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GV: PAO PHUONG THAO (SUU TAM) 5 (010l o 210 TS

I. CONG THUC LUQNG GIAC
1. Heé thirc Co ban:

sina cosa
» sina+ cos’a =1 = tana = = Cota =— = tana.cota= 1
COS & sina
vk el vk el]
- l+tan’a=—> = l+cot’a= = Jsin(a+k2r)=sina | <tan(a+kr)=tana
Cos” a sin® o
cos(a +k2x) =cosa cot(a + kr) =cotax
2. Cung Lién két:
A- N /4 - R , Pi V(4
Poi: a;—«a BU: a; 7—« Phu: o; E—a Khéc pi: a; 7+a Khéc 7:05; “ta
sin(—a) = —sinax sin(r—a) =sina sm(a—aj = cosa | sin(r+a) =-sina sm(Eﬂzj = C0S
T . T .
cos(—a) = cosa cos(z —a) = —cosa cos(E—aj = sina | cos(z+a) =—cosa | cos E+a =-sSina
tan(—a) = —tan tan(r —a) = —tana | tan (%—a] = cota | tan(z+a)= tan tan %-l-a = —Cota
cot(—a) = —cota cot(z —a) = —cota cot(%—aj = tana | cot(z +a)= cotex cot %+a =—tana
. L Ac Pi: Khac pi/2: sin ban cos,
Cos déi Sin b Phu chéo Khéc Pi: tang, Y 06
: cotang cos thii sin

3. Coéng thwc Cong:
* cos(a+b) =cosa.cosb—sina.sinb
* cos(a—b) =cosa.cosb+sina.sinb

* sin(a+b) =sina.cosb +cosa.sinb
* sin(a—b) =sina.cosb—cosa.sinb

tan tan tana—tan
tan(a+b) = L&b tan(a—b) = L&b
1-tana.tanb l1+tana.tanb
4. COng thire Nhan déi, Nhan ba:
_ _ cos 2a = oS’ a —sin’ & 2tan o
sin 2 = 2sina.cosa ) , tan2a = ————
=2c0s"a—1=1-2sin“« l1-tan“
3
sin3a = 3sina —4sin’ « cos3a = 4cos’ a —3cosa tan 3¢ = SN tz;m =

1-3tan o

5. Coéng thwc Ha bac:
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- 5 1-cos2a 5 1+cos2a 2 1-cos2a
sin“qg = ——M— cos“qg=——"—"-—- tan“g=—""-—-
2 2 1+cos2a
6. Bién d6i Tong thanh Tich:
a+b a-b . a+b . a-b
cosa+cosb = 2cos——.cos—— cosa—cosb = —2sin——.sin——
2 2 2 2
) . . a+b a-b . . a+b . a-b
sina+sinb = 2sin——.cos—— sina—sinb = 2cos——.sin——
2 2 2 2
tana+tanb = S tana—tanb=M
cosa.cosb cosa.cosh

Sina +Ccos¢ = 2.sin(a+%j:\/§.cos(a—%j

Sina—CcoSa = Zsin(a—%):—«/ﬁcos(ow%j

7. Cong thirc bién ddi tich thanh tong

cosa.cosh = %[cos(a +b) +cos(a—h)]

sina.sinb = %[cos(a—b) —cos(a+b)]

sina.cosh = %[sin(a+ b) +sin(a—b)]

I1.PHUONG TRINH LUQNG GIAC

) ) u=v+k2z u=v+k2z
= sinu=sinve (kel) " COSU=COSV < (kel)
u=rz-v+k2r u=-v+k2z
Néu sinu=me[-11] va
3 2 .1 .
m ¢ il,ii;ii;i—;o th Néu cosu=me[-L1] va mg J_rl;iﬁ;i—z;il;o thi:
2 2 2 2 2 2
) u=arcsinm+k2rz lcosu =m < u = +arccosm + k27| (kell)
sinu=m< ) (kel)
u=m—arcsinm+k2z

Néu sinu=mg[-11] thi: [sinu=m < u 2|

Néu cosu=mg[-11] thi: [cosu=m < u e |

sinu=1<u :§+k2”

bac biét: { sinu=-1l<u :—%+k27z (kel)

sinu=0<u=kr

cosu=1<u=k2r

bic biét: { cosu=-l<u=r+k2r (kel)

T
cosu:0<:>u:5+k7r

» tanu=tanveu=v+kr (kel)

= cotu=cotveu=v+kr (kel)

N

Néu tanu=m g{i\@;ﬂ;i?;o} thi:

[tanu=m < u =arctanm+kz| (kell)

B3

Néu cotu=m g{iﬁ;ﬂ;i?;o} thi:

[cotu=m < u=arccotm+kz| (kell)

wLuu y: Dicu kién dé ham tanu co nghia la
u %+ kz, kell . Tuy vay, phuong trinh

lubn ¢ nghiém, vi vay khéng can dat diéu kién.

wLuu y: Diéu kién d¢é ham cotu c6 nghia la

u=kz, kel . Tuy vay, phuong trinh lubn co

nghiém, vi vay khong can dat diéu kién cho no.

Ky thuat 1: Lam mat ddu TRU
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<
o
sa,ﬁ

o —Sina =sin(—a)

po ~ & po &  po
smg o+ sinx= 00U singx- == - sinx U singx- —== sin(- x)
o —CO0Sa =CoS(7 — ) 45 45 45
o —tan @ = tan(— :
“ (-a) §(-B=-x+ k2p

o —Cota = cot(-a) g 4 U x=2+kp i)

p _ A 8

é(- i p+ X+ k2p (voéanghie#n)

Ky thuat 2: Bién d6i CHEO

. T
°sina =cos| - -a
Vi du:

o cosa =sin| Z—q /1 7 k2rx

2 2x=5—x+k27r X:E+T

P sin2x:cosx<:>sin2x:sin£%—xj<:> = (ke).
o tana = cot E_a 2X=7Z'—(£—X]+k2ﬂ' x=" yk2z

2 2

o COtx =tan z—05

2
Phuong trinh asin x+bcosx=c (véi a’+b* >c?) Phwong trinh asin® x+bsin xcos x+ccos® x=d

asinx+bcosx=c . ) - o
* Truwong hgp 1: Xet cosx=0=sin“x=1. Taco h¢

c
J—S'mﬁﬁ‘mhﬁ sin? x =1 sin? x =1
a“+b sau: 4, 2= S e )
_ _ . asin®x=d a=d
& sinx.cosa +cos X.sina =

[a? + b2 = Truong hop 2: Xét cosx =0, chia hai vé phuong trinh
) a _ cho cos’® x, ta co:
(V61 coser = [a2 + b2 Sihe= /a2+b2) atan’x+btanx+c=d(l+tan’x) < ......... )
o = Hop nghiém cua (1), (2) ta co tap nghiém cia phuong
Ssin(X+a)=sinf < ... véi sin =

C
\/m trinh da cho.

@ Luu y: Phuong trinh asinx+bcosx =c chi c6 nghiém khi va chi khi .

