M (x,;Y,;z,) va@ song song voui maét phating (f): Ax + By +
Cz+D=0:
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(a): A(x—%)+B(y—Y,)+C(z—2,)=0
Daing 4: () iii qua 3 hieam khoang thaung hagng A, B, C:
Khi Aol ta cou thed xalic Aonh modét VTPT cuiia (o) lag: 1= [A—BE]
Daing 5: () fii qua moat fiieam M vag moat no6@ng thaung (d) khoang chéua M:
— Tredn (d) lady Aiedm A vag VTCP .
— Moéit VTPT cuiia (@) lag: fi=| AM, G |
Daing 6: () fii qua moat fieam M vag vuoang gouc voui moat ndo@ng thaung (d):
VTCP U cuia i66gng thaung (d) lag modt VTPT cuiia ().
Daing 7: () iii qua 2 "06@ng thaung caét nhau d,, d.:
— Xaiic idnh catc VTCP a,b cuiia catc Aiéé@ng thaidng d, d>.
— Modit VTPT cuiia (¢) lag: ni=[a,b].
— Lady modt Aieam M thuodic d; hoaéc d> = M e(a).
Daing 8: () choua i606@ng thaiung di vag song song voui n6ogng thaung d: (d;, d:
chetio nhau):
— Xaiic idnh catc VTCP a,b cuiia catc iébégng thaung d, d>.
— Modt VTPT cuiia () lag: ri=[3,b].
— Lady modt nieGm M thuodc d: = M ().
Daing 9: (¢) iii qua hieam M vag song song voui hai N06gng thaling chelio nhau dj,
da:
— Xaiic idnh catc VTCP a,b culia catic i6é@ng thadng d, d>.
— Modt VTPT cuiia (¢) lag: fi=[a,b].
Daing 10: () i qua moat n66@ng thaung (d) vag vuoang golc voui moat maét
phading (B):
— Xauc ionh VTCP t cuda (d) vag VTPT g cuda ().
— Modit VTPT cuiia (@) lag: ii= [U, ﬁﬂ] .

— Lady modt fdiieam M thuodcd =M € (a).
Daing 11: () i qua-fiieam M vag vuoang gouc voui hai maét phatng caét nhau (p),
(y):
— Xauc nonh catic VTPT i 5.0, cuiia (B) vag ().

— Modit VTPT cuiia () lag: ii= [u 4 ﬁy}.
Daing 12: (&) ii qua n66@ng thaung (d) cho troduc vag cauch hieam M cho tréouc
moat khoalng k cho troouc:

— Giali s60 () cot phédng trinh: Ax+By+Cz+D=0(A’ +B* +C* #0).

—Lady 2 iiedm A, B € (d) = A, B € () (ta Aiddic hai phéong trinh (1),
(2)).

— Tég nieau kiedn khoaiing catich d(M,(a)) =k, ta A66ic phdong trinh (3).

— Giadi hed phoéong trinh (1), (2), (3) (baéng calich cho giat tro modit
adn, tim cauc aan cogn laii).

Daing 13: () lag tiedp xulc voui maét caau (S) taii hieam H:
— Giali s60 maét cadu (S) cou tadm | vag baun kinh R.
— Moiit VTPT cuiia (a) lag: ri=1H
Chut yu: Ned viedt ph66ng trinh maét phaing caan naém vééng calic catich
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| xauc honh maét phaung iaé hoic 64 I6up 11.

Bagi 25. Vieat phodng trinh maét phadng (P) i qua fiiedam M vag cou VTPT n cho tréduc:
a) M(311), n=(-112) b) M(-2,7,0), A=(30,1) ¢) M(4-%-2),7n=(0;13)
d) M(21-2),A=(30,0)  e) M(345),n=(3-3-7) f) M(10,1,9), A=(-7,10;1)
Bagi 26. Vieat phoong trinh maét phalng trung tréic culia hoain thaung AB cho tréduc, voui:
a) A(ZL1), B(2-L-1) b) AL -1-4), B(2;0;5) c) A(2;3,-4), B(4,-10)

1 1 21 1
d) A(E,—Loj, B(L—E,Sj e) A(Lg,ij, B(—&é,lj f) A(2;-5;6), B(-1-3;2)
Bagi 27. Vieat phodng trinh maét phaung fii qua fiiedm M vag col caép VTCP &,b cho trd6uc; voui:
a) M(12,-3),a=(212), b=(32-)) b) M(-23), a=3,-1,-2), b=(0;3,4)
) M(-134),a=(27,2), b=(324) d) M(-4;0;5), a=(6,-13); b=(321)
Bagi 28. Vieat phoong trinh maét phadng (o) Ai qua iiedm M vag song song voui maét phadng (B)
cho troduc, voui:

a) M(215), (8)=(Oxy) b) M(1;-21), (8): 2x=y+3=0
c) M(-1%0),(8):x-2y+2z-10=0 d) M(3,6,-5), ()7 =x+2z-1=0
e) M(2;-3;5), (B): x+2y—z+5=0 f) M(1,11), (B):10x—10y+20z—-40=0

Bagi 29. Vieat phoong trinh maét phaung (o) i qua fiiedam M vag laan 1606it song song vOui calc
maét phaung toai noa, voui:
a) M(2;1;5) b) M(1;,-2;1) c) M(-120) d) M(3;6;-5)
e) M(2,-3,5) f) M(L12) g) M(-110) h) M(3;6;-5)

Bagi 30. Vieat phoong trinh maét phaung (o) fiirqua.ba fieam A, B, C khoang thaung hagng cho
troouc, voui:

a) A(L-2;4), B(3,2-1), C(-2,1,-3) b) A(0;0;0), B(-2;-1,3), C(4;-2;1)
c) A(-12;3), B(2;-4;3), C(4,5;6) d) A(3;-5;2), B(1;,-2;0), C(0,-3,7)
e) A(2;-4;0), B(5,17), C(-1-1-1) f) A(3;0;0), B(0;-5;0), C(0;0;-7)

Bagi 31. Vieat phoong trinh maét phaung (a) fi qua fiedm A vag vuoang gouc voui icdgng thadng fii
qua hai nieam B, C cho troduc, voui:

a) A(1;-2;4), B(3,2,<1), C(-2,1,-3) b) A(0;0;0), B(-2,-13), C(4,-2;1)
c) A(-12;3), B(2;,-4,3), C(4;5;6) d) A3-5;2), B(1,-2;0), C(0,-3,7)
e) A(2,-4,0),B(53;7), C(-L-1-1) f) A(3;0;0), B(0;-5;0), C(0;0;-7)

Bagi 32. Vieat phoong trinh maét phaung (o) i qua hai niedm A, B vag vuoang gouc voui maét
phaung () cho tréduc, voui:
2) {A(s;x—l), B(2-1;4) b) {A(—z; ~13), B4 -21) {A(z;—r 3), B(-4,7;-9)
(8):2x-y+3z-1=0 (B):2x+3y-22+5=0 (B):3x+4y—82-5=0
d) {A(3;—L'—2), B(-3,12)
(,B):Zx—Zy—22+5:0
Bagi 33. Vieat phoong trinh maét phaung (o) ii qua fieam M vag vuoang gouc voui hai maét phaulng
(B), (y) cho tréduc, voui:
a) M(—];—Z;S),(ﬂ):x+2y—3z+1:0,(7/):2x—3y+z+1:0
b) M(L0;-2), (B):2x+y—2-2=0,(y): x-y-2z-3=0
c) M(2,-4,0), (B):2x+3y—2z+5=0, (y):3x+4y—82-5=0
d) M(517), (B):3x—4y+32+6=0, (y):3x—2y+52-3=0
Bagi 34. Vieat phoong trinh maét phaung (o) fi qua Aiedm M vag giao tuyedn culia hai maét phaung
(P), (Q) cho tréduc, voui:
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a) M(1,2-3), (P):2x—3y+2z-5=0, (Q): 3x—2y+5z-1=0
b) M(2,,-1), (P):x-y+2z-4=0,(Q): 3x-y+z-1=0
c) M(3,4;1), (P):19x—6y—4z+27 =0, (Q):42x—8y+3z+11=0
d) M(0;0;1), (P):5x—3y+2z-5=0, (Q): 2x—y—z-1=0
VAAN NEA 2: Vo tri toong fioai culia hai maét phating

Bagi 1. Xeut vo tri toong nodi culia calc caép maét phaung sau:

