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PHUONG PHAP TOA PO
TRONG KHONG GIAN

| CHUONG |

BAl: PHUONG TRINH PUONG THANG

@ LY THUYET.

I. VECTO CHI PHUONG CUA PUONG THANG.
1. Dinh nghia:

Vecto U dugC goi 1a vecto chi phuong ctia dudng thang (A) néu u =0 va gia cia u song song
hodc tring véi duong thang (A).

2. Nhdn xét:
a) Néu U 12 mot vecto chi phuong ctia duong thing A = k.u (k #0)ciing 1a VTCP ctia dudng
thang A. Vay dudng thang (A) c6 vo s6 VTCP va cac VTCP nay cung phuong véi nhau.
b) Néu A di qua hai diém A va B thi AB 1a mot VTCP cua duong thing A.
¢) Néu A la giao tuyén cia hai mat phing cét nhau (P) va (Q) thi u, = [nj,ﬂ] - 1lAmot VTCP
clia duong thing A (V6i ng;ng, 1an luot la vecto phap tuyén caa 2 mat phing (P);(Q)).

1. PHUONG TRINH PUONG THANG.
1. Dinh nghia:

Cho duong thing A di qua diém M, (X,; Yo;2,) Vva co vecto chi phuong u = (u;u,;U,)
X=X, +Upt

a) Phwong trinh tham sé cia duong thang A 1a: {y =y, +u,t (teR)
Z=127,+Ugt

, ) . X=X — l1—1 .
b) Phurong trinh chinh tic cua duong thing A 1a; 220 =Y =Y0 _ 2720 (45 yy u. #0).
Uy Uz Uz

2.Chuay:
X=X, +Uut
Cho duong thang A c6 phuong trinh 1a: < y =y, +u,t (teR)
Z=127,+Ugt

U= (U;U,;u,)- lamot VTCP cua A.

M e A< M (X, +Ut; Y, +U,t; Zg +Ust)
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I11. GOC GIUA PUONG THANG VA MAT PHANG; GOC GITUA PUONG THANG VOI PUONG
THANG.

1. Goc gia dwong thang va mat phang

Trong khong gian Oxyz , cho mat phing o c6 vecto phap tuyén n= A:B:C va duong thing
A c6 vecto chi phuong u= Ug;Uy;Us

Goi ¢ la goc giira duong thang A va mat phang o , 0° < <90°, ta co:

sing = ‘cos(ﬁ; G)‘ =
2. Goc gidta hai dwong thang
Trong khong gian Oxyz , cho duong thang A co vecto chi phuong U = (U;;u,;U; ) va dudng thang
A’ ¢6 vecto chi phuong U’ = (ug;uj;ul).
Goi ¢ la goc giira duong thang A duong thang A, 0° < <90°, ta co:

- —

uu’

—
/

COS Z‘COS u;u

—

u

—

Ju’

IV. KHOANG CACH.
1. Khodng cach tir mét diém dén dwong thang
Trong khéng gian Oxyz ,cho diém M va duong thang A di qua diém Mg Xo;Yo: 2o , €0 VTCP
u= Uj;Up;Uus .Khoang cach gitra M va A la:

MMg:u|

—

d M;A:H
u

2. Khodng cach giia hai dwong thang song song: bang khoang cach tir mot diém tiy y thude duong
thang nay dén duong thang kia.

Trong khong gian Oxyz cho duong thang A di qua diém Mg Xo;Y0:Zo , €O VTCP
u=(uy;u,;u;)

va duong thing A’ di qua diém M§ x5 vh;2) , c6 VTCP U’ = ul;uj;u}
Giasir A//A’, khi d6 khoang céch giira hai duong thang A va A’ la:

d AJA" =d My; A" =d Mg; A
3 Khodng cach giita hai dwong thang chéo nhau

Trong khong gian Oxyz, cho duong thang A di qua diém My Xy Yo:Zo , €O VTCP

—

/

U= U;Uy;U; va duong thaing A’ di qua diém M{§ x§;Y4:zd , co vecto chi phuong
u'= uf;us;ug