I11. TO HQP — XAC SUAT
QUY TAC CONG QUY TAC NHAN
Néu phép dém duoc chia ra nhiéu trwong hop, ta | Néu phép dém duogc chia ra lam nhiéu giai doan bat budc, ta

s& cong cac két qua lai. s& nhén cac két qua cua mdi giai doan ay.
HOAN VI TO HQP CHINH HOQP
= Sap xep (doi chd) cua N A o o A Lo A o e A o pon &
X o1, . %« | ® Chon k phan tir tir N phan tir = Chon k phan tir tir N phan tir (c6 sap
phan tu khac nhau, ta c6 s AR S . A s T z . .
) (khong sap xép thir tu), ta c6 so cach x€p thu tu), ta dugc s6 cach chon la
, £ 1 il i
cach xép la Vo1 chon 13 [CH]. E
n D . * *
'E 5 X n! 5 kell,nell AI: n! 5 kel ,nell
. = — . =——+——| VOi . = voi :
A (0T "~ (n—k)k1| " osksn (=K1 " lo<k<n
= Quy udc soc: 0!'=1.
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w M5t s6 tinh chit: Ck=Cr* C+Cit=Cckt A =kICK

Cong thite:| P(X) n(X) = Tinh chit:

» Cong thirc: =

& n(Q) 0<P(X)<1].
XAC Trong do6: n(X): $6 phﬁn tir cta tap bién cb |P(®):0; P(Q) :1|,

X; n(Q) :s phan tir khong gian mau; P(X)
1a xac sudt dé bién cd X xayravoi X Q.
= Néu A, B 12 hai bién ¢ xung khiic véinhau | = Néu A va B 13 hai bién c6 ddc 1ap voi nhau thi

SUAT

P(X)=1-P(X)| véi X 1abién cb dbicua X .

thi P(AUB)=P(A)+P(B). P(AB)=P(A).P(B).
V. KHAI TRIEN NHI THUC NEWTON
= (a+b)'=Cl"+Cra""b+C2a"’b* +........ +Cab"* +Cb".
Kha‘ltert“l’(‘; dang | . pgcbigt: (1+x)" =CO+Clx+CC + ... +CIXLLCIX" (%)
iét keé:
= Héqual: C'+C +C’+......... +CM '+ Cl=2" (thrc 14 thay x =1 vao (*)).
(véinell’”) = Hé qua 2: V&i N chan, chi can thay x =—1 vao (*), ta co:
C-Cr+Ci—......... -CM+C' =0 Cl+C2+C!....+C'=C}+C3 +....C™*
Khai trién tbng | " Khai trién: |(a+ b)n = ZC:a”*kbk . S6 hang tong quat: |T, , = Cra"*b*
p k=0
quat: - - )
= Phan biét h¢ s6 va so hang: C¥(- 1)a™ “b* . x* . So hang khong chira X (mg véi o =0.
* —_
(véi nell ) HEASOA
SOAHANG
V. CAP SO CONG - CAP SO NHAN
CAP SO CONG CAP SO NHAN
1. Dinh nghia: 1. Dinh nghia:

= Diy sb (un) dugc goi 1a cap sé cong khi va| =Diy s (un) dugc goi 1a cap s6 nhan khi va chi khi

chi khi v6i nell ", d1a hing sb. v6i nell”, qla hang sb.

=Cép sb cong nhu trén co sb hang dau u, = Cip s6 nhan nhu trén c6 s6 hang dau u, cong boi q.
cobng sai d. 2. S6 hang tong quat:
2. S0 hang tong quat: s lu =u.q"| véinen”.

- |u” =Y +(n-1d | vorned . 3. Tinh chit cac s6 hang:

3. Tinh chit cac so hang:

- . . = |u U, =ul| véi kell vak>2.
U +U, =2, | véikeD" vak>2.

= p \ 4. Tong n s6 hang dau tién:
4. Tong n so0 hang dau tién:

(U, +u,)n alS, —u +U,+otu _u@-q")
. Sn:U1+U2+...+un:1—”. —1_q
2

vol q #1.

- i@ i@ ol e®  c i

n Jn 3n n“

= limg" =0 véi |g <1.

1. Giéi han day s6

1.2. Day s6 c6 gi6i han hiru han:

Cho limu, =a. Ta co:
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- limju,| =[a] va lim3u =3/a = limJu, =+a véi a>0.

Cho limu, =a, limv, =b. Ta cé:

- lim(u, +v,)=az*b » lim(u,v,)=ab
. u a . .
= lim— == véi b=0 » lim(ku,)=k.a
v, b
g < i u
1.3. Tong cta cap so nhan lui vo han: S:u1+u1q+ulq2+...:1 LI
—q

1.4. DAy sb c6 gi6i han vo cung:

Quy tic 1: Cho limu, =00, limv, =co. Tinh lim(u,v,).

limu, limv, lim n\/n)
+00 +00 —+00
—00 —0 —+00
+00 —00 —00
—0o0 —+00 —0o0
Quy tiic 2: Cho limu, =0, limv, =a=0. Tinh lim(u,v, ).
limu, Déu cta a lim(u,v,)
+00 + +00
400 — o
—o0 + —00
—© — +00

Quy tiic 3: Cho limu, =a =0, limv_ =0. Tinh lim o
V

n

u

DAu ciia a (tir) Dau cia V., (mau) lim V—”
n

+ + +00

+ _ —00

— — +00
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2. Giéi han ham s6:

2.1.

Gidi han tai vo cuc:

Cho k duong, ta co:

2.2.

X=Xy

. |imik:o = lim x* =+ = lim xszﬁg’kmn‘g"‘j
Ko X xotoo x®- ¥ i- ¥, klei
Gidi han hitu han:
Cho lim f (x)=a, limg(x)=b. Taco:
X=Xy X=Xy
- lim|f (x)|= - lim3[f (x) =3 - lim Jf (x) = i a>
im|f (x)|=1al fim (x)=%/a lim (x)=+a véi a>0

- lim[ f(x)+g(x)]=axtb

X=X

- lim[ f (x).g(x)]=ab

X=Xy

X=Xy

= lim[k.f (x)]=k.a voikla hing s

2.3.

Quy tac tim gi¢i han vo cuc:

2.4.

Quy tic 1: Cho lim f ()
X—X%o

X=Xy X—X%g

= o0, limg(x)=a=0.Tinh lim[ f(x).
)

)!Lnxlf(x) DA4u cua a !'ﬂl[f(x g(X)].
+00 + +00
400 —©
—0 + —00
—0 _ 400

X—>Xg

Quy tic 2: Cho lim f (x)=a=0, limg(x)=0.Tinh lim

—h

(x)
(%)

SN—"

X—Xg =% g

A . x ) . f (X)
Dau cua a Dau cua ¢ (X) XILnQO (%) .
+ + 400
+ — —00
— + —o0
- - +o0

B0 tro cic cong thirc dé khir dang v6 dinh:

ax’ +bx+c=a(x—x)(x—X,) véi

X, X, la nghiém cua tam thire béc hai.

X"—1= (x—l)(x”’1 + X" +...+1)

a+3b=

a’—a? b+(§/5)2

a’-b a’-b
e a—b-
a—b a+b
a®+b a®-b

a—3b=

a’ +ai b+(%)2
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3.1. Diéu kién ton tai giéi han:

Gidi han bén ohii | Gisi han bén (e Piéu kién dé ham s c6
161 han bén phai | Gi61 han bén trai giéi han tai X,.
: hia lim f(x lim f(x lim f(x)= lim f(x
Ky hi¢u Xo%* (%) i (x) s () o ()
Khi do:
X——>X X——>X lim f (x)= lim f(x
Nghia 12 { 0 { o | lim f(x)= lim £ (x)
X > X, X < X, _
= lim f(x)
X—>Xg~

3. Piéu kién gi¢i han | 3.2. Diéu ki¢n lién tuc ciia ham so:

va diu kién lién »Hams6 f(X) lién tuctai x, < f (%)= lim f(x)=lim f(x)< f(x,)=lim f(x)
tuc: ) X—>Xg" x—>x?’ X=Xy
= Moi ham s6 da thirc, phan thac hitu ti, ham luong giac déu lién tuc trén tap xac dinh
caa chung.