) 2X+3y—2z+5=0 b) 3Xx—4y+3z+6=0 0) 5X+5y—-5z-1=0
3Xx+4y—-8z-5=0 3x—-2y+5z-3=0 3x+3y—-3z+7=0
[ 6x-dy—62+5=0 o) 2x—2y—4z+i;0 g [3x-2y-62-23=0
12x-8y-12z-5=0 5x—5y—102+?=0 3Xx—-2y—-6z+33=0
Bagi 2. Xauc fionh m, n fied calic caép maét phaung sau: e song song e caétnhau e  trugng
nhau
) 3X+my—-2z-7=0 b 5x—-2y+mz-11=0 o) 2X+my+3z-5=0
nX+7y—-6z+4=0 3X+ny+z-5=0 nX-6y—6z2+2=0
) 3X-y+mz-9=0 e) 2X+y+3z-5=0 f) 3X-5y+mz—-3=0
2X+ny+2z-3=0 mMX—-6y—-6z—-2=0 2x+y-3z+1=0
g) X+my—-z+2=0 h) 2X—ny+2z-1=0 i 3X—(M-3)y+2z-5=0
2X+Yy+4nz—3=0 3X—y+mz-2=0 (M+2)x—2y+mz-10=0

Bagi 3. Xauc fionh m fiea cauc caép maét phaung sau vuoang golc voui nhau
) 2X—-17y+mz+2=0 b) (2m-1)x-3my+2z+3=0
3X+y-2z+15=0 mMx+(Mm-1)y+4z-5=0

0 MX+2y+mz—-12=0 d) 3X—(M-3)y+2z-5=0
X+my+2z+7=0 (Mm+2)x-2y+mz-10=0

e) 4x-3y—-3z=0 f) 3X-5y+mz-3=0
mx+2y—-7z-1=0 X+3y+2z+5=0

VAAN NEA 3: Khoa(ing calich t6@ moit fiiedm fiedn moit maét phaung.
Khoating cauch gio6a hai maét phaling song song.
Hinh chiedu culia moit fiiedm tredn maét phating . Niedm fioai x6ung culia moit Aiedm qua maét

phaung.
e Khoaling cauch tég Aieam Mo(xo; Yo, 2o) iedn maét phatung (): Ax+By + Cz+D =0
AX, + By, +Cz +D
d(My,(@)) = | |
A? +B? +C?

e Khoaling catich giéda hai maét phaung song song baéng khoaling catich té@ modt Aiedm badt ki treén
maét phaung nagy fiedn maét phaung kia.

Chuu yu: Nedu hai maét phaung khodng song song thi khoating catch giééa chuung baéeng O.
W, n cuag phéong

e Niedm H lag hinh chiedu cuda fiiedm M treén (P) <
He(P)

e Niedm M’ Aodi x6lng véui fiieém M qua (P) < MM’ =2MH

Bagi 1. Cho maét phaung (P) vag iiedam M.
e Tinh khoaling cauch toég M fiedn (P). e Tim toai fiod hinh chiedu H culla M trean

(P).
e Tim toai noa fileam M’ foai xdung véui M qua (P).
a) (P):2x-y+2z-6=0, M(2;-3;5) b) (P):x+y+5z-14=0, M(L—4;-2)
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c) (P):6x-2y+3z+12=0, M(3;1-2) d) (P):2x—-4y+4z+3=0, M(2;-3;4)

e) (P):x-y+z-4=0, M(2;5-1) ) (P):3x-y+z-2=0, M(L 2;4)
Bagi 2. Tim khoaling cauch gioda hai maét phalng:
a) {x—2y+3z+l=0 b) {6x—2y+z+1=0 0 {2x—y+4z+5=0
2X—-y+3z+5=0 6Xx—2y+z-3=0 3X+5y—-z-1=0
d) {4x—y+82+1:0 e) {2x—y+4z+5:0 f) {3x+6y—32+7:0
4x-y+8z+5=0 3X+5y—-z-1=0 X+2y—-z+1=0

Bagi 3. Tim phoong trinh toang quaut culia maét phaung (P) fii qua iieam A vag song song voui maét
phaung (Q) cho trédéuc. Tinh khoaling cauch gioéa (P) vag (Q):
a) A(L;2-3), (Q):2x—4y—z+4=0. b) A(3; ,-2), (Q):6x—2y+3z+12=0.

VAAN NEA 4: Gouc gioda hai maét phating

Cho hai maét phaiing (a), () cot ph66ng trinh: (a): AXx+By+Cz+D, =0

(B): Ax+By+C,z+D, =0
Gouc giééa (o), (f) baéng hoaéc bug véui gouc giéba hai VTPT 1,1, .

N +BB,+CC
COS((a)a(IB)): “ﬁl‘ ‘;“ = > ‘AL?Z le z 2C1 22‘ >
M|y A2+ B2 +C2 A2 + B2 +C
Chuiryir: « 0° <((e),(5)) < 90°. e () L(B)< AA+BB, +CC, =0
Bagi 1. Tinh gouc gioda hai maét phaung:
a) X+y-z+1=0 b) X+2y-2z+1=0 0) 2X-y+4z+5=0
X—-y+z-5=0 2X+2y+2z2-5=0 4x+2y—2z-1=0
) {4x+4y—22+7=0 e) 2X-y=2z+3=0 f) J3x =By +/3z+2=0
2x+4z-5=0 J2y+\2z¥12=0 Ax+2y+4z-9=0
Bagi 2. Tim m fea gouc gioda hai maét phaung sau baeng a cho troduc:
2m-)x-3my+2z+3=0 MX+2y+mz—-12=0 (M+2)x+2my—mz+5=0
a) sMx+(Mm-1)y+4z-5=0 b) Ix+my+z+7=0 c) {mx+(m-3)y+2z-3=0
o =90° a = 45° o =90°

MX—y+mz+3=0
d) 1 (2m+)x+(m-1)y+(m=21)z-6=0
a =30°
VAAN NEA 5: Vo tri toong fioai gida maét phaling vag maét caau.
Ph66ng trinh maét phauing tieap xuuc voui maét caau

Chomaét phaung (a): AX+By+Cz+D =0 vag maét caau (S): (X—a)2 +(y— b)2 - (Z—C)2 =R
e () vag (S) khodng cou fiiedm chung < d(l,(a)) >R
o () tiedp xulic voui (S) < d(,(a)=R () lag tiedp diedn

Ned tim toai fiod tiedp Aiedm ta cou thed théic hiedn nhé sau:

— Viedt phééng trinh Aiédé@ng thaung d Ai qua tadm | cula (S) vag vuodng gouc voui (o).

— Tim toai fiod giao Aiedm H cuda d vag ().

H lag tiedp Aieam cula (S) voui ().
e (a) caét (S) theo modt AiGépng trogn <> d(l,(a)) <R

Ned xatic Aidonh tadm H vag baun kinh r cuiia iéé@ng trogn giao tuyedn ta cou thed théic hiedn nho
sau:

— Viedt phééng trinh iédé@ng thaung d fii qua tadm | cuda (S) vag vuodng gouc véui (o).

— Tim toai fiod giao Aiedm H cuda d vag ().

H lag tadm cuda fi66dng trogn giao tuyedn cuda (S) voui ().
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Baun kinh r culia iééeng trogn giao tuyedn: r =\ R? —1H?

Bagi 1. Xeut vO tri toOng Nnodi gioda maét phaung (P) vag maét caau (S):

(P):2x+2y+z-1=0 b) (P):2x-3y+6z-9=0
(S):x2+y2+22—6x—2y+4z+5:0 (S):(x—1)2+(y—3)2+(z+2)2:16

) (P): x+y-2z-11=0 d) (P): x-2y+2z+5=0
(S):x2+y2+zz+2x—4y—22+2:0 (S):x2+y2+22—6x—4y—8z+13:0
(P):x+2y+2z=0 (P):z-3=0

e 2,2 f 2.2
(9 : X2 +y?+Z —6x+2y—2z+10=0 (9): X% +y? + 72 —6x+2y—162+22=0

Bagi 2. Vieat phoong trinh maét caau (S) cou tadm | vag tiedap xulic voui maét phaung (P) cho troduc:

a) 1(3,-5-2), (P):2x—-y-3z+1=0 b) 11;4;7), (P):6x+6y—7z+42=0
c) 1LL2), (P):x+2y+2z+3=0 d) 1(-2;11), (P): x+2y—-2z+5=0

