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GVLT:Pao Phuwong Thio Ham Sé Va Ung Dung Pao Ham

CUC TRI HAM SO
1. Dinh nghia
Gia sirham s6 f xdc dinh trén tap K va x, € K. Ta noi:
o X, ladiém cyc tiéu cia ham s6 f néu tdn tai mot khoang (a;b) chira X, sao cho (a;b)<c Kva
f(x)> f (%), vxe(ab)\{x}.Khidé f(X,) dugc goi la gia tri cwc tiéu ciiaham s6 f .

X, 1a diém cye dai cua ham s f néu ton tai mot khoang (a;b) chira X, sao cho, (a;b)E K va
f(x)< f(%),vxe(ab)\{x,}.Khidé f(X,) dugc goi la gia tri cwe dai cia ham s6'f .
e Diém cyc dai va diém cyc tiéu goi chung la diém cuec tri.
e Giatri cuc dai va gia tri cuc tiéu goi chung la cuc tri.
 Diém cyc dai va diém cuc tieu dugc goi chung la diém cyc tri cia ham,so va diem cuc tri phai la
mot diém trong tap hop K.
e Giatri cuc dai va gia tri cuc tiéu dugc goi chung la gia tri cucdri (hay.cuc tri) cia ham so.
e Néu X, la diém cuc tri ctia ham s6 thi diém (xo; f (xo)) dugc goinla diém cuc tri cia do thi ham
s6 f.
* Nhan xét:
e Gid tri cyc dai (cuc tieu) f (x,)ndi chung khong'phaiyla gia tri I6n nhat (nho nhat) cua ham sé
f tréntap D; f(x,) chi la gid tri I6n nhat (Nhg"nhat)icua ham sé f trén mot khoang (a;b) nao
do6 chira x,hay n6i cach khac khi x, diém cueidain( cuc tiéu) s& ton tai khoang (a;b) chira X, sao
cho f(x,)lagiatri I6n nhat (nho nhat) cia ham'so f trén khoang (a;b).
e Ham sé f co thé dat cuc dai hodc cuc'tiéu tai nhiéu diém trén tap K. Ham sé c6 thé khdng c6
cuc tri trén mat tap cho truage:
2. Piéu kién can dé ham so dat cue tri
Dinh li 1:
Gid str ham s6 y = f (x)daticuc tri tai diém X,. Khi do, néu y = f (x) c6 dao ham tai diém X, thi
f'(x%,)=0.

cha y:
e Dao ham f'(X) c6 thé bang 0 tai diém X, nhung ham s6 f khong dat cyc tri tai diém X -
e HAM'$6.co'thé dat cyc tri tai mot diém ma tai ¢ ham sé khong co dao ham.
o “Han s6 ¢hi co thé dat cuc tri tai mot diém ma tai d6 dao ham cua ham sb bang 0 hoic tai d6 ham
s6 khong co dao ham.
3:Pidu kién du dé ham sé dat cuec tri
Dinh li 2:
Gia st ham s6 f dat cuc tri tai diém X,. Khi d6, néu ham s6 f c6 dao ham tai diém X, thi
f'(x)=0.
e Néu trén khoang (X, —h;x,) va f'(x)<0 trén khoang (x,;X, +h) thi X, 1a mot diém cuc dai
ciiahamsé f (x).
e Néu f’(x)<0 trén khoang (X, —h;x,) va f'(x)>0 trén khoang (x,; X%, +h) thi X, 1a mot diém
cuc tieu ciia ham so f (x).
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4. Quy tic tim cyc tri
Quy tic 1:
e Buoéc 1: Tim tap xac dinh. Tim f'(x).
e Budc 2: Tim céc diem X, (i=12;...) ma tai d6 dao ham ciia ham sé bang 0 hogdc ham sé lién tuc
nhung khong c6 dao ham.
e Budc 3: Lap bang bién thién hogc bang xét dau f'(x). Néu f'(x) déi ddu khi di qua x; thi ham
s6 dat cyc tri tai X .
Dinh li 3:
Gid str y = f (X) c6 dao ham cép 2 trong khoang (X, —h; X, +h) véi h> 0. Khi dé:
e Néu f'(x,)=0, f"(x))<0 thihamso f dat cyc dai tai X,.
e Néu f'(x))=0, f"(x,)>0 thihamsé f dat cuc tieu tai X,.

Tw dinh li trén, ta co mot quy tic khéc d@é tim cuc tri cia ham sé
Quy tac 2:
e Buoéc 1: Tim tap xac dinh. Tim f'(x).

e Budc 2: Tim cac nghiém x; (i =12;...) cua phuong trinh f/(%)=0.
e Buoc3: Tinh f"(x) vatinh f"(x).
+ Néu f"(x)<O0 thihamsd f dat cyc dai tai diém x;.