= Ham s6 f (x) lién tuc trén khoang (@;b) néu no lién tuc véi moi x =X, €(a;b).
. » A f(x) lién tuc trén (a;b)
= Ham s6 f (x) lién tuc trén |a;8] < lim f o) = f(@); lim () = £(B)
3.3. Piéu kién cé nghiém ciia phwong trinh:
Néu ham sb f (X) lién tuc trén [a; b] va f (a).f (b) <0 thi phuong trinh f (X) =0
c6 it nhat mot nghiém trén (a;b).
| vi. PAO HAM

(%) = lim )= 00)|

1. Dinh nghia dao ham tai mot diém:

0

2. Bang dao ham co bin va mé rong:

r1 1) 1
[ ] X = — ] R =
= kK'=0 = (X)) =ax*?! (\/—) 2./x (xj X2
/s N Y A MR ayr a ’ ' ' f
(v6i k lahang so) | — MR yyoy = quet[u] R («/U) _ v (1 :_
2\u u u?
’ 1] 4 1 ' 1
. (ex) =e* u (ax) =a‘lna - (Inx) :; ) (Ioga X) =xlna
e (e) et [u] | —R(a’) =a'.Inalu] | = (inuy _u — %, (log, u) =
u ulna
= (sinx) =cosx —*® 5 (sinu) =[u]cosu = (cosx) =-sinx —*® 5 (cosu) =-{u]sinu
= (tan x)' = oy =1+tan® x . (cotx)' :_sinlz » :—(1+ cot’ x)
— MR 5 (tanu) = cu =[u](1+tan®u) — MR, (cotu) =_siu =—{u)(1+cot?u)
3. Quy tic tim dao ham:
= (u iv)' =u'+V = (ku) =ku’ » (uv) =u'v+uv’
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3

b, . ifflaeﬁab ham cué f theo biea x
ul uv-uv TR s . _
. (—j = = f, =1, U, véi |f¢ladiab ham cué f theo biea u .

Vv v?

ug lagiabd ham cué u theo biea x
4. Pao ham cép cao va vi phan:

Pao ham cip cao Vi phén
(0 =L (0] 700 =[ ()] o
() =[£7(0)] 1 £ () =[ 19 (%)] du = U dx

XET TINH PON PIEU HAM BAC BA aI: flk:l AR
S y=ax®+bx’+cx+d (a=0) = (ad —bc #0, ¢ #0)
cxX+d
» Buée 1: Tim tap xac dinh D »DPao ham Y’ =3ax® +2bx+c.
'B fe 2 Tinh v/ = £/(x) - = Ham s6 ddng bién trén tap xac ad —be
cho y'=0 a>0 (cx+d)
VIV HIR X, X,... Tim thém < {A <0 = Ham s6 dong bién trén tirng
iC oia tri a v’ kho . o khoa ac dinh < ad —bc > 0.
CE}C gl.a R * Ham s0 nghich bién trén tap xac ‘Oang xac. ;n A o
xac dinh. ’ dinh [ < y'<0, Vxell * Ham sO nghich bién trén tirng
* Bwde 3: Lap bang bién ) a<0 khoang xac dinh< ad —bc <0.
thién. (Nén chon gia tri x dai PN < _
dién cho tirng khoang thay A<0

vao y' dé tim ddu cia '
trén khoang do). = Luu y: Néu a chita tham sd mthi | > Luu y: Néu dé cho dong bien
= Buéc 4: Dya vao bang bién | taxét a=0, tim m. Thay m tim dugc | (nghich bién) trén (c; B) thi ta xét di€u
thién d€ két luan vé sy dong | dé kiém tra dau y’, xemy c6 don kién: — d ¢ (@ f).
c

bi,én, nghich bién ctia ham diéu trén 1 khong?
sO.
BIEU KIEN CUC TRI CUC TRI HAM BAC BA CUC TRI HAM BAC BON
P g y=ax’+bx*+cx+d (a=0) y=ax'+bx*+c (a#0)
= Ham s6 c6 diém cuc trj 1a = Dao ham Y’ =3ax? + 2bx + ¢ »Pao ham Y’ = 4ax® + 2bx .
(X,:y,) < y'(%)=0 _ = Ham s6 c6 hai cyc tri (tic 1a co " Diéu kién cuc tri
070 y(%,) =Y, az0 Bacuctri | ab<O0
(gia thiét 1 ham sb lién tuc CO-CN=e, Lo O . .| [ab=0
. y Mot cuec tri
tai X, ). N G R a’+b’>0
S = Ham s0 ¢6 hai diém cuc tri trai dau
N f'(x,) =0 S & XX, <0< ac<0. Cécyctri | a’+b’>0
cu £(x,) <0 I'ham s Ham sé ¢6 hai diém cuc tri cing "Cho A B, C laba d1ém cuc tri, ta co:
r ——— 3
so f(x) dat cuc dai tai diu = el Ay =0 _ cos BAC = b3 e ‘
o ac>0 b —8a
0" 5
F(x) =0 * Phuong trinh dudng thang di qua b
= Néu { 07| thi ham hai diém cyc tri: Sase =\ T3 |
(%) >0 f/(x).f"(x)
A R . y=Ff(x)————"—"|
so f(x) dat cuec tieu tai 18a
X = X,. Néu toa do hai cyc tri da
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rd rang ta nén goi duong thang
y =ax+b roi thay toa do hai diém
d6 vao—— Giai hé tim a, b.

TIM MAX-MIN TREN POAN
Tim Max-Min cta f (x) trén doan [a; b]

TIM MAX-MIN TREN KHOANG
Tim Max-Min cta f(x) trén khoang (a;b)

*Buwoc 1: Tinh y'= f'(X).
Tim céc nghiém X, € (a;b) khicho f'(x)=0.
Tim x; € (a;b) ma y’" khong xac dinh.
» Buée 2: Tinh cac giatri f(a), f(b) va
f(x), f(x;)(néuco).

= Bwéc 3: So sanh tat ca gia tri trong bude 2 dé
ket luan ve gia tri 16n nhat, nhoé nhat.

* Buwée 1: Tinh y' = f'(x).
Tim cac nghiém X € (a;b) khicho f'(x)=0.Tim x; € (a;b)
ma y' khong xac dinh.

= Buge 2: Can tinh limy, Iirtr)] y . (Néu thay (a;b) bang
(—o0; +00) thi ta tinh thém lim y).

X—>+o0
= Burde 3: Lap bang bién thién va suy ra gia tri 16n nhit, nho
nhat trén khoang.

Q[gxb]f(x) = f(b)
min]f(x) =f(a)

xela;b

PAC BIET

=Néu ham f(x) dong bién trén [a;b] thi

=Néu ham f (x) nghich bién trén [a;b] thi
m[a_éf(x) =f(a)

min f(x) = f(b)

xela;b]

Ox

Ox

TIEM CAN PUNG

TIEM CAN NGANG

> X

X
* Pinh nghia: { (X hiru han, y v0

y ——> o0
han), ta co tiém cin dirng X=X,. Luu y:
didu kién x—— X, co thé dugc thay bang
X—> X, (gidi han bén trai) hoac X—— X,
(gi61 han bén phéi).,

* Cach tim TCD: Néu X=X, l1a mot nghiém
ciia 'mﬁu s6 ma khong phai 12 nghiém cia
tir s6 thi X =X, chinh 1a mot TCP cua d6 thi.
(véi tap xdc dinh 6 dang D =K\{x;; X;...} ).

X—> +0

* Dinh nghia: { (X vO han, y hitu han), ta c6 tiém

Y—Y,

can ngang Y =Y,.
= Cach tim TCN: Pon gién nhat la ding CASIO
Buwée 1: Nhap ham so vao may.

Budc 2: &) NEXT E
(CALC] =", X =—T0710) =, ]

Budc 3: Néu két qua thu duge 13 hiru han (tic 1 Y, ) thi ta
két luan TCN: y=y,.

PP Z ax
*Po6 thi ham so y =
CX +

+: v6i (c#0, ad —bc # 0) c6 mot TCH: |x = ——|, mot TCN: |y =

d

o |

C

@ Nén nhé, m6i do thi chi cé toi da 13 2 tiém cin ngang.

SU TUONG GIAO GIUA HAI PO THI
Xét hai d6 thi(C,): y= f(x) va(C,): y=g(x).