Bagi 3. Vieat phoong trinh maét phaung (P) tiedp xulic voui maét caau (S) cho tréouc:

a) (9):(x—3)? +(y—1)?+(z+2)? =24 taii M(-13;0)
b) (S): X% +y? + 7 —6x—2y+4z+5=0 taii M(4;3;0)
) (9): (x=12 +(y+3)% +(z—2)* = 49 taii M(7;-15)
d) (S): X2 +y2 +2 —2X—2y—2z—-22 =0 vag song song voui maét phadng 3x—2y+6z+14=0.
e) (9: X2 +y2 +7 —6X+4y+2z-11=0 vag song song voui maét phaung 4x+3z-17=0.
f) (S: X2 +y2 +2 —2X—4y+4z=0vag song song vouimaét phaung x+2y+2z+5=0.
g) (S):x2+y2+22—2x+6y+22+8=0 vag chouanoogng thaung d: x=4t+4, y=3t+1, z=t+1
h) Tieap xuuc voui maét caau ngoaii tiedp tou diean ABCD taii A voui A(6; —2; 3), B(0; 1; 6), C(2;
0; -1), D(4; 1; 0).
i) Tiedp xulic vOUi maét caau: x>+ y* 4 z° —10x4 2y + 26z -113=0 vag song song vOui 2 A6d@ng
X+5 _ y—1= z+13’ d X+7 ) y+1= z—8-

2 -3 2 3 -2 0

Bagi tadp oan: Phoong trinh maét phaing

thaung: d, :

Bagi 1. Cho tou diean ABCD.

e Vieadt phoong trinh cauc maét culia tou diean.

e Vieat ph66ng trinh maét phaung chéua moat cainh vag song song voui cainh foai diean.

e Vieat phoong trinh maét phaung i qua moat fizenh vag song song voui maét noadi diean.

e Viedt phoong trinh maét phaulng i qua cainh AB vag vuoang gouc voui (BCD).

e Vieat phoong trinh maét phadng trung trdic cula cauc cainh téu diean.

e Tim toai Aoa cauc fiieam A’, B, C', D' laan 160it lag cauc Aieam fiodi xdung voui cauc fiieam
A, B,C, D-quacauc maétioadidiean.

¢ Tinh khoaling cauch t6g moat fizenh culia tou diedan nean maét noadi diean.

e Viedt phoong trinh maét caau (S) ngoaii tiedp tou diedn ABCD. Xalc fidonh tadm | vag baun
kinhR  cula (S).

¢ Vieat phoong trinh cauc tieap diedan cuda (S) taii cauc naenh A, B, C, D cula tou diean.

e Vieat phoong trinh cauc tieap diedan cuda (S) song song voui cauc maét cula tou diean.
a) A(513), B(1,6;2), C(5,0;4), D(4,0;6) b) A(1;1,0), B(0;2,1), C(1;0;2), D(1;1;1)
c) A(2,0,0), B(0;4;0), C(0;0;6), D(2;4;6) d) A(2;3,1),B(41-2),C(6;3,7),D(-5;~4;8)
e) A5, 7,-2),B(31-1),C(9,4,-4),D(L50) ) A0;10),B(231),C(-222),D(L-12)

Bagi 2. Cho 2 mp(P), (Q) laan |66it caét 3 truic toai fioa taii fileam: A(1; 0; 0), B(0; 2; 0), C(0; 0; —3) vag

E(=2; 0; 0), F(0; 1; 0), G(O; O; 1).
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a) Tim phoong trinh toang quaut cuda (P) vag (Q).
b) Tinh foa dagi N66@ng cao culia hinh choup O.ABC.
¢) Tinh gouc gioda hai maét phaung (P), (Q).
Bagi 3. Cho boan fiieam: A(1; 1; 1), B(3; 3; 1), C(3; 1; 3) vag D(1; 3; 3).
a) Chéung minh ABCD lag moat tou diedn feau.
b) Tim phoong trinh toang quaut culia calc maét phaung (ABC), (ABD), (ACD), (BCD).
c¢) Tinh gouc gi6da cauc caép maét phaung: (ABC) vag (ABD), (BCD) vag (ACD).

[ IV. PHUONG TRINH DPUONG THANG ]

1. Pho6ong trinh tham sod culia "60@ng thalng
e Phédng trinh tham soa culia id6¢ng thaing d fAi qua Aieam My(X,;Yyi1%). vag cou VTCP

a=(a;a,8a;):

X=X, +at
(d):qy=y,+at (teR)
z=7 +aqt
X— - z—
e Nedu aa,a, #0 thi|(d): aixo = yazyo = 3320 figl phéong trinh chinh taéc cuda d.

2. Vo tri téong foai giooa hai "o6gng thaung
Cho hai f66@ng thaung d, d’cou phéoéng trinh tham sod laan 16061t lag:

X=X, +tqy X=X +t'ay
diqy=y,+ta, vag  d'dy=yj+ta,
z=17,+1a, z=17 +t'a,
a,a cuag phééng
, X t18 =Xy
ed/fd” < hea y, +ta, = y, +t'a, (aé t;t') voinghieén
Z, +ta; =z, +t'a;
a,d cumg phoong a,d@ cumg phdéng - [a,&]=0
Mo(XoiYoi%) 2" | & M,M; khoag cuag phoong || & MoM; | =0
Xy +ta, =X +1t'a
ed=d’ < hedy,+ta,=y,+ta, (aa t,t') cowodsoanghieén
Zy+ta; =z, +t'ay

< a,a,M,M; fioédmo& cuag phdéng

a,a cumg phééng
Mo (%03 ¥o: %) € '

& [aa]=[amm; |=0
Xy +ta = x| +1t'a

ed, d’caét nhau < hed |y, +1a, =Yy, +t'a, (adnt, t’) col Auing modt nghiedm
z, +ta; = 7, +t'a,

8,8 khoag cuag phodng _ [a,8] 0

a,@, M,M;, fioag phatg [a,a].M,M; =0
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a,a khoég cuag phdbng

o Xo tley =X +13
*d, d’cheto nhau = hes Yy, +ta, =y, +t'a, (aé t,t") voaghieén
z, +ta; =z, +t'a;

& a,d,M,M, khoég fioag phatg < [aa].M,M; =0
ed /d < ald < ad=0
3. Vo tri t66ng noadi gioda moat N6ogng thalng vag moat maét phaing

X=X, +ta
Cho maét phauing (a): Ax+By+Cz+D =0 vag idégng thaung d: 1 y=Y, +1a,
=7 +1a
Xeut phdong trinh: Ay +1a)) +B(y, +1a,) +C(z, +1ta;) + D=0 (adn ) (*)
e d//(a) < (*)vod nghiedm
e dcaét(a) < (*) cou Auting modt nghieém
e dc (a) < (*)colvodsod nghiedm
4. Vo tri toong noai giéoa moat N66gng thaing vag modt maét caau
=Xy +1a
Cho fi6égng thaung d: {y =Y, +ta, (1) vag maét caau (S): (X—a)2 +(y—b)2 +(Z—C)2 =R? (2)
=7, +1a,
Ned xeut VTTN culia d vag (S) ta thay (1) vago (2), fiddic moat phédng trinh (*).
e d vag (S) khodng col Aiiedm chung < (*) vod nghiedm <d(l, d)>R
e d tiedp xuuc voui (S) < (*) cou Auting modt nghiedm <dl, d)=R

e d caét (S) taii hai Aiieam phadn biedt <> (*) cou hai nghiedm phadn biedt <> d(l, d) <R
5. Khoaling cauch t6¢ moat fileam fnean moat n66gng thaing (chéong trinh nadng cao)
Cho fn66@ng thaung d fii qua Mo vag cou VTCP & vag fileam M.
MoM.a

d(M,d)J[#

6. Khoaling cauch gioda hai i66@ng thaung cheluo nhau (ch66ng trinh nadng cao)
Cho hai "66@ng thaldng cheuo nhau di vag d>.
d; fii qua fiiedm Mz vag cou VICP a,, d2 fii qua fiiedam M> vag cou VTCP a,

[a.3,] MM,
[3.5,]

Chuu.yu: Khoating cauch giéda hai iddégng thaung cheto nhau di, d2 baeng khoaling cauch giéda d; voui
maét phaung () chéua d2 vag song song véui ds.

7. Khoaling cauch giooa moat f66@ng thaling vag moat maét phaing song song
Khoating catich giéoéa i66@dng thaung d véui maét phaung (o) song song véui noli baeng khoaiing catich
tég modt Aieam M badt ki tredn d fiedn maét phaung ().