Gia sir A va A’1a hai duong thing chéo nhau, khi 6 khoang céch giita chung 1a:

[u;u’].MMO

d AJA" =
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V. VI TRi TUONG POI CUA HAIPUONG THANG; VI TRi TUONG POl CUA PUONG THANG

VA MAT PHANG.
1. Vi tri twong doi ciia dwong thang va dwong thiang
Trong khong gian Oxyz cho hai duong thing A va A’ biét rang:

X=X + Uyt
A di qua didm Mg Xo:Yo;Zp VACOVTCP U= UjjUyils = Atly =Yy +Ust
Z=17q 4 Ugt

X=Xy +Ut’

A’ di qua didm M§ x5 yh:zh vaco VTCP U/ = Usugsug = Ay = yh+ust!
z=1zy+ugt’
Céach 1:
Xo + Ut = X4 +ugt’
Xét h¢ phuong trinh 1y, + Ut = y; +ust’ (an t,t") (1).
2y + Ust = 7 + ugt’
a) A//A'< hé phuong trinh (1) v6 nghiém va hai vecto u, % cung phuong.
b) A va A’ chéo nhau < hé phuong trinh (1) vo nghiém va hai vecto u, ul khong cung phuong.
¢) A va A’tring nhau < hé phuong trinh (1) ¢6 v6 s6 nghiém.
d) A va A’ cit nhau < hé phuong trinh (1) c6 dung mét nghiém.
Céch 2:
/ — —/' . . / [a, W] — 6
a) A//A"&u, U’ cung phuongva My ¢ A" & 1 .
U, MoMg |0
b) A va A’ tring nhau < u, u’ cung phuong va My € A’ & [au ]:[G,MOM(’)}:E).
¢) A va A'citnhau < G,W khong cung phuong va ba vecto u, J;, MoM{ dong phang.

u,u’]z@

lu,u/| MM =0

d) A va A’chéonhau < u, u’ khong cing phuong va U, u, MoM{ khéng dong phang
& [u,u ] MM 0.
2. Vi tri twong déi ciia dwong thang va mat phang
Trong khéng gian Oxyz cho mit phing o :Ax+By+Cz+D=0 va dudong thing A co
X = Xg + Uqt
phuong trinh: {y =Yy +Ut teR .
Z=175+Ugt

Goi n= A;B;C 1aVTPT ciiamatphing « Va u= u;Uyjus |2 VTCP cua duong thing A

Céach 1:
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Xét phuong trinh: A Xy +ut +B yy+Ut +C zy5+ugt =0 (t laan) (2)

a) Néu phuong trinh (2) v6 nghiém thi A vd o khéng c6 diém chung < A// o .

b) Néu phuong trinh (2) c6 diing mot nghiém t =t, thi dwong thang A cit mat phang « tai
diém N X+ Uty; Yo + Uoty: Zg +Usty

c) Néu phuong trinh (2) 6 v6 s6 nghiém thi A thuoc o« < A//(a).

Cach 2:

a) Acit « <nuz0

nu=0
@)= {W=0

nu=0

c) A thugc o <
MeA=Me «

<‘> HE THONG BAI TAP TOAN THUC TE.

Céu 1:

Cau 2:

Trong khong gian Oxyz (don vi trén mdi truc toa do la mét), mot ngdi nha nhu hinh vé dudi day
c6 san nha nim trén mat phang (Oxy). Hai mai nha lin lugt ndm trén cic mat phang
(P):x—2y+5=0 va (Q): x—2y—3z+20=0. Hoi chidu cao ciia ngdi nha tinh tir san nha Ién

néc nha (diém cao nhat cua mai nha) 1a bao nhiéu?