Phuong phap chung tim giao diém hai do thi

* Bude 1 : Lap phuong trinh hoanh do giao

diém cua (C)) & (C,): [f(x)=g(X)]. (*)

= Buére 2 : Giai phuong trinh (*) dé tim céc nghiém X Xy

(néu cd), suy ra Vi Yoo

=Piéu kién dé (C,) va (C,) con
diém chung 12 phuong trinh (*) ¢6

=Diéu kién dé (C,) tiép xtic (C,) 1a phwong trinh (*) c6 nghiém kép hoic

9 CHUC CAC TRO BINH TINH TU TIN CHIEN THANG <3<3<333




n nghiém khéc nhau. ' f(xX)=g(X)
hé sau c6 nghiém :§ | L
f'(x) =9'(x)
G ax+b
Tim tham s6 dé = cX+d cit nhau tai hai diém phan biét
diy=ax+p
= Bwéc 1 : Viét phuong trinh hoanh d6 giao
diém : &L b _ ax+ 3, dua phuong trinh vé A=0
o ; “Buéc2: Gidihe {A, >0  —">m?
dang g(x) = Ax* +Bx+C =0 (x;t——j. q
C ——
g ( ) #0
c

(C):y=ax’+bx*+cx+d
d:y=ax+p
(Ta chi ép dung cho truong hop phirong trinh hodnh dg giao diém c6 nghiém dep)

Tim tham s6 dé { cit nhau tai ba diém phén biét

= Bwéc 1 : Viét phuong trinh hoanh d6 giao A=0
diém : ax’ +bx* +cx+d =ax+ 3, dua

Ly »Buéc 2 : Gidi hé didukién: A, >0 —">m?
phuong trinh vé dang

9(x,) =0
(X=%,)| AX* +Bx+C |=0. . o A
R S w Luu y : Dé tim nghiém dep X =X,, ta nhap vao may chirc
(co vin dung ky nang chia Hoocner) nang giai phuong trinh béc ba véi m=100.
PHUONG TRINH TIEP TUYEN
DANG 1 ) DANG 2 DANG 3
Viét phuong trinh tiép tuyén cua Viét phuong trinh tiép tuyén cua do6 thi Viét phuong trinh tiép tuyén cua do thi
do thi (C):y=f(x) taidiém (C):y = f(x) biét tiep tuyen co hé so (C):y= f(x) biét tiep tuyén di qua
M (%,; ¥o) € (C) gock. A(Xa; ) -
* Buée 1: Tinh dao ham y’, tr = Buéc 1: Goi M (X,;Y,) 1a tiép diém = Buéc 1: Tiép tuyén cé dang :
d6 c6 hé s6 goc k = Y'(%,)- va tinh dao ham y'. Y =Y () (X=X,)+ Y, (*) véi
" Bude 2 : Viét phuong trinh tiép | = Buge 2: Cho Y'(X,) =k , tim dugc Yo = f(%).
tuyenkcua do thi dang tip didm (X,; ¥,). = Buéc 2: Thay toa do diém A vao (*) dé
=K(X—X,)+ . , , 9
| y=K )+ Yo | » Budre 3: Phuong trinh ti€p tuyén : tim dugc X,.
[y =K(X=%,)+Y,|. = Buée 3: Thay X, vao (*) dé viét phuong
trinh tiép tuyén.

@ Pic biét : Néu tiép tuyén song song dwong thang Y = ax+0 thi né cé hé sé géc K = a, néu tiép tuyén vudbng goc dirong

thang Y = ax+b thi né cé hé so géc kK =—= (a#0); néu tiép tuyén tao véi OX goC a thi né cé hé so géc K=*tanc .
a

PIEM PAC BIET THUQC PO THI

Tam ddi xing (hay diém udn) ciia dd thi bacba y=ax’+bx’+cx+d (a=0)
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y'=3ax’ + 2bx+c

= Bude 1: Tinh
y" =6ax+2b

* Buée 2: Cho
yg= 0% AR X, = - 3313 y,- Taco tam
a

d6i xtng (tc diém udn): 1(X,;Y,)-

@ Can nhé: Tam doi xtrng cua do thi bac ba
cling 1a trung diém cua hai di€m cuc tri (n€u co).

Tam doi xirng ctia do thi ham nhat bien y=

(c¢0 ad —bc #0)
cX+d

A A d ...
* Tim ti€ém can ding X =—— va ti¢m can
C

a
ngang y =—, suy ra dugc tim dbi ximg cua
C
A doay) o A
do thila: 1| ——;— | (la giao diém 2 tiém cén
C C
tim duoc).

. 3 X ax+b
Diém c6 toa d§ nguyén thudc do thi ham nhat bien y= P (c#0,ad —bc #0)
X +

Cach 1: Ty luan C4ch 2: Tric nghiém
= Buéc 1: Chia da thirc cho da thiic, ta viét | Thue hién trén mAy tinh bé tii nhw sau:

Cxﬁd : MODE|——[7] — [F(X) = :;; +3 — ,[START : —19
+

= Buée 2: Yéu cau bai toan < cx+d la
Hoe &2 Tet cau battoan — ,[END: 1] —[STEP:1]. Ta do tim nhiing hang c6 F(X)
nguyén thi nhan lam diém can tim. Lam tuong tu khi cho
START : 0| ——|END : 18| ——|STEP : 1|, ta s& b6 sung thém céc
diém nguyén con lai. Luu y: Hoc sinh mu6~n dat dugc tinh chinh xac
cao hon thi c6 thé do trén nhiéu khoang, moi khoang c6 START va
END cach nhau 19 don vi. (May tinh doi mdi sé cé bo nhé lon hon).

laiham s0 y=a +

ude s0 nguyén cua b %L K=, suy
¢

racac gia tri y tuong ung. Tu day tim
duoc cac diém co toa do nguyén thude dd
thi.

NHAN DIEN PO THI HAM SO

Ham s6 bc ba y=ax’+bx*+cx+d (a=0)

——y' =3ax’+2bx+c

A B ©
Hé s0 Déu hiéu do thi Két ludin
. Nhénh phai d6 thi di 1én a>0
Nhanh phai d thi di xudng a<0
Giao diém v6i Oy nam trén diém O d>0
d Giao diém véi Oy nam dudi diém O d<0
Giao diém vé6i Oy trung v6i diém O d=0
Db thi khong c6 diém cuc tri ndo Al = (B')2 —~AC=b*-3ac<0
b ¢ D thi ¢6 hai diém cuyc trj A, =(B')’ ~AC =b?-3ac>0
, ‘ B 2b
Tam doi xing nam bén phai Oy —K>0<:>—£>0<:>ab<0

11 CHUC CAC TRO BINH TINH TU TIN CHIEN THANG <3<3<333



. . B 2b
Tam do6i xtng nam bén trai Oy —Z<O<:>—£<0©ab>0.
< 3 R . 3 <\ 7 C c
Hai diém cuc tri nam cung phia Ox XX, >0 A >0 % >0 ac>0
. . C C
Hai diém cuc tri nam khac phia Ox XX, <0& A <0 2 <0< ac<0

Do kehi, ta thily dé thi di qua diém (X,; Y, ) cho trieéc, ta thay tea i nay vao ham sé dé cé 1 phuong
trinh. Piéu nay diing cho moi ham sé.
Ham s6 bac bon trung phwong y=ax’ +bx*+c (a # 0)

——y' =4ax®+2bx = 2x(2ax2 +b)

Hé s0 Déu hiéu do thi Két ludin
a Nhanh phai d0 thi di lén a>0
Nhanh phai d thi di xudng a<0
Giao diém véi Oy ndm trén diém O c>0
c Giao diém véi Oy nam dudi diém O c<0
Giao diém véi Oy tring véi diém O c=0
Do thi ham sb ¢o ba cuc tri ab<0
: Do thi ham sb c6 mot cuc tri ab >0, (a # 0)
.z x ax+b
Ham s6 nhit bién y= (c#0, ad —bc #0)
cx+d
, ad-bc
—Yy'= —
(cx+d)
Heé s6 Déu hiéu do thi Két luan
. d
Tiém cén dirng nam bén phai Oy _E >0=cd <0
c vad q
Tiém can dimg nam bén trai Oy _E <0=cd>0
. a
Tiém cdn ngang nam phia trén OX P >0=ac>0
avac A
Tiém c4n ngang nam phia dudi Ox c <0=ac<0
. + R 5 A . I M A o A b
Giao diém cua do thi vdi Ox nam bén phai goc O 3 >0=ab<0
avab b
Giao diém ctia d6 thi véi Ox nam bén trai gbc O 3 <0=ab>0
X 1 3 £ . b=0
b Do thi di qua goc O(0;0)
, . . . b
Giao diém cua do thi vi Oy nam trén goc O q >0=bd >0
bvad b
Giao diém cua d6 thi v6i Oy nam duéi gbc O o< 0=bd <0
MJi nhanh d6 thi di 1én (tir trai sang phai) ad —bc>0
ab.cd M&i nhanh d6 thi di xudng (tir trai sang phai) ad-bc<0

PHEP SUY PO THI TU PO THI CO SAN
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tinh tién va doi xing do thi
Cho ham y = f(x) c6 db thi (C)

Do thi can tim

Cach bién doi

Minh hoa

C):y=Ff(x)+a

Tinh tién d6 thi (C) theo phuong
Oy lén phiatrén a don vi.