8. Gouc giooa hai N6d6@ng thaing
Cho hai fi66gng thaung di, dz laan 166it cou cauc VTCP &,,8,.

d(d,,d,) =

Gouc gibba di, d2 baéng hoaéc bug véui gouc giéda & ,a,.

cos(a, 3, )= B3]
&l Ja|
9. Gouc gioda modat i60@ng thalung vag moat maét phating
Cho fi66gng thaung d cou VTCP a=(a;a,;3;) vag maét phaing (a) cot VTPT n=(AB;C).
Golc gi6oa N66@ng thaung d vag maét phaung («) baeng golc giéda i6d6@ng thaung d voui hinh chiedu
d’culia not treén (o).
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|Aa, + Ba, +Cay|
\/A2+BZ+CZ.\/a12+a§ +a§

sin(d, () =

VAAN NEA 1: Ladp phoong trinh iodgng thalng

Ned laéip ph6éng trinh Aiéé@ng thaing d ta cadn xalc ionh moiit Aieém
thuodic d vag modt VTCP cuiia nou.
Daing 1: d i qua fiiedm M,(X,;Y,:%,) va® col VTCP a=(a;a,;a;):

X=X, +at
(d):qy=y,+at (teR)
z=7 +aqt
Daing 2: d fii qua hai ilieam A, B:
Moiit VTCP cuiia d lag AB.
Daing 3: d fi qua fiiedm M, (x,;Y,:%,) va® song song voui Aidéeng thaung A cho

troouc:
Vid // A nedn VTCP cuiia A cuéng lag VTCP cuiiad.
Daing 4: d fi qua fiedm M,(X,;Y,:%,) va® vuoang gouc voui maét phatng (P) cho
troouc:
Vid _ (P) neén VTPT cuiia (P) cuéng lag VTCP cuia d.
Daing 5: d lag giao tuyean cuiia hai maét phaung (P), (Q):
e Calch 1: Tim modt riieGm vag modét VTCP.
— Tim toai Aiod modit iieam A € d: baeng cauch giaiii hed phééng trinh

{Egg (véui viedic choin giau tro cho modit adn)

— Tim modit VTCP culia d: 3= [ﬁp, ]
e Calch 2: Tim hai hieam A, B thuodic d, roai viedt ph66ng trinh "66@ng thatng
Ai qua hai AieGm fiou.
Daing 6: d fi qua.fiiedm M,(x,;Y,:%,) va® vuoang gouc voui hai i66gng thalng d, d.:
Vid L di, d_Ld>nedn moiit VTCP cuiia d lag: &= [adléd }

Daing 7: d i qua fiieam M, (x,; Y,:Z,) , vUoang gouc vag caét io6ong thailng A.
e Calch 1: Goii H lag hinh chiedu vuodng gouc cuiia My tredn Aié6@ng thaung

HeA
MH L0,
Khi Aot i66@ng thaung d lag iééong thaung hi qua Mo, H.
e Calich 2: Goii (P) lag maét phaung hi qua A vag vuodng golic voui d; (Q) lag
maét phaung ii qua A vag chéua d. Khi ot d = (P) N (Q)
Daing 8: d fii qua fiiedm M,(x,;Y,:%,) va® caét hai iddgng thaling di, da:
e Cauch 1: Goii M1 € di, Mz € d. Tog hieau kiedn M, M1, M thaung hagng ta
tim nééic M1, M. Tog fiou suy ra phéong trinh h66@ng thaung d.
e Cauch 2: Goii (P) = (M,,d)), (Q) = (M,,d,). Khi fiot d = (P) N (Q). Do fiot, modit
VTCP cuila d cor thed choin lag &= fiy, M, |-

Daing 9: d naém trong maét phaung (P) vag caét cali hai N\66@ng thaung d;, da:
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Tim calc giao Aiedm A = d: N (P), B = d> N (P). Khi iol d chinh lag iéé@ng
thaung AB.
Daing 10: d song song voui A vag caét call hai ioo@ng thaling d;, d>:
Viedt ph66ng trinh maét phaung (P) chéua A vag di, maét phatng (Q) chéua
Avag d>.
Khi Aot d = (P) N (Q).
Daing 11: d lag i606@ng vuoang gouc chung cula hai n66¢gng thaung d;, d> chelo
nhau:

e Caiich 1: Goii M € dy, N & dy. Téd Aiedu kiedn {m i 31  ta tim Aééic M, N.
2

Khi fou, d lag n66@ng thatiing MN.

e Catich 2:

—-Vid _divag d _L d> nedn moéit VTCP cuiia d coll thed lag: 3= [édl’adz ]

— Ladp phééng trinh maét phatung (P) chéuad vag di, baéng calich:
+ Lady modt hieam A tredn d.
+ Modit VTPT cuiia (P) cou thed lag: i, = [a, dy ]

— Téong toi ladp phéong trinh maét phaung (Q) chéua d vag d.».
Khi Aot d = (P) N (Q).
Daing 12: d lag hinh chiedu culia N66@ng thaung A ledn maét phaung (P):
e Ladip phéong trinh maét phating (Q) chétia A vag vuodng gouic véui maét
phatng (P) baéng catich:
—Lady M € A.
— Vi (Q) chéiia Avag vuoding goiic véui (P) nedn i, =| &,.f, |.
Khi Aou d = (P) N (Q).
Daing 13: d i qua hieam M, vuoang gouc voui d; vag caét d:
e Cauch 1: Goii N lag giao fiieGm cuiia d vag d.. Tég rieau kiein MN _L d;, ta
tim A66ic N.
Khi hou, d lag n66gng thaung MN.
e Cauch 2:
— Viedt phéong trinh maét phaung (P) qua M vag vuodng golic voui d;.
— Viedt phéong trinh maét phaung (Q) chéua M vag d..
Khi Aou d = (P) N (Q).

Bagi 35. Vieat phoong trinh tham soa cula N66@ng thalng fi qua fiiedam M vag cou VTCP a cho
tréduc:
a) M(L,2,-3), a=(-135) b) M(0,-25),a=(0,14) c¢) M(L3-1),a=(L2-1)
d) M3 -1-3),a=(L-20) e) M(3-25),a=(-204) f) M(43-2),a=(-30,0)
Bagi 36. Vieat phodng trinh tham soa culia N66@ng thaung fii qua hai fiedm A, B cho tréduc:
a) A(23-1),B(1;,2;4) b) A(L-10),B(0;12) c) A(31-5),B(21-1)
d) A(210),B(0;12) e) A(L2-7),B(L24)  f) A(-213),B(42-2)
Bagi 37. Vieat phoong trinh tham soa culla N66gng thaldng Ai qua niedam A vag song song vOui
Aoo@ng thaung A cho troduc:
a) A(3,2;-4), A=0x b) A(2;-5;3), A fii qua M(5;3;2), N(2;1;-2)
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Xx=2-3t
y=3+4t
z=5-2t
X=3+4t
y=2-2t
z=3t-1
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c) A(2,-5;3), 4:

e) A(-3,2), 4:

d) A(4;,-2;2), 4:

f) A(5;2,-3), 4:

X+2 y-5 z-2
2 3

X+3 y-1 z+2
3 4
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Bagi 38. Vieat phoong trinh tham sod culia "66@ng thaung i qua fiiedm A vag vuoang gouc vOui

maét phaung (P) cho troouc:
a) A(-2;4;3), (P):2x—3y+6z+19=0
c) A(3,2:1), (P):2x—5y+4=0

b) A(L-10), (P): cat np toaiio
d) A(2;-3;6), (P):2x-3y+6z+19=0

Bagi 39. Vieat phoong trinh tham soa culia A66@ng thaung lag giao tuyean cula hai maét phaung (P),

(Q) cho troduc:

a) (P):6x+2y+2z+3=0
(Q):3x-5y-2z-1=0

d) (P):2x+y-2z+3=0
Q) :x+y+z-1=0

b) {(P):Zx—3y+32—4:0
(Q):x+2y—-z+3=0
(P):x+z-1=0

° {(Q)iy—2=0

f) {(P) 1 2X+y+7-1=0
(Q): x+z-1=0

) (P):3x+3y—4z+7=0
(Q): x+6y+2z-6=0

Bagi 40. Vieat phoong trinh tham soa culia "66@ng thaung fii qua fieam A vag vuoang gouc voui hai

no6eng thaung di, d» cho tréduc:

x=1+2t x=1-t Xx=1+t
a) A(L0;5), d :qy=3-2t,d, | y=2+t b) A(2,-11),d,:yy=-2+t,d,:
z=1+t z=1-3t z=3
X=1-t x=1 X=—7+3t
c) AL-23),d :qy=-2-2t,d,:qy=-2+t d) A(4L4),d:qy=4-2t ,d,:
z=3-3t z=3+t z=4+3t
x=1+3t X=2t x=t
e) A(2-1-3),d :qy=1+t ,d,i y=-3+4t f) AGL-4),d qy=1-t,d,:qy=
z=-2+2t z=2-t z=-2t