+ Néu f”(x)>0 thihamsé f dat cuc ticu tai'diem x;.

MOT SO DANG TOAN LIEN QUAN PEN CUCTRI HAM SO
1. Cuc tri ciia ham da thirc bac ba y = ax® +bx%+cx +d.
1.1. Tim diéu ki¢n dé ham sb c6 cue dai, cue tiéu théa man hoanh d§ cho trude

Bai to4n téng quat:
Cho ham s6 y = f (x;m)=ax’ + bx*+ cx+d< Tim tham s6 m dé ham sé c6 cuc dai, cyc tiéu tai

X, X, thoa man diéu kién K chotrude?
Phwong phdp:
e Buocl.
* Tap xac dinhy D=0,
+ Pao ham: y’ '=3ax’ +2bx+c = Ax* +Bx+C
e Buoc 2,: i
Ham so6 c6'cuC tri"(hay €6 hai cuc tri, hai cuc tri phan biét hay c6 cuc dai va cuc tiéu)
< y' =0 c6hai'nghiém phan biét va y’ doi dau qua 2 nghiém d6
< phueng trinh y'=0 c0 hai nghiém phan biét

A=3a%0 az0
< ) ) SS9, =>meD.,.
Ay =B"—4AC =4b"-12ac >0 b*-3ac>0
e Buoc 3.
Goi X, X, la hai nghi¢m cta phuong trinh y’ =0.
B 2b
Xl + X2 = —X = —3—
Khi do: a
X1 X, = E — i
A 3a
e Buoc4.
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Bién doi diéu kién K vé dang tong S vatich P . Tir d6 giai ra tim dugc me D,.
e Buoc5:
Két luan céac gia tri m thoa mén: m= D, N D,.
* Chu y: Ham sé bac ba: y =ax® +bx* +cx+d (a=0).

Taco: y'=3ax’+2bx+c.

Piéu kién Két ludn
b?-3ac<0 Ham s6 khong c6 cuc tri.
b? —3ac >0 Ham s ¢6 hai diém cuc tri.

> Diéu kign dé ham sé c6 cuc tri cung dau, trai dau.
= Ham s ¢6 2 cuc tri trai ddu
< phuong trinh y'=0 c6 hai nghiém phan biét trai dau
& AC=3ac<0«<ac<0.
= Ham sé c6 hai cuc tri cung ddu
< phuong trinh y' =0 ¢6 hai nghiém phan biét cung dau
A, >0

< C
P:xl.xzzz>0

» Ham sé c6 hai cuc tri cung ddu duong
< phuong trinh y'=0 c¢0 hai nghiém duong phan biét

P:xl.x2=%>0

»  Ham sé c6 hai cuc tri ciing ddu.am
< phuong trinh y' =0 c6hai nghiém &m phan biét

P=x1.x2=%>0

> Tim diéuKign dé ham sé co hai cuc tri X, X, théa man:
X < @<X,
X <X, <o
a<¥ <X
* Haicuctri X,X, thbaman X, <a <X,
S(x—a)(x,—a)<0e XX —a(Xx+X%,)+a’ <0
= Haicuctri X,X, thbaman X, <X, <«
—a)(x,—a)>0 X, —a (X +X%,)+a’ >0
Q{E:lxz )<(2; | ®{2+2x2<(22 !
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* Haicuctri X,X, thbaman a <X <X,
—a)(x,—a)>0 X, — +X,)+a’>0
- (x—a)(x,-a) - XX, —a (X +%)+a
X, +X, >2a X, +X, >2a
= Phuong trinh bac 3 ¢6 3 nghiém lap thanh cip sé cong

khi ¢6 1 nghiém lax :;—b , €6 3 nghiém lap thanh cap sé nhan khi c6 1 nghiém la x = _i/g :
a a

1.2. Tim diéu Kién dé do thi ham sb c6 cac diém cwe dai, cuc tiéu nim cuing phia, khac phia so,véi
méot dwong thang

Vi tri twong déi gidta 2 diém véi dwong thang:
Cho 2 diém A(X,; Y, ), B(Xs; ;) Va dudng thang A:ax+by+c=0.