(C,):y=f(0-a

Tinh tién db thi (C) theo phuong

Oy xudng phia dudi a don vi.

7
» &£
i xuong
a don vi

(C5)y=Tf(x+a)

Tinh tién d6 thi (C) theo phuong

Ox quatrai a don vi.

\\._\_ ’//(C“)

sang trai
a don vi

(C):y="T(x-2)

Tinh tién db thi (C) theo phuong

T T
\ ’ I
\ ¥ '
v U
. "
\ 4
\ i
\ f
Y +
| ’
(4] | x

Ox qua phai a don vi.

© =;\,:’/(C4J
sang phai
a don vi

(C5):y=—-f(x)

Lay d6i xang (C) qua OX.
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(C)):y=f(-x) Lay ddi xtmg (C) qua Oy . A

2. DO thi ham chira gia tri tuyét ddi
a) Tirdd thj (C):y= f(x) tasuyradd thi (C,):y=]|f(x).
_¥f(x) neaf(x)* 0
T} f(x) nea f(x)< 0
Buére 1: Giit nguyén phan db thi (C) nam phia trén OX, ta dugc (C').
Buére 2: Ly ddi xing phan d6 thi (C) phia duéi Ox qua Ox, ta dugc (C").
Két luan: D6 thi (C,):y=|f(x)| 1a hop cua (C') véi (C"). Xem vi dy minh hea sau:

2
rpmad 2y — Cly=2"-2x——
Q) y=x-2x 2 C): v 3

Taco y = |f(x)

b) Tir dd thi ham s6 (C):y = f(x) tasuy ra dd thi (C,):y = f (|x]).

Taco y= txh=1 ) neaxt O
$f(- x) neax<0
Buwéc 1: Giir nguyén phan d6 thi (C)nam bén phai truc Oy , ta dugc (C).
Buére 2: Ly ddi ximg phan d6 thi (C’) qua truc Oy, ta duoc (C") .
(Pady la tinh chdt doi xitng ciia do thi ham sé chdn)
Két luan: D6 thi (C,):y = f(|x|) la hgp ciia (C") v6i (C"). Xem vi du minh hea sau:

y ¥

€y = |x]P-3|x|?+2
N : » ANENE
0 o

(C):y=x- 3 1 (3 =32 1

CONG THUC BO TRQ CHO QUA TRINH GIAI TOAN HAM SO
B0 trg vé tam thirc bac hai

Cho phuong trinh ax” +bx+c=0 (¥)

a=0 i .
" (*) c6 hai nghi€ém phan bi¢t < {A 0 { = (*) c6 hai nghiém trai dau<>a.c<0 .
> |
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S=x+X _b
=X X, =—
“ Dinh Ii Vi-et: ) & om0 X2 +x2 =57 —2P; X0+ X3 =S° —3SP; (X, —X,)? =S% —4P;

P=x1x2=g

X, —%,| = \/(Xl —X,)? =+/S?—4P . Trong tric nghiém, ta nén ding cong thirc : |, —%,|=

4

" (*) co6 hai nghi¢m duong phan biét = (*) c6 hai nghi¢ém am phan bi¢t

az0,A>0 az0,A>0

<~ ; R — c
S>0,P>0 S<0,P>0
B0 tro hinh hoc giai tich hzzm
) AB=(b:b = Khoang cach tir diém M (X,,;Y,,) dén
= Néu AABC c6 {_ Bl S ac :%|blc2 ~byg,| i -
= . ax C
AC_E’CZ) A:ax+by+c=0lad(M;A):%.

» AABC | tai A< AB.AC=0<Dbc +b,c,=0. va' +b
= AB=(%, = X,)" + (Yo = Yu)'- = Dic biét: d(M;0x) =y, |, d(M:Oy)=|x,|.

IX. LOUY THUA - MU VA LOGARIT

1. Coéng thirc lity thira
Cho cac s6 duong a, b va m, nel] . Ta co:

o " a"= aa..... avoinel” « gt
= n théa soa a’
m
= @")"=a™=(a")" = a"a"=a™" ) 2_“:amn
e
. n o % a:az *
b b Q/__ 3
*qa=a

2. Cong thire logarit:
Chocacsb a,b>0, a=lvam nell . Taco:

* log,b=a<=a"=b » |gb=logb=log,,b * Inb=log,b
* log,1=0 * log,a=1 * log,a"=n
= log mbzilogab * log,b" =nlog, b = log mb”=£|ogab

2 m 2 m

log, b :b
* log,(bc)=log,b+log,c " Ioga(gjzlogab—logac . {al
C aogbc =Clogba

= log, b.log, c=log, c,(b=1) Iogac=|09bC, (b=1) = log, b= , (b=1)

a b ar log, b *" log,a

BAI TOAN NGAN HANG
Néu ta goi tién vao ngan hang theo hinh thirc tién i chi dwoc tinh dwa vao tién gdc ban dau (tic 1a

1. Cong \ i P ;
thire tinh | ti€n 13i cua ky han tru6c khong gdp vao von dé tinh 13i cho ky han ke tiep), day goi la hinh thuc lai
14i don don. Taco: [T = A(L+nr)| véi A: tién gdi ban dau; r: 1di sudt; n: ky han goi; T: tong sé tién nhdn sau
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ky han n. Lwua ¥: r V& n phdi khép don vi; T bao gom ca A, muon tinh sé tién 1i ta lay T— A.

2. Cong
thire 1ai

kép Taco: [T =Al+r)"

Néu ta goi tién vao ngan hang theo hinh thirc: hang thang tién 14i phat sinh sé dwoc cdng vao tién
goc cii dé tao ra tién gbc méi va cu tinh tiép nhu thé, day goi 1a hinh thirc 14i kép.

voi A: tién goi ban dau; r: ldi suat; n: ky han goi; T: tong so tién nhan sau ky

han n. Lwua ¥: r va n phdi khép don vi; T bao gom ca A, muon tinh sé tién 1oi ta ldy T — A.

3. Méi thang goi
diing s6 tién giong
nhau theo hinh
thire 1ai kép

thi s6 tién ho nhan duogc ca vén 1an 14i sau n thang la:

Néu dau mdi thang khach hang lubn goi vao ngan hang s tién A dong véi 13i kép r%/thang

A

T =2 (L) -1(+r)).

r

4. Gé6i tién vao ngin

hang roi rut ra hang
thang so tién co dinh

T=A(l+r)" =X

(1+r)" -1
r

Néu khach hang géi vao ngan hang sb tién A dong véi 131 suat r%/thang. Vao ngay ngan
hang tinh 13i moi thang thi rat ra X dong. SO tién thu dugc sau n thang la:

5. Vay von va tra gop

(twong tu bai toan 4)

Néu khach hang vay ngan hang sé tién A dong véi ldi suat r%/thang. Sau ding mot thang
ke tr ngay vay bat dau hoan ng, hai 1an hoan ng cach nhau dung mot thang, moi lan hoan
ng dung so tién X dong. SO tién khach hang con ng sau n thang la:

; 1+r)" -1
T:A(1+r)—X—( )
r
3. Ham s lily thira, mii va logarit:
HAM LUY THUA HAM SO MU HAM SO LOGARIT

_ g _ =log, X a>0

* Dang: y voi U lada | = Dang: y=a voi a> 0_ Dang: y Ja Vol { .
y=u” i y=a a=l y =log, u azl

thuc dai sd.
= Tap xac dinh:

Néuaio*¥%"®uil 0.