X =

Z=

X=1+3t
y=-2+t
z=3+t

X=1+t
y=-9+2t
z=-12-t
t

1-2t

0

Bagi 41. Vieat phoong trinh tham sod culia-foo@ng thaung i qua fiieam A, vuoang gouc vag caét

A6O6@ng thaung A cho troouc:

X =t

a) A,2,-2), A:qy=1-t
z=2t
X=1+3t

c) A(2,-1-3), A:qy =1+t
Z=-2+2t
x=1-t

e) A(L,-2;3), A:qy=-2-2t
z=3-3t

X=-3+2t
b) A(-4;-2;4),d:qy=1-t
z=-1+4t
X=t
d) AB;L-4),A:qy=1-t
z=-2t
X=1+t
f) A(2,-11), A:qy=-2+t
z=3

Bagi 42. Vieat phoong trinh tham soa culia A66@ng thaung fi qua Aiedm A vag caét call hai A6O@ng

thalng di, d> cho troouc:
x=1+2t x=1-t
a) A(L0;5), d :qy=3-2t,d,:|y=2+t
z=1+t z=1-3t
X=-1+3t X=2+2t
c) A(-4,-53),d,:qy=-3-2t,d,:qy=-1+3t
z=2-t z=1-5t

X=1+t Xx=1+3t
b) A(2,-11),d :yy=-2+t,d,:qy=-2+t
z=3 z=3+t
x=1+3t X=-t
d) A2L-1),dqy=-2+4t,d,:qy=t
z=-3+5t z=2t
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X=2+t X=-4+3t X=-3+3t X=3+2t
e) A(2,3-1),d :yy=1-2t,d,:qy=1+t f) A(3-25),d :\y=1+4t ,d,:(y=1-t
z=1+3t z=-2+3t z2=2+2t z=2-3t

Bagi 43. Vieat phoong trinh tham sod culia A66@ng thalng naém trong maét phaung (P) vag caét call
hai A66@ng thaung di, d> cho tréduc:

(P):y+2z=0 (P):6x+2y+2z+3=0
Xx=2-t X=1+2t x=1-t
) :X—_lzzz—, d, yy=4+2t b) dqy=3-2t,d,:qy=2+t
-1 1 4
z=1 z=1+t z=1-3t
(P):2x-3y+3z-4=0 (P):3x+3y—-4z+7=0
0) X=—7+3t X=1+t d) x=1-t x=1
diqy=4-2t ,d,:qy=-9+2t dqy=-2-2t,d,:qy=-2+t
z=4+3t z=-12-t z=3-3t z=3+t

AN e A A

ag=-i 4315 -2
x+1 y z-1 x-1 y+2 z-2
) 1 2 -1 Ak 1 3
d X-2 y+1 z+3 X+4 y+7 z
x = = dy  ——="—==
3 2 1 5 9 1
A-Xl_y+2 z-2 XL _Y¥3_z-2
1 4 3 32
x—1 +2 71-2 X—2 +2 z-1
4 =y4 K A :y4 "1
X+4 y+7 z 4. - X-7_y-3_z-9
2.—:—=— 2
5 9 1 1 2 -1

Bagi 45. Vieat phodng trinh tham soa cula N66@ng thaung vuoang gouc chung culia hai "No6@ng
thaung chelio nhau ds, d2 cho tréduc:

x=3-2t X=2+3t X=1+2t X=-2+3t
a) d:yy=1+4t ,dyiqy=4-t b) d:qy=-3+t,d,:qy=1+2t
Z2=-2+4t z=1-2t z2=2+3t z=—-4+4t
X=2+2t x=1+t X=2+3t X=-1+2t
c)d:qy=1+t ,d,iyy=3+t d) d:qy=-3-t,d,:qy=1-2t
z=3~-t z=1+2t z=1+2t Z=2+t

Bagi 46. Vieat phoong trinh tham sod cula "66gng thaung d lag hinh chiedu culia i6d@ng thaling A
trean maét phaung (P) cho tréouc:
X+2 y-3 z-1 X=3 y-2 z+2
A. == = b A = =
a) 2 -1 3 ) -1 2 3

(P):2x-y+2z+3=0
A x+1= y—l= z-3

c) 1 2 2
(P):2x-2y+2z-3=0

A:x—2:y+2:z—1

e) 3 4 1
(P):x+2y+3z+4=0

.{5x—4y—2z—5=0

[X+2z-2=0
(P):2x-y+z-1=0

g)

(P):3x+4y-2z+3=0

X y z-1
Al—===—"
A" 21 1

(P):x+y-2z+1=0

A:x—lzy—Z_ z

f) 1 2
(P):2x-y-3z+5=0
h) <7 1x+2z-2=0

(P):x+2y-z-1=0
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Bagi 47. Vieat phoong trinh tham sod culia A66@ng thalng Ai qua filedam A, vuoang gouc voui Aiod@ng
thaung d: vag caét i6o@ng thaung d, cho troduc:

. Xx=1 y-2 z . x=-1

a) A0;L1), dl.—:—:—, d2. y=t
3 1 1 z=1+t

- x-1 y+1 z ) x=2
b) A(Lll),dl.—=—:—, d2. y=1+2t
2 11 z=-1-t

A X+1 y-4 z x-1 y+1 z-3
c) A(—LZ,—B),dl.T—_—z—_—g,dz. 3 "5~
Bagi 48. Cho tou diean ABCD cou A(1; 0; 0), B(0; 1; 0), C(0; 0; 1); D(1; 1; 1). Vieat phodng trinh tham
soa culia cauc A6O@ng thaudng sau:
a) Choua cauc cainh culia tou diedn tou diean ABCD.
b) N66@ng thalng qua C vag vuoang gouc volui mp(ABD).
c) N6dgng thaung qua A vag qua troing tadm cu(ia tam gialic BCD.

X-3 y-6_ z-3

Bagi 49. Cho tam giauc ABC cou A(1; 2; 5) vag hai trung tuyean: (d,): > 5 1

7

(d,): XI4 = y—42 = 212 . Vieadt phodng trinh tham soa cu(ia calic iddgng thalng sau:
a) Choua cauc cainh culia tam giauc ABC.
b) N66@ng phaan giauc trong culia gouc A.
Bagi 50. Cho tam giauc ABC cou A(3;-1-1),B(L;2;-7),C(-5;14;=3). Viedt phoong trinh tham sod cula
cauc N6o@ng thaung sau:
a) Trung tuyedn AM. b) N66@ng cao BH.
c) N66@ng phaan giauc trong BK. d) N&6@ng trung troic culia BC trong AABC.
Bagi 51. Cho boan fileam S(1;2;-1), A3;4;-1),B(%4;1),C(3;2,1) .
a) Chéung minh S.ABC lag moat hinh choup.
b) Viedt phoong trinh tham sod culia cauc 66@ng thaung choua cauc cainh culia hinh choup.
c) Viedt phoong trinh i66@ng vuoang gouc chung culia SA vag BC.
Bagi 52. Cho bodn fieam S(L-2;3), A(2;—-2;3),B(;-13),C(L;-2;5).
a) Choung minh S.ABC lag moat tou diean.
b) Viedt phoong trinh cauc hinh chiedu cula SA, SB trean maét phaung (ABC).

VAAN NEA 2: Vo tri toong fioai gioda hai iooeng thaung

Nedg xeut VITN gié6a hai i6déeng thaiing, ta cou thed séi duing modit trong catic
phobng phaup sau:
e Phéong phaup hinh hoic: Déia vago modi quan hed giéoa cauc VTCP vag
cauc niedm thuodc calic N66ang thatng.
e Phéong phaup iaii sod: Déia vago soa nghiedm cuiia hed phé6ng trinh catic
néégng thaung.