Trén mit dat phang, ngudi ta dung mot cdy cot thang cao 6 m vudng goc véi mat dat, co chan
cot dat tai vi tri O trén mat dat. Tai mot thoi diém, duéi &nh nang mat troi, bong cua dinh cot
dudi mat dat cach chan cot 3 m vé hudng S60°E (hudng tao voi hudng nam goc 60° tao voi
huéng dong goc 30°) (hinh bén dudi). Chon hé truc Oxyz c6 goc toa do 1a O, tia Ox chi hudng
nam, tia Oy chi huéng dong, tia Oz chwra cay cot, don vi do 1la mét. Tinh goc tao bai duong
thang chira tia ndng mat troi di qua dinh cot tai thoi diém dang xét voi miat dat.
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Cau 3:

Cau 4:

Cau 5:

Cau 6:

CHUYEN PE V — HINH HOC 12 - PHUONG PHAP TOA PO TRONG KHONG GIAN

Trong khong gian véi hé toa dd Oxyz, mét cabin cép treo xuat phat tir diém A(11;4;0) va chuyén
dong déu theo dudng cap c6 véc to chi phuong U = (—3;—4:0) v&i toc d6 12 5m/s (Pon vi trén
mdi truc toa do 1a mét); gia st sau t(s) ké tir lGc xuat phat (t>0), cabin dén diém M ; Mot
ngudi dung tai diém O quan sat cabin chay trén cép treo, sau thoi gian bao nhiéu thi khoang cach
gita ngudi quan sat va cabin gan nhau nhat?

Trong khdng gian OXyz (don vi cta cac truc toa do 1a ki — 16 - mét), dai kiém soat khong luu san
bay c6 toa do (-64;128;64). My bay bay trong pham vi cach dai kiem soat khéng qua 500 km
thi s& hién thi trén man hinh ra da. Mot may bay N xuét hién trén man hinh ra da va mot may
bay M ndm trong mit phang (P):x—2y+2z-1458=0 sao cho hai mdy bay M,N thuoc
duong thing c6 vecto chi phuong 1a U =(L11). Khoang cach nho nhét giira hai may bay M, N

la bao nhiéu km? (két qua 1am tron dén hang don vi)

Trén mot sudn nui (co6 d6 nghiéng déu), nguoi ta trong mot cay thong va mudn giit né khdng bi
nghiéng bang hai soi diy neo nhu hinh v&. Gia
thiét cay thong moc thang dimng va trong mot
hé toa 6 phu hop, cac diém goc O (gdc cay
théng) va A,B (noi budc day neo) c6 toa do
twong ung la 0(0;0;0), A(5-3;1),
B(-3;-4;2), don vi trén mdi truc toa do la
mét. Biét rang hai day neo déu duoc bugc vao
cay thong tai diem C(0;0;5) va duoc kéo

cang tao thanh céc doan théng. Khi do, goc tao
boi day neo CA va mat phang sudn nii 1a bao nhiéu do (1am tron két qua dén hang don vi cua
do)?

Trong mot khu du lich, ngudi ta cho du khéch trai nghiém thién nhién bang cach du theo dudng
truot zipline tir vi tri A cao 15 m cua thap 1 nay sang vi tri B cao 10m cua thap 2 trong khung
canh tuyét dep xung quanh. Véi hé truc toa do Oxyz cho trudce (don vi: mét), toa d6 cua A va

B lan luot 13 (3;2,5;15) va (21; 27,5;10). Biét toa d6 du khach khi & d6 cao 12 mét la (a;b;c).
Tinh P=5a+b+c.
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Cau7:

Cau 8:

Cau 9:

Céau 10:

Céau 11;

Cau 12:

CHUYEN PE N — PHUONG PHAP TOA PO TRONG KHONG GIAN

Mot chiéc ban gip gon da duoc thiét 1ap hé toa do Oxyz. Diém A 1a

chan ban tiép xdc voi mat dat thuoe duong  thing

a: x+3: y—1: Z+2
1 1

F. Do dai chan ban FA =40+/3cm, khi d6 do cao cia mat ban tinh

tor mat dat 1a;

cit matban (P):x+y-2z+6=0 tai diém

Trong khong gian véi hé truc
toa d0 Oxyz, mot Cabin cap
treo  xuat phat tr diém
A(10;3;0) két thuc tai diém B
c¢6 hoanh d§ x; =550 chuyén
dong déu theo dudng cap co
Vecto chi  phuong la
U=(2-2;1) (Hinh bén dudi).  (Neudn: hups:/shutterstock.com
Tinh d¢ dai duong céap AB ?