Né’u%11D MR u! 0.

2=0
Néual 0% u> 0.
* Pao ham:

y: Xa y!:axa—l
y=u*——vy =au*tu]

* Téap xac dinh: D=I[].

* Dao ham:
y=a"——>y'=a"lna
<y:a“—>y’:aulna.'

pichioe [€)=¢ g
ac biet: VOl

(e") =e"[u]
e» 2,71828...

= Sw bién thién: y=a*.
Néu thi ham dong bién
trén 0 . Néu thi ham

nghich bién trén [ .

Piac biét: a=e——>y=Inx;
a=10——>y=logx=Igx.
Piéu kién xac dinh: u>0.

DPao ham:
, 1
y =log, x >y =
xIna
u!
y=log,u >y = v
ulna
(In x)':1
Dac biét: X
(Inu)’=
u

Sw bién thién: y =log, x. Néu [a>1]:

ham dong bién trén (0;+o0) . Néu

: ham nghich bién trén

(0; +0).

4. P06 thi ham sé mii va logarit:

PO THI HAM SO MU |

PO THI HAM SO LOGARIT
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1) T

Tathdy: a* l=0<a<1 b*{=0<b<1,

Ta thiy: ¢* T=c>1 d* T=d >1.

So sanh a véi b: Dlng trén cao, bin mii tén tir trai
sang phai, tring a* truéc nén a>b.

So sanh ¢ véi d: Pung trén cao, ban mili tén tir trai
sang phai, tring c* trudc nén ¢ > d.

Vay O<b<a<l<d<ec.

Y logyx

o easessasasssasass

logx

= Tathdy: log, x{=>0<a<1 log,x{=0<b<1.

= Tathdy: log, x T=c>1; log, x T=d > 1.

= S0 sanh a véi b: Dung trén cao, ban mili tén tir phai
sang trai, tring log, X trudc: b>a.

= So sanh c véi d: Pung trén cao, ban miii tén tir phai
sang trdi, tring log, X trudc: d >c.

» Vay O<a<b<l<c<d.

5. Phwong trinh mii va logarit:

Phwong trinh mii

. Dang co ban: a'® =a’” < f(x) =g(x)

Phwong trinh Logarit
1. Dang co ban:
log, f(x)=log,9(x) < f(x)=g(x)>0

. Dang logarit hoa:
éafm —b< f(x)=log,b

(a,b>0,a=1)
af® —pat f(x)=9(x).log, b

2. Dang mii hoa: log, f(X)=b < f(x)=a"
(khong can diéu kién)

. Dang dit an phu:
Empitt=a'®>0
B Pua phuong trinh di cho vé bac n theo t——
giaitim t .
B Véi t co duge, thay vao t=a'™ dé tim X.
a) Phwong trinh ma*'™ +na'™ + p=0
*bitt=a'®>0.
«PT: mt® +nt+p=0.
b) Phwong trinh m.a®® +nb™ + pct™ =0
« Nhan dang: ma®'® +n(ab)'® + pb*'™ =0
» Chia hai vé PT cho b*'™ %0, ta dugc

a2 N
m[—j +n[6] +p=0 - (Xema))

b
Chu y: Ta c6 thé chia PT cho bat ky ham mii nao
trong ba ham {a®®;b°*);c9®}, két qua khong
thay doi.
¢) Phuwong trinhm.(a++b) ® +n(a-vb) ® =p
« Nhan dang: (a++b)(@a—-+b)=a?-b=1

3. Dang dit an phu:

B Dit t=log, f(x)

B Pua pt da cho vé bac n theo t—— giaitim t .

W Cht,thayvao t=Ilog, f(x) détim x.

a) Phuong trinh mlog,” f(x)+nlog, f(x)+p=0
*Dit t=log, f(X)
«PT: mt?+nt+p=0

b) Phwong trinh m.log, f(x)+n.log;,,a+p=0
«PK: f(X)>0, f(x)=1

*bat t=1log, f(x):%zlogf(x)a

«PT: mt+%+p:0<:>mt2+pt+n:0

log, f(x)
c) Phwong trinh don gian chira

log, 9(x)
*bitt=log, f(x) = f(x)=a

* Thay tr¢ lai phuong trinh, ta c6 mt phuong
trinh mai don gian hon (chtra it logarit hon).

17|
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-Patt=(a+vb) ™, t>0:>%=(a—\/5)”x)

* PT: mt+%= p<mt’—pt+n=0

6. Bat phwong trinh mi va logarit:

Bat Phwong trinh mii Bét Phwong trinh Logarit

* Dang co ban:

a>1
f(X)Z g(x) f 2 a>1
- Dangeoban: & & 22 < f0=0() + log, f(x)2 log, g(x) = f (X)2 g(x) >0

O<a<l
f(x) (x) <a<
*atzat o f()=g(x) «log, f(x)>log, g(x) < 0< (x) < g(x)

Cach nhan dang bit phwong trinh mii-logarit ciing giérng voi cach nhan dang phwong trinh mii-

logarit. Hoc sinh tham khéo k§ muc 5 dé c6 phwong phap gidi bat phwong trinh mdt cach hiéu qua.

X. NGUYEN HAM - TICH PHAN
1. Cong thirc nguyén ham:
j f(X)dx = F(X)+C < F'(x) = f (X)

J'k.f(x)dx:kj' f(x)dx | = j[f(x)tg(x)]dx:j f(x)dxij g(x)dx | = j f/(x)dx = f (X)+C

1) j kdx = kx +C = [ 2dx=2x+C " [ (-ddx=-3x+C
Xa+1 X4 3
? I . dX=a+1+C 'j XBdXZZJrC jJ_dx _|‘x2dx_3/2 \/_+C
v [ (axrby o= 2 BT 1t 2"
a+1 [ @-20 dx==."—""—+C-= +C
27 1 —22
3) j de=|n|x|+C a >j - dx=1In|ax+b|+C . L x:iln|1—3x|+c
X ax+b a 1-3x -3
4)Iide=—1+C MR \I = 5 =11 ¢ -J'%dx:l. 2 ic-—1 ic
X X (ax+b) a ax+b (2x-3) 2 2x-3 4X—6
3 5] 5)
. J‘ (xz+E+i2—lojdx:X—+In|x|—1—10x+C . I X +1dx:j (x“+£}dx:x—+ln|x|+c
X X 3 X X X 5
5) _[ e*dx=e +C—>j g™y = 1o 4 C . I e dx= Lo+ C =g +C
a -1
6) 'f a¥dx = 2 £l +C . I 5%dx = i +C . j 32de:_|. 9*dx = J +C
Ina In5 In9
1 abx+c 2X+5 2x+5
—MR 5| a™*dx==. +C 3245 4y = 1 3 e — 3
J b Ina g 2 In3 2In3

. j (e“—Z)ede=.[ (ezx*l—ZeX)dx=§e“’1—2ex+C . I 2*.3“dx:j 2*.3*.%dx:%j 6dx=_0 +C

3In6
0 jsinxdx=—cosx+C 1 . I sin(4x—%)dx:—%cos(4x—%]+c
LJ' sin(ax+b)dx=—gcos(ax+b)+C N
a:4;b:—%
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e .[ cosxdx =sinx+C . j cos(%—x}d :ism(g—x}c_—sm(%—x] +C
—s | cos(ax+b)dx:§sin(ax+b)+c o
’ 3
. f (3sinx—2cos x)dx =—3cosx—2sinx+C _[sm xdx = I 1 cost %(x—%sianj+C
1-2cos? x
9) | dx=[ (1+tan® x)dx = tan x+C | c0s? X dx= | (COSZX—Zde:tanx—ZHC
cos? X . .
1 1 . dx==tan3x+C
MR >j cosz(ax+b)dngtan(ax+b)+c Icosz3x X=glansxs
| [1+tan2(ax+b)}dx=1tan(ax+b)+c = [ |1+tan® (z—2x) dx = = tan (7~ 2x)+ C
d a=-2;b= _2
=2 2
dx=[ (1+cot? x)dx=—cotx+C |« [ XSIN"X+1 . _X
10) I Sin? x _[(+ ) + J' S x dx I Xty dx > cotx+C
MR 1 1 1 1
> dx =——cot b)+C |. __ =
IsinZ(aX+b) X=—2 (ax+b)+ Isin28xdx_ 8cot8x+C

—8 [ [2+cot® (ax+b) Jdx :—lcot(ax+b)+C

. J' (1+cot23x)dx:—%cot3x+c

1
sin’ xcos® X

sin® X +cos® X 1

a
I dx=j sin® xcos® X dX:I(

cos?