Néu (ax, +by, +¢)(ax; +bys +¢) <0 thi hai diém A, B nam vé
hai phia so véi duong thang A.
Néu (ax, +by, +¢)(ax; +by, +¢)>0 thi hai diém A, B nam cung
phia so véi duong thang A.
Mét sé truong hop ddc biét:
e (Cac diém cuc tri cua do thi nam cung vé I phia doi voi truc Oy
<> ham s6 ¢0 2 cuc tri cung dau
< phuong trinh y'=0 ¢ hai nghiém phén biét cung dau
e Céc diém cuc tri cia do thi nam ciing vé 2 phia dbivdirtruc Oy
< ham so ¢0 2 cuec tri trai dau
< phuong trinh y'=0 c0 hai nghi¢m trai dau
e Céc diém cuc tri cia do thi nam ciing,vé I phiadoivgi truc Ox
< phuong trinh y'=0 c06 hai nghiém phén biét va y. .y.; >0
Dac biét:
e Cac diém cuc tri cha do thi nam clng vé phia trén doi vdi truc Ox
Yo Yer >0
Yoo +Yer >0
e Céc diém cuc tri ctia ddythi nAm cuing Vé phia duwdi déi Véi truc Ox
yC 'yCT >O
yC + yCT < O
e Céc diém cuc triscia’dd thi nim vé 2 phia déi véi truc Ox
< phuongtrinh y'=0 c6 hai nghiém phan biétva y.. .y.; <0
(ap dung khikhong nham dwoc nghiém va viét dieoc phwong trinh dwong thang di qua hai diém cuc
tri cua dothi‘ham so)
Hodgc: Cac'diem.cuc tri cua do thi nam vé 2 phia doi véi truc OX
< d0 thi cat truc Ox tai 3 diém phan biét
< phuong trinh hoanh d6 giao diém f (X) =0 ¢6 3 nghiém phan biét (ap dung khi nhdm duroc
nghiém)

< phuong trinh y'=0 t6hai'nghiém phan biét va {

< phuong trinh Y= 0 c¢6 hai nghiém phan biét va {

1.3. Phwong trinh dwong thiang qua cac diém cuc tri

2 ! " i} "
Q(X)Z[%—%jx+d—g hoac g(x):y—){;;. hoac g(x):y_é;’"

1.4. Khoing céch giira hai diém cuc tri ciia 6 thi ham sé bac 3 1a
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3 2
AB — /4e+16e Vol e b —3ac
a 9a

2. Cyc tri cia ham béc 4 trung phuong y=ax’ +bx* +c, (a=0)
2.1. Mgt sb két qua can nhé

e Ham sé c6 mot cuc tri <> ab>0.

e Ham sé c6 ba cuc tri <> ab <0.

a>0
b>0"
a<o0
b<0

e Ham sé c6 dung mét cuc tri va cuc tri 1a cuc tiéu < {

e Ham s c6 dang mét cuc tri va cuc tri 1a cuc dai < {

a>0
b<0
a<o
b>0"

e Ham s6 c6 hai cuc tiéu va mot cuc dai < {

e Ham sb c6 mot cuc tiéu va hai cuc dai < {

2.2. Mt s6 cong thirc tinh nhanh

tao thanh tam giac ABC thoa man dir kién: ab<0

bat: BAC =«
YA
: . —b°
Téng quat: [cot? & =2
94 2 8a
A
0 :
VAV
Dir kién Cong thirc
théa man ab<0;c#0
Tam giac ABC vudng can tai) A b® =-8a
Tam giac ABCdéu b® = -24a
Tam giac ABC cé diénjtich S, =S, 32a%(S,)’ +b° =0

Tam gidc ABC o dién tich max(S,) b°
=\ 300

Tamegiac ABC co6 ban kinh duong tron ndi tiép b2
r =

Naage = o b?
4|a|{1+1/1—8aJ

Tam gidc ABC c6 ban kinh dudng tron ngoai tiép

3 —
Ruec =R R= b”—8a
8lalb
Tam gidc ABC c6 d6 dai canh BC =m, am; +2b=0
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Tam giac ABC c6 do dai AB=AC =n, 16a’n? —b* +8ab=0
Tam gidc ABC c6 cuc tri B,C e Ox b? = 4ac

Tam gidc ABCcd 3 goc nhon b(8a+b*) >0

Tam giac ABC c6 trong tim O b® = 6ac

Tam gidc ABC c6 truc tam O b®+8a—4ac=0

Tam giac ABC cung diém O tao thanh hinh thoi | b? = 2ac

Tam giac ABCc6 O 1a tam duong tron ndi tiép b® —8a—4abc =0

Tam gidc ABCc6 O la tam duong tron ngoai tiép | b® —8a—8abc = 0

Tam giac ABC c6 canh BC =kAB =KkAC b®k?-8a(k?—4)=0

Truc hoanh chia tam giac ABC thanh 2 _
hai phan c6 dién tich bang nhau b” = 4\/§|ac|

Tam giac ABCcod diém cuc tri cach déu truc

2 _
hoanh b” = 8ac
Do thi ham s6 (C):y=ax*+bx’+c cat truc OX b2 100
tai 4 diém phan biét 1ap thanh cap sb cong 9
Dinh tham s6 dé hinh phang gidi han boi do thi 36
(C): y =ax" +bx*+c va truc hoanh c6 dién tich | b? = gac
phan trén va phan dudi bang nhau.
Phuong trinh duong tron ngoai tiép AABC la:
X +y? —(3—A+c] y+c(z—A] =0
b 4a b 4a
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