Bagi 53. Xeut vO tri to6ng nodi gioda hai Nd6o@ng thaung di, d2> cho troduc:

a) dlzx__zlzlerZ:Z;A'; d, :{x=-1+ty=-t;z=-2+3t

b) d:{x=5+2ty=1-t;z=5-t;  d,:{x=3+2ty=-3-tz=1-t'
c) dlz{x:2+2t; y=-1+t; z=1, d, :{x:]; y=1+t;, z=3-t
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x-1 y-2 z-3, X=7 _y-6_ z-5

d : ; d
)& 9 6 3 2° 6 4 2
x-1 +5 z-3 X—6 +1 z+3
e)d: SR AL N d,: Yt
2 1 4 3 2 1
Xx-2 'y z+1 X-7 y-2 z
fld :—="—=—+; d:—="—=—
)& 4 -6 -8 2" _6 9 12
) d : X—-2y+2z2-2=0, d. - 2X+y-z+2=0
8 % \oxtry-—22+4=0" 2"\ x—y+22-1=0

LR G L rervescacy

Bagi 54. Choung tol raéng cauc caép A6O6@ng thaung sau fiady cheuo nhau. Vieat phodng trinh
No6@ng vuoang gouc chung culia chuung:
a) d :{x=1-2ty=3+tz=-2-3t; d,: {x=2t"y=1+t",z=3-2t'
b) dl:{x=1+2t;y:2—2t;z=—t; d, :{x:2t';y:5—3t';z=4
c) d:{x=3-2ty=1+4t;z=4t-2, d,: {x=2+3ty=4-t"z=1-2t"

Xx-2 y+1 z X y-1 z+1
d —=—=d, i ===—=—
) 3 2 2°%'1 2 4
z

g)d : X—2y+2z-2=0, d. . 2X+y—-z+2=0
1 2x+y—-2z+4=0’ 211 x-y+2z-1=0

Bagi 55. Tim giao fiieam cula hai "66@ng thalng d: vag d>:

a) dl:{x=3t;y:1—2t;z:3+t; dz:{x=1+t';y:2t';z:4+t'
b) dl{;(;:/;ffj;o dyi{x=1+t;y=-2+tz=3-t
X=-2y-2z2-4=0;. JXx-z2-2=0
) d1'{2x+y+z+6=0’ d2'{y+22+7=0
d) d : 2X+y+1=0 d. - 3X+y—-z+3=0
' x-y#2z-1=0 27 12x-y+1=0

Bagi 56. Tim_m fiea hai-Aidcd6@ng thaung d: vag d» caét nhau. Khi fiou tim toai fiod giao filedm cula

chuung:

a) dl:{x=1+nt;y:t;z=—1+2t; d2:{x:l—t';y:2+2t';z:3—t'

b)d, :{x=1-ty=3+2t;z=m+t;  d,:{x=2+ty=1+tz=2-3t"
12X+y—-z—-4=0, L X+2y+mz—3=0

c) dl'{x+y—3:0 ’ d2'{2x+y+z—6:0

VAAN NEA 3: Vo tri toong foai gioda noogng thalng vag maét phating

Ned xeut VTTN giéoa iéé@ng thatng vag maét phatng, ta cou thed séi duing modit
trong cauc phoong phaup sau:
® Phébéng phaup hinh hoic: Déia vago modi quan hed giéoa VTCP cuiia h66@8ng
thaung vag VTPT cuiila maét phatng.
e Phoong phaup naii sod: Déia vago sod nghiedm cuiia hed phéong trinh
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| n6é@ng thaung vag maét phaing. |

Bagi 1. XeUt vO tri t0Ong foai gioGa Noo@ng thaung d vag maét phaung (P). Tim giao fiieam (nedu
cou) culia chuung:

a) d:{x=2ty=1-t;z=3+t; (P): x+y+z-10=0
b) d:{x=3t-2,y=1-4t;z=4t-5; (P):4x—3y—6z-5=0
x=12 y-9 z-1

c)d ; P):3x+5y—-z-2=0
) 2 3 1 (P) y
d) d:X+11=y—_3=E; (P):3x—3y+2z-5=0
2 4 3
x-13 y-1 z-4

e) d: = = ; P):x+2y-4z+1=0
) 5 5 3 (P) y

. J3X+5y+7z+16=0, By o A
f)d'{ZX—y+z—6=O ; (P):5x-z-4=0

.]2x+3y+6z-10=0, ) _
g) d'{x+y+z+5:0 ; (P):y+4z+17=0
Bagi 2. Cho n606@ng thaung d vag maét phaung (P). Tim m, n fiea:
i) d caét (P). ii)d// (P). iii)d L (P). iv)dc (P).
a) d:x—lz y+2 :z+3
m 2m-1 2
X+1 y-3 z-1,
) m m-2
0 d,{C*’,x—2y+z+3:0 )

; (P):x+3y—-2z-5=0

b) d

(P): x+3y+2z-5=0

(P):2x=y+(mMm+3)z—2=0

4x-3y+4z+2=0’
d) d:{x:3+4t; y=1-4t; z=-3+t; (P):(Mm-1)x+2y—4z+n-9=0
e)d:{x:3+2t;y:5—3t;z:2—2t; (P):(m+2)x+(n+3)y+3z-5=0
Bagi 3. Cho n606@ng thaung d vag maét phatng (P). Tim m, n fea:
a) d:{x:m+t;y:2—t;z=3t cit (P):2x—y+z-5=0 taii fiiedm coll tung fiod baéng 3.
b) {;;gg;g’:g caét(P):2x+y+2z-2m=0 taii iiedm cou cao fiod baeng —-1.

c) d :{;(;_2%/2__3;_00 cit (P): x+y+z+m=0

VAAN NEA 4: Vo tri to6ng fioai gioda ioogng thaling vag maét caau
Ned xeut VITN giéoa iéé@ng thatng vag maét cadu ta cou thed séi duing catic
phdéong phaup sau:
e Phéong phaup hinh hoic: Déia vago khoaiing cauch tég tadm maét caau
nedn "66@ng thatung vag baun kinh.

e Phoong phaup naii sod: Déia vago sod nghiedm cuiia hed phéong trinh
néé@ng thaung vag maét caau.

Bagi 1. XeUt vO tri to6ng fiodi gioGa N66@ng thaung d vag maét caau (S). Tim giao fiieam (nedu cou)
culia chuung:

a)d:==2-=""=: (S): X% +y? + 72 —2x+4z+1=0

b) d:{2x+y—z:1:0; (9:(x-1)?+(y-2)%*+2 =16
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c) :{i;i{;i_olzo; (9): X% +y? + 7% —2x+2y-14=0

d) d:{x—Zy—z—l:O; (9):x%+y?+2% +4x—-2y—-10z-8=0
X+y+2=0

e) d:{x:—2—t;y:t;z:3—t; (S):x2+y2+22—2x—4y+22—2:0

f) d:{x:l—Zt;y:2+t;z:3+t; (S):x2+y2+22—2x—4y+6z—2:0

g) d:{x=1-tyy=2-t;z=4; (9):x?+y>+ 22 —2x—4y+62-2=0

AN e A

a) 1(;-22); d:{x:1+4t;y:3—2t;z:4t—2
b) IL2-1);  d:{x=1-ty=2z=2t

c) 1(4;,2;,-1); d: = =

2 1 2
x-1 vy z-2
) 152-1) > "1" 3

e) 1(1;2;-1); d:{z_1=O -

Bagi 3. Cho tou diean ABCD. Viedt phoong trinh maét caau tiedp xuuc voui cauc cainh cula tou
diean, voui:
a) A(1;1; 1), B(3; 3; 1), C(3; 1; 3), D(1; 3; 3).
b) A(1; 0; 2), B(2; —1; 1), C(0; 2; 1), D(-1; 3; 0).
c)A(3;2;1),B(1;-2; 1), C(-2; 2;-2), D(1; 1;-1).
d) A(1; 0; 11), B(0; 1; 10), C(1; 1; 8), D(-3; 1; 2).
VAAN NEA 5: Khoaiing cauch
1. Khoaiing calich tég hieGm M fiedn Ai66dng thating d
e Catich 1: Cho iéé@ng thaung d ii'qua Mo vag cou VTCP a.

[
dM,d)=——7—=
E
e Calich 2: — Tim hinh chiedu vuoéng gouic H culia M tredn idéégng thaung d.
—d(M,d) = MH.

e Cauch 3: — Goii N(x; y; z) &€d.-Tinh MN? theo t (t tham sod trong phé6ng trinh fiéégng thatng d).
— Tim t Aieé MN? nhod nhadt.
— Khi fiots N =H. Do fiou d(M,d) = MH.
2. Khoaiing cauch giéoa hai Aidé@ng thatung cheto nhau
Cho hai nd6b6@ng thaung chetio nhau d1 vag d,.
d1 Aii qua fiiledm My vag cou VTCP &, d; fii qua fiiedm M; vag col VTCP &,

[a.5,] MM,
[a.5,]

Chuu yu: Khoaing cauch giéda hai iddégng thaung cheto nhau di, d2 baéng khoaling cauch giéda d; voui
maét phaung (¢ chéua d» vag song song voui d.
3. Khoaiing cauch giééa hai "66@ng thating song song baéng khoalng catich tég modt fAiedm thuodc
A66@ng thaung nagy fiedn A66@ng thaung kia.
4. Khoaiing calich giooa modit "66@ng thaung vag modt maét phaiung song song
Khoaiing calich gi6oa i66@ng thaung d voui maét phatung () song song voui
nol baéng khoaiing calich té6g modt iiedm M badt ki tredn d iedn maét phaing (a).

d(d,,d,) =

Bagi 1. Tinh khoa(ing calich t6g fiieam A fiedn N6O@Nng thalng d:
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x=1-4t X=2+2t
a) A(2;31),d:qy=2+2t b) A(;2;-6),d:qy=1-t
z=4t-1 z=t-3
X — y-1 z +2 _y- 1 z+1
c) AL00),d:—=—=== ) A(2;3,1),d:
) AL0;0), 1 > "1 (231),d:— >
X+2 _y- l z+1 . x+y-2z-1=0
e) AL-11),d: > i f) A2;3; 1)’d'{x+3y+22+2=0

Bagi 2. Choung minh hal No6@ng thaldng di, d> cheuo nhau. Tinh khoaling cauch gi6da chuung:
a) d:{x=1-2ty=3+tz=-2-3t; d,:{x=2ty=1+t,z=3-2t"

b) d,:{x=1+2t;y=2-2t;z=—t; d,:{x=2ty=5-3t"z=4

) d:{x=3-2ty=1+4t;z=4t-2;, d,:{x=2+3ty=4-t"z=1-2t"
X—2 y+l z x y-1 z+1

Vi 2 2 2’1 2 4
X— 7 _y- 3 z-9 x-3 y-1 z-1

e ; d,: = =

) 2 -1 27 2 3
x2ylz3 x-3 y+1 z-1

f d,: = =

) 1 -2 22 2 1

) d X—2y+2z2-2=0, d. - 2X+y—-z+2=0

81 %\ oxsy-2244-0’ 2"\ x—y+22-1=0

Bagi 3. Choung minh hai n66@ng thaung di, d> song song voui‘nhau. Tinh khoaling cauch gi6da

chuung:

a) d :{x=3+2t, y=4+3t, z=2+t; d,:{X=4+4t, y=5+6t, z=3+2t
X— 1 +2 z-3 X+2 -3 z+1

b) d: ==Y ; (R WS

—6 8 -3 9 -12

X— 3 _y- 1 z+2_ X+1 y+5 z-1

o) & 1 3 YT TG
J2x+2y-2z-10=0, X+7 _y-5_z-9

O|)dl'{x—y—z—22=0 ’ & 3 -1 4

Bagi 4. Choung minh fid6@ng thaung d song song voui maét phaung (P). Tinh khoalng cauch gitda

chuung:

a) d:{x=3t<2,y=1-4t;z=4t-5, (P):4x—3y-62-5=0

b) d: {x 1-2t;y=t;z=2+2t; (P):x+z+8=0
X=Yy+27+1=0, oy _
{2x+y—z—3:0’ (P):2x-2y+4z+5=0

3X=2y+z+3=0
d) d: : P):2x—-y-2z-2=0
) {4x—3y+4z+2=0 (®) y
VAAN NEA 6: Moit soa vaan fiea khatc
1. Viedt ph6éng trinh maét phaung
e Daing 1: Maét phatng (P) fii qua fAiedm A vag iéégng thaung d:
— Tredn Aé6@ng thaung d lady hai fiieém B, C.
— Modt VTPT cuda (P) lag: fi=| AB,AC .
e Daing 2: Maét phatng (P) ch6ua hai idb@ng thaung song song di, da:
— Xauc Aonh VTCP & cula d: (hoaéc d>).
— Tredn d1 lady fiiedm A, tredn d> lady Aieam B. Suy ra A, B € (P).
— Mot VTPT cuda (P) lag: fi=| &, AB .
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e Daing 3: Maét phatng (P) chéua hai idégng thaung caét nhau di, d>:
— Lady fiedm A € d; (hoaéc A €dz) = A < (P).
— Xauc Adnh VTCP & cuda di, b cuiia do.
— Modt VTPT cuda (P) lag: fi=[4,b].
e Daing 4: Maét phatng (P) chéua ié6@ng thaung d; vag song song voui
n66@ng thaung d- (di, d2 chetio nhau):
— Xatic Aidnh catic VTCP &a,b culia catic iéé@ng thaung d, d-.
— Moiit VTPT cuiia (P) lag: ri=[3,b].
- Lady modt Aieadm M thuodc d; = M € (P).
e Daing 5: Maét phaung (P) ii qua riedm M vag song song voui hai h66@ng
thatng cheuo nhau d;, dJ:
— Xatic Adnh catc VTCP &a,b culia catic i6é@ng thaung di, da.
— Modt VTPT cuda (P) lag: fi=[4,b].
2. Xauc nonh hinh chiedu H cuiia modt hieam M ledn i66@ng thatng d
e Calich 1: — Viedt ph6éng trinh maét phaing (P) qua M vag vuodng gouc véui d.
—Khi fiot: H=d n (P)
Hed
MH 1 &,
3. Niedm fodi xéung M' cuiia modt Aiedm M qua i66@ng thatng d
e Cauch 1: — Tim fAiedm H lag hinh chiedu cuda M trednd.
— Xauc fionh fieGm M’sao cho H lag trung fiieam cuda fioain MM,
e Cauich 2: — Goii H lag trung fiedm cuda fioain' MM . Tinh toai fiod Aiedm H theo toai Aod cudia M, M.
MM’ L &,
Hed

e Cauich 2: Niedm H Aédic xatic Aionh bodi: {

— Khi fiot toai Aiod culia fiieam M’ fiddic xauc fionh bodi: {

4. Xdc dinh hinh chiedu H cuiia modtfiieam M leGn maét phatng (P)
e Calich 1: — Viedt phédéng trinh ié@ng thaung d qua M vag vuodng gouc véui (P).
— Khi fiotu: H=d ~ (P)
e Calich 2: Niedm H fidéic xatic fionh béi: {E(P) »
MH, n cumg phééng
5. Niedm fAodi x6ing M’ culia moéit Aiedm M qua maét phating (P)
e Calich 1: =Tim fiieam H lag hinh chiedu cuiia M tredn (P).
— Xauc fionh fiieGm M ’sao cho H lag trung fiiedm cuda fioain MM,
e Catich 2: — Goii H lag trung fiedm cuda fioain MM, Tinh toai fiod fiieGm H theo toai fiod cudia M, M.
He(P)

— Khi.fiou toai fiod culia fiieaGm M’ fiddic xauc fionh bodi: .
MH, n cumg phééng

Bagi 1. Vieat phoong trinh cula maét phaung (P) iii qua fileam A vag n6o@ng thaung d-

X=4+2t X=2-t
a) A(2;,-3;1), d:qy=2-3t b) AL 4;-3), d:qy=-1+2t
z=3+t z=1-3t

x=1 y+2 z-5

c) A(4-23), d: X48_yr2_zd

d) A2;-L5), d

3 4 2 2 1 3
T ) X=y+2z-1=0 Py . X+3y-2z+1=0
€) A=254), d'{x+2y+22+5:0 f AG-24) CI'{2x—y+z—3:0

Bagi 2. Vieat phodng trinh cuia maét phaung (P) i qua hai "66@ng thaung song song di, dz:
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a)dli{x=2+3t;y=4+2t;z=t_1; d2:X+2_y—l_z+3

3 2 1
b) d,: X— 1 y+3 z—2’ dz:x+2:y—1:z—4
3 4 2 3 4
X— 1 +2 z-3 X+2 -3 z+1
o) d: ==Y ; d,: _Ys
) 8 -3 9 12
d) d,: X— 3 _y- 1 z+21 d2:X+1:y+5:Z_1
1 3 4 2 6
Bagi 3. Vieat phééng trinh cula maét phaung (P) fii qua hai N06@ng thaung caét nhau di, dz:
a) d:{x=3ty=1-2t;z=3+t; d, :{x=1+ty=2t"z=4+t"
X+y+z+3=0. SV B
b) d, : {ZX y+1-0 d,:{x=1+t;y=-2+t;z=3-t
 JX=2y-2-4=0, .JX=2z-2=0
C)dl'{2x+y+z+6=0’ dz'{y+22+7=0
d) d 2X+y+1=0 . d. - 3X+y-z+3=0
1 x— y+z-1=0’ 2712x-y+1=0

Bagi 4. Cho hai i66@ng thalng chelo nhau ds, d,. Vieat phoong trinh maét phaldng (P) chéua d; vag
song song voui dz:
a) dl:{x:1—2t;y:3+t;z=—2—3t; d, :{X:Zt';y:1+t';z=3—2t'
b) d,:{x=1+2ty=2-2t;z=—t; d,: {x=2t";y=5-3t,z2=4
c) dlz{x:3—2t'y:1+4t;z:4t—2; d, :{x:2+3t';y=4—t';z:1—2t'

X—2 y+1 z X y-1 z+1
d =—;d,:—=—-=—+
R N T A Ry
X— 7 _y- 3 z—9_ Xx=-3 y-1 z-1
e 2 - % F T
X— 2 _y- 1 z-3 X-3 y+1 z-1
) 1 272 2. 2 1
) d X—2y+2z2—-2=0;, d. - 2X+y-z+2=0
81 %\ oxsy-2z44=0’ 2"\ x—y+22-1=0

Bagi 5. Tim toai noa hinh chiedu H culia Aiedm M tredn no6@ng thaung d vag niedm M’ fodi xoung
voui M qua noogng thaung d:

X=2+2t x=1-4t
a) M(,2,-6), . d:qy=1-t b) M(2;3;1), d:qy=2+2t
z=t-3 z=4t-1
X =2t X=2-t
c) M(2,1,-3), d:qy=1-t d MZ2;,-1), d:qy=1+2t
z=-1+2t z=3t
x-1 y+2 z-2 x+1 y+2 z-3
MZ2,-1), d: = = f) M(2;5;2), d: = =
e) M 2-1) > 1 > ) M(2;5,2) I
e JX=2y-z=0 e Jy+z-4=0
g) M(2;1,-3), d'{2x+y—z—5=0 h) M(2;1;,-3), d'{ZX—y—z+2=O

Bagi 6. Tim toai iod hinh chiedu H culia Aiedm M tredn maét phaung (P) vag fiiedm M’ foadi xoung
voui M qua maét phaung (P):
a) (P):2x-y+2z-6=0, M(2;-3;5) b) (P):x+y+5z-14=0, M(L—4;-2)
c) (P):6x—2y+3z+12=0, M(3;1-2) d) (P):2x-4y+4z+3=0, M(2;-3;4)
e) (P):x-y+z-4=0, M(2,5-1) ) (P):3x-y+z-2=0, M(L 2;4)
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BA@I TAAP OAN PHOONG TRINH NOO@NG THAUNG

Bagi 1. Tim trean truic Ox fieam M cauch neau 66@ng thaling A :XT_l = % = # vag maét phalng
(a):2x—y—-2z=0.

Bagi 2. Cho 2 fiieam A(1; 0; 0) vag B(0; 2; 0). Vieat phoong trinh culia mp («) qua AB vag taio voui
mp(Oxy) moit golic 60°.

Bagi 3. Vieat phoong trinh culia N66png thaung (d) qua A(3; —1; 1) naem trong mp(a): x—-y+z—-5=
0 vag hoip voui No6png thalngA : % = %2 = % modat gouc 45°.

Bagi 4. Goii () lag maét phaung qua A(2; 0; 1) vag B(—2; 0; 5) vag hoip voui mp(Oxz) moat gouc

45°, Tinh khoaling cauich tég O fiedn mp («).

X=17+3t
. . . s n , -1 2 - N
Bagi 5. Chéung minh raeng 2 fiddgng thadng A, : X—2_ y+3 _Z > vag A,:4y =2+2t cugng naem
z=-1-3t

trong moat maét phaung. Vieat phoong trinh maét phadng aady.
X+l y-2 z-2
2 2
a) Choung minh raeng f66@ng thaung d vag nod@ng thaung AB cugng thuodc modt maét
phaung.
b) Tim fliedm | thuoac d sao cho IA + IB nho( nhadt.
Bagi 7. Trong khoang gian Oxyz cho 4 iieam A(1; 2; 3), B(—2; 1; 0), C(-1; 0; 2), D(0; 2; 3).
1) Choéung minh ABCD lag moat tou diedn. Tinh thea tich tou diedn fiou.
2) Tim flieam M sao cho : MA+2MB-2MC +3MD =0.
3) Xauc Aonh toai foa troing tadm toU.diean ABCD.
4) Vieat phodng trinh maét phadng trung troic culia cauc fioain thaung AB, AC, BC.
5) Viedt phoong trinh maét phaung i qua A vag vuoang gouc voui truic Oz.
6) Vieat phodng trinh maét phaung fi qua A vag B vag vuoang gouc vOui maét phalng
2x+3y—2z=0.

Bagi 6. Cho hai inieam A(1; 2; 1), B(7; —2; 3) vag i66@ng thadng d:

7) Vieadt phoong trinh.maét phaung i qua A vag vuoang gouc voui 2 maét phaung 2x + 3y —z =
0,

x+2y—3z2 =0.
8) Viedt phdong trinh maét phaung i qua A vag chaén cauc noda truic déong Ox, Oy, Oz laan
|661t taii cauc fileam'1, J, K sao cho thed tich tou diedn OlJK nho( nhaat.
9) Viedt phoong trinh maét phaudng fii qua A vag chaén cauc néda truic doong Ox, Oy, Oz laan
|66it taii cauc Aieam |, J, K sao cho Ol + OJ + OK nho( nhaat.
10) Vieat phodng trinh maét phalung i qua C, song song voui truic Oy vag vuoang gouc voui
maét phaung x+2y—-3z=0.
11) Vieat phoong trinh maét phaung Ai qua A vag qua giao tuyedn culia hai maét phaung :

(P):x+y+z-4=0,(Q):3x—-y+z—-1=0.

Xx-1 y-3 z+1
4 27
X+2 y+1 z-1
2

12) Vieat phodng trinh maét phaung fii qua A vag choua no6gng thaung :

13) Tigm fiedm A’ foai xdung voui fiedm A qua Noo6@ng thaung d: vag tinh

. . . A . .JX+y-3z+3 =0
khoalng cauch tog A nean f66@ng thaung d'{ZX—y—32+1: 0
14) Tim trean truic Oz fiiedm M cauch fieau niedm A vag maét phadng (P): x+ 3y + 2 =0.

15) Viedt phoong trinh Ado@ng thaung qua A, song song voui maét phaudng (P): x-y—-z-4=0
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x+1 y-3 z-1

vag vuoang gouc voui noogng thalng A:

1 3
16) Vieat phobng trinh no6png thaung qua A vuoang gouc vag caét Nnodeng thaung:
X_Y_ z+3.
2 4
17) Tim fiieam P thuodc maét phaung (P): 2x — 3y —z +2 = 0 sao cho PA+PB nho( nhaat.
18) Choung minh raéng f6o6@ng thaung AB vag idd@ng thaung d :§=yT_3 =%1 cugng thuoac
moat maét phaung. Tim fileam N thuodc d sao cho NA + NB nho( nhaat.
19) Vieat ph6ong trinh A66@ng thalng qua A, vuoang gouc voui Ado@ng thaung: XT_?’ :yT—l zf

e A . X+y-z+2 =0
vag caét iod@ng thaldng: {ZX—yy+ S 1-0°
20) Viedt phoong trinh hinh chiedu culia N66@gng thauing AB ledn maét phaung (P): x+3y—z=0.
21) Tinh gouc taio b6oi i6o@ng thaung AB voui maét phaung (BCD).
22) G lag troing tadm AABC, G’ lag moat filedam baat kyg thuoadc maét phaung (P): 2x — 3y + z +3
= 0. Chéung minh raeng: G'A?+G'B? +G'C? nhoi nhaat khi vag cha khi G' lag hinh chieéu
culia G lean (P). Tim toai noa fieam G’.
23) Ladp ph6ong trinh maét caau i qua A, B, C vag coll tadm thuodc mp(Oxy)
24) Ladp phdong trinh tiedp diedn culia maét cadu (S): x° +y2 +7 —6Xx—2y+4z+5=0 taii B.
25) Ladp phoong trinh maét phaung qua A vag tiedp xuuc véui maét caau (S) colu phoodng trinh:
x2+y2+22—4x+2y—62+5=0.
26) Ladp phodng trinh maét caau ngoaii tiedp téu diean ABCD.