+——
X SIn” X

jdx=tanx—cotx+C

2. Tich phan:

a) Dinh nghia:

véi F(X) 1a mot nguyén ham cua f (x) trén [a;b].

b) Tinh chat:

I: f(x)dx=0

J': f (x)dx:—_fba f (x)dx

[k (x)ax =k f (x)dx (k& hing s6)

+

J.:[f(x)ig x)]dx:j:f(x)dx j:g(x)dx

j f (x)dx:j: f(x)dx+ [ f

(x)dx

[Cf()ax=["f (t)dt="f(u)du

X)>0, Wxe[ab] thi [ (x)dx=0.

f(
f(x)2

g9(x), vxe[a;b] thi j: f(

x)dxzj:g(x)dx

L= bic biét]

e Néuham y=f(x) laham s & trén [-a;a] thi [* f

o Néuham y= f(x) laham sé chin trén [—a;a] thi J‘: f(x)dx = 2]: f (x)dx

(x)dx =0.

3. Phuong phap tinh tich phan:

a) Phwong phap tich phin tirng phan:
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Quy tac chung: |l =I:u.dv=uv

b b
—_[ vdu
a a

. Ta xét céc dang phd bién sau:

% Dang I:P(x).Q(x).dx Voi
P(X) 1a da thirc dai s0, Q(X)

1a ham lwong giac hoac ham

u="P(x)
dv=Q(x)dx

du = P’(x)dx
:{vj Q(x)dx'

V:I Q(x)dx nén két

PP{

Minh hoa:

. I=I05(2x—1)sin xdx .
] {u=2x—1 %du = 2dx
b3 i

. Pl _ & - .
dv = sin xdx ¥V— O Sinxdx = - cosx
choih C=0

; b b b
Ta co: I:I u.dv =uv —I vdu
a a a

VA

) +J'052cosxdx=
0

. )= j:(l— x)e>dx.

=—(2x—-1)cosx

‘ idu = - dx
_ =1- X
ua cé dang R(x)+C, tachu th%u b C N X — 2x
q g () a%dv—ezxdx iv- e”*dx e
dong chon 1 gia tri C cé loi cho choh C=0
tinh todn sau nay. J =l(1—x)e2X +rlezxdx ......
2 0o 902
% Dang IbP(x).Q(x).dx Vi Minh hgae:
: . I:szlnxdx.
P(X) 1a da thire dai s6 hoic 1
u=Inx o=k
phan thic, Q(x) Ia ham Pit = X
dv = x%dx ey X
logarit. V_.[ Xox 3
8 3 3
e JU=Q(X) I—X—Inxe—jlx—.ldx=e——llxzdx= ......
dv =P (x)dx 3 I . 8 8 s
e Inx
du =Q'(x)dx - =j 2
:{ j . (e
v=| P(x)dx 1
fu= inx idu=;dx
bat b
a ldV: 1 1V: 1 + 1= X
; (x+ 1)° i X+ 1 X+ 1
| —
chon C=1
1= e-jei.i<;|x=i—|n|x+1f:
X+1 1 T x+1 x e+l 1

b) Phwong phap tich phan doi bién:

< DIRITHQBITIER Xét tich phan dang I =_[: flu(x)]u(x)dx .

20
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—PP > Pgt t=u(x)=dt =u'(x)dx . Béi can: x=a =t,=u(a), x=b =t, =u(b).

Khi d6 tich phéan can tinh 1a: || = Itz f(t)dt. Ta xét cac dang phé bién sau:

4

1) Dang I = [ F(x"xax]. =[—

+1
Détt=x3+1:>dt=3:>=%dt.
Poican: x=0=>t=1 x=1=t=2.

Taco: | =J'2}.Edt: ......

— st=ax"+p (hoic t=x")

1t 3
2) Dang | =Lb f ({‘/G) | :J‘Oﬁilxz +1]xdx]

—® st=Yu=t"=u. Pt t = Y2 +1= 2 = x2 +1=> 3t2dlt = 2[xdlx]

=X = gtzdt. Déi can:

X=0=t=1 x=+7=>t=2.
(2,8, 32,
|_Lt.5t dt_ELtdt_ ......

3) Dang I=I:f(§].%.dx . |:L4 /1—%.%dx
1

1
——ot=a._+f hay it t= -t = =1- 1= otdt =L dx .

2

X X X
A &
t:;,t:na;"‘ﬂ V.V... ° TaCé |:2J.02 tz.dt: ......
4) D |jbffld =[x
ang | = X ).|—=.dx]|. = =
° g a ( ) \/; 1(\/;4,_1)2 \/;
PP _ _
st=ox+p hay t=vx.. o Dit t=X+1= dt = —— dx = 20t = ——dx.
24/x Ix
e Taco I=I23t£2.2dt— .......
b 2X X
5) Dang |=Lf(ex)-- =[x >I:‘[1 ° _e'dx.
Pt et ha £ — ¥ 0e*+1 0e*+1
——>t=qe"+ [ hay t=¢". dt — e*dx . it1
e Ditt=e"+1=> Khi do: I=I ——dt.
e =t-1 z 0t
e+l 1
[ ] :J.Z (1—Ejdt: ......
: 1 e 2Inx—1 e 1
6) Dang 1= [ f (Inx).|~.dx|. =], = =1 =] (2Inx-1).—dx.
— st=alnx+S hay t=Inx. o Dattzlnx:dt:ldx.
X

e Khido | = [ (2-2)dt=(tt)[
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K/
L X4

7)Dang | =" f(sinx) [cos xclx]

— St=asinx+f hay t=sinx.

Va

2 COSX
l=2——dx
0 1+2sinXx

e DPatt=1+2sinx=dt :2cosxdx:>%dt:cosxdx.

8) Dang | =I: f (cos x)..

— st=acosx+ 3 hay t=cosx

| = _[f(cos 2X—C0s X +1)sin xdx

— 1 :J-OZ(ZCOSZ X —C0s X )sin xdx.
e Dit t =cosx=>dt =—sinxdx = —dt =sin xdx.
Khi do: | :jl°(2t2—t)(—dt):j:(ztz—t)dt= ......

1

>—ax|.
COS” X

9) Dang I = f (tanx)

—P st=qtanx+ 4 hay t=tanx.

% tan® x
1=
cos’ x
1
e Ditt=tanx=dt=——->—dx.
COS” X

NG
e Khido: |:j Cdt=.....

1

——dx|.
sin® X

b
10) Dang | =L f (cot x)

— st=acotx+ £ hay t=cotx.

2 V.4 2
= X— 1 = x-1 1
I—.[ cot >|:.|'3C0t ———dx.
cot x.sin? x < cotx sIn“x
1
e DPiatt=cotx=dt=- dx = —dt = ——dx.
sin? x sin‘ X

1 42
| = [&L
1

sin? x
11) Dang I=Lbf cos® x |[sin2x.dx] .
COS 2X
t=sin®x dt = sin 2x.dx
— PP 5{ t=cos’x = ( dt =—sin2x.dx
t =cos 2x dt = —-2sin 2x.dx

I :Ioz(sin2 x+3)sin 2xdx

e Dit t=sin®x = dt = 2sin x(sin x)"dx = sin 2xdx..
1

Taco: | :_[f(t+3)dt=

Xét tich phan dang | :Ib f(x)dx trongdé f(x) phirc tap va khong thé tinh nguyén ham

truc tiép. Doi bién loai 2 1a ta ddt: x=u(t)=dx=u’(t)dt. Ta xét 4 dang phé bién sau:

1) Dang | = j f (/a2 — x2)dx.

— sx=asint (hay x=acost).

dx

2 1
S

e Piat x=2sint = dx =2costdt . i can:

x=0=>1t=0, x:2:>t:%.Tacé:

Ja—x? =+/4—4sin’t =4cos’t = 2cost

>0

22
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do te[O;z}.
2

X 1
hay le f (az N

—P sx=atant.

ijdx.

e Taco: I:FZCOStdt:th:E.
0 2cost 0 2
2) Dang |:j: f (\JaZ + x? )dx | = jx21+9dx

e Dit x=3tant = dx=3(1+tan’t)dt .

° DolCan X=0=t=0, x=3=t=

4>|~>1

e Khido: x*+9=9tan*t+9=9(tan’t +1).
I23(1+tan2t)dt_1.[j (7
0

e Vay | = =
Y o(tan’t+1) 37

3) Dang | = j f (Vx? —a?)dx

PP

a a
>X = — hay x=——
sint cost

2
e

o Dit x=—2 = dx= 25Nt

dt.
cost cos’t

e Doi can: x=2=1t=0, x=4:>t:%.

/ 4
. z COSZ'[_4 2sint z
e Khi do: |=j03 dt=2j03 tan?t.dt

2 "cos’t
cost

x z
=2 3[ 12 —1j.dt=2(tant—t) 3 :2\/5—2—7[.
0

4) Dang 1=~ f[ Z+§]dx

—" sx=acos2t.

0\/2+x
e Diat x=2cos2t = dx =-4sin2t.dt =-8sint.cost.dt
° DolCan X= 0:>t—— Xx=2=t=0.
\/ \/2 2cos 2t \/1—c052t sint
Ta co: = .
2+ X 2+2c0s2t 1+cos2t cost
o |=8 msmtcostdt—8j§sin2tdt: ......

0 cost

4. Ung dung tich phin dé tinh dién tich — thé tich:

= Hinh phéng gi6i han boi cac duong Y = f(x), truc

Ox, X=4a, X=D thi c6 dién tich:

s =[]f(9)ax

y=0g(X), X=a, X=Db thi c6 dién tich:
b
szja|f(x)—g(x)|dx
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0

a b xr « b

y = f(x) y="f(x)

* Khixoay hinh phing {X =a, x=Db SJUEITL O, = Khi xoay hinh phing { y=g(x)  quanh Ox, duoc
duoc khdi tru tron co thé tich X=a, X=Db
b . . b
V= ”I £#(x)dx khéi try tron c6 thé tich |V = ﬂja | £2() - 9% ()] dx|.

= X¢ét hinh khdi dugc giéi han boi hai mat phang X=a, X=Db. Khi cit khdi nay ta dugc thiét dién c6 dién tich

5 , b
S(X) (12 ham lién tuc trén [a;b]). Thé tich khdi nay trén [a;b] la: [V = j S(x)dx|.

5. Céng thirc chuyén dong:

Xét ham quang duong S(t), ham van téc V(t) va ham gia toc a(t). Ba ham nay sé& bién thién theo t.

= S =] vt)dt < v(t) =S'(t) = v(t)= j a(t)dt < a(t) =Vv'(t)

XI. SO PHUC VA CAC YEU TO LIEN QUAN

a,bel
=2

S6 phirc c6 dang: z=a+bi véi { (i: 1a dom vi 40). Ky hi¢u tap s6 phirc: O .

Thanh phin Hinh hoc Minh hoa

= Phan thuec: a. g
Néu a=0 thi z=bi dugc goi la *Diém M (a;b) biéu dién

s0 thuén do. cho z trén hé truc Oxy.
-Pl}an ao: b. ] . = Md-dun:

Néu b=0 thi z=a 12 so thuec. ——
«Khi a=b=0 thi z=0 vira Ia s |7/ =0M =+a’+b” .

thuan 4o vura 1a so thuec.

Sop hu’c’ lleli hop — Hai 50 Can bac hai Phwong trinh bac hai
phirc bang nhau
Cho z=a+bi va z'=a'+bl » Ciin bac hai ciia a>0 13 ++/a. = Phuong trinh z* =a>0 ¢ hai
Khi do: L A FU
ido: o | =Canbachaicia a<0 la iy_a. | nghiém phic z=+a.
= So phirc lién hop cia z la N . ) L
> —a_bi = Cin bac hai cua 50 phirc » Phuong trinh z° =a <0 co hai
- .a o Z=a+bi la hai so6 phuc dang nghiém phuc z = +ivJ-a .
= - )
mz=7 , .. [ X=y"=a . i 2 =
o {b _y W=X+Yi véi y _ Ph.u’ong trinh az +‘bz +.c 0 (a=0)
" 2xy =b véi A <0 s€ co hai nghiém phtrc 1a:
a= .
-z=0c>{ : ; :—bih/—A
b=0 1,2 2a .
Cho hai s6 phtc 7, z,, ¢6:
Cong thirc bd trg 2| |z .
ongthichdtre |\, 1 1) Al e g, 40
Z,| |z,
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z,—2,|=MN véi M, N theo thi ty 1a hai diém biéu dién cho z,, z,.

DAu hiéu co bin nhan biét tip hop diém M biéu dién cho sé phirc z
= ax+by +¢ =0 —-— Tap hop diém M mét la dwong thing.

_{(x—a)2+(y—b)2:R2

X +y?—2ax-2by+c=0

—X > Tap hop diém M 1a dwong tron co tam | (a;b), ban kinh R=+/a’+b*—c .

)’ <R? :
—Xt Tap hop diém M Ia hinh tron tam | (&;b), ban kinh R=+/a’ +b*—c..
X +y° 2ax 2by+c<0

=ax’ +bx+c .
’ —% 5 Tap hop diém M la dwong parabol.

x=ay’ +by+c

2
. X_Z §_1—> Tap hop diém M la dwong elip.
a

2

@Pic biét: Nhan biét ngay khong can bién doi.
z—(a+bi)=m>0—*“ Tép hop diém M la dwdng tron c6 tam 1 (a;b), ban kinh R=m.

z—(a,+hji)| =[z-(a, +b)i)| <& MA=MB —“— Tap hop diém M la dudng trung tryc doan thang AB.
Ay ), B(ay:by)
2—(a,+Dji)|+|z—(a, +bji)|=2a < MF,+MF, =2a —“— Tap hop diém M & dwong elip véi hai tiéu diem F, F,.
ﬁ_/

>0 >0
Fi(ayib). Fy(ayby)
FF, <2a

XI1. KHOI PA DIEN VA THE TiCH CUA CHUNG
A—MOT SO HINH PHANG CO BAN:

1. Tam giac vudng: Pitago 1
A - AB?+AC? = BC? » AB’=BH.BC | Swmec =5 ABAC
2 _ - 2 _
AC®=CH.BC AH®=BH.CH :EAH.BC
-1—1+1:>AH— AB.AC
8 H ¢ AH? ~ AB?  AC? JABZ 1 ACZ
. sinB=2C (d6i/huyén) = cosB = AB (ké/huyén) = tanB= AC (d6i/ke) . cotB =B (ké/ddi)
BC BC AB AC
2. Tam giac déu: Gia sir tam giac ABC déu c6 canh a; trong tim G; cac duong cao (tring
A v6i trung tuyén) gdbm AH , BK.
a * Puong cao: AH = BK = (canhz) E = 8\2/5.
a K
- cAG-2ap-23V8_ a8 o 1, 1a¥3 a3
3 3 2 3 3 3 2 6
_| C Q0 2 2
® H a * Dién tich: S, = (Canhzl 3 -8 ;/5
3. Tam giac thuwong: Gia str tam giac ABC c¢6 a=BC, b=AC, c = AB; cac duong cao

h,, h,, h, 14n lugt ing véi canh a, b, c. Ky hiéu R, r lan luot 1a ban kinh

dudng tron ngoai tiép va ndi tiép