Trong hé truc toa do Oxyz , san nha ctia mot ¢ong trinh thuéc mat phang Oxy, tay vin cua lan
can cau thang 1a mot duong thang di qua hai diém A(5;1;9) va B(2;1;12). Goc tao boi tay vin
cua lan can cau thang va mat san nha bang bao nhiéu d6?

Tir mat nude trong mot bé nudc, tai ba vi tri doi mot cach nhau 6 m, ngudi ta lan luot tha day doi
dé qua doi cham day bé. Phan day doi (thang) nam trong nudc tai ba vi tri d6 1an luot c6 do dai
2 m; 3m; 4 m. Biét day bé la phang. Hoi day bé nghiéng so véi mat phang nam ngang mot goc
bao nhi€u d§?

Ban v& thiét ké cia mot cong trinh dugc vé trong mot hé truc toa dd Oxyz. San nha caa cong trinh
thuc mat phang (Oxz) , duong ong thoat nuéc thang va di qua hai diém A(L2;3),B(-14;-2)

. Tinh géc tao boi duong dng thoat nuwdc va mat san.
Hinh bén dwdi minh hoa duong bay ctia mot
chiéc tryc thang H cat canh tir mot san bay. Xét
hé truc toa do Oxyz c6 gdc toa @ O la chan thap
didu khién cia san bay; truc Ox la hudng dong g :
(D), truc Oy 1a hudng bac (B) va truc Oz 1a truc W
thang dtmg, don vi trén mdi tryc 1a kilomét. :

y(B)

Tryc thing cit canh tir diém G. Vecto r chi Vi

tri ciia tryc thang tai thoi diém t phut sau khi cat
canh (t>0) c6 toa do la: r=(1+t;0,5+2t;2t).
a) Tim géc @ ma duong bay tao voi phuong ngang.

b) Lap phuong trinh duong thang GF , trong d6 F 1a hinh chiéu cua diém H 1én mit phing
(Oxy).

¢) Truc thing bay vao miy & d6 cao 2 km. Tim toa do diém ma may bay truc thing bét dau di
vao dam may.

d) Gia sir mot dinh nti nim & diém M (5;4,5;3). Tim gi4 tri ctia t khi HM vudng géc véi

duong bay GH . Tim khoang cach tir may bay truc thing dén dinh nui tai thoi diém doé.
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Cau 13: Trong khong gian vai hé toa @6 Oxyz (don vi trén mdi tryc toa do 1a kilomét), mot may bay dang
gvitritri A(3,5;-2;0,4) vasé hacanh ¢ vitri B(3,5;5,5;0) trén dudng bang EG (Hinh 37).
a) Viét phuong trinh dwong thang AB.

b) Hay cho biét géc trugt (goc giita duong thang bay AB va mat phang ndm ngang (Oxy)) c6
nam trong pham vi cho phép tir 2,5° dén 3,5° hay khong?
c) C6 mot 1ép may dugc md phéng bsi mot mat phing () di qua ba diém M (5;0;0),
N(0;-5;0), P(0;0;0,5). Tim toa d¢ cuia diem C Ia vi tri ma may bay xuyén qua ddm may dé
ha canh.
d) Tim toa d cua diém D trén doan thang AB 12 vi tri ma may bay & d6 cao 120m.
e) Theo quy dinh an toan bay, ngudi phi cdng phai nhin thiy diém dau E(3,5;6,5;0) cua dudng
bang & d6 cao tdi thieu 12 120 m. Hoi sau khi ra khoi dam may, ngudi phi cong c6 dat dugc quy
dinh an toan d6 hay khong? Biét rang tim nhin cua ngudi phi cong sau khi ra khoi dam may 1a
900 m

(Nguon: R.Larson and  B. Edwards, Calculus 10e Cengage, 2014)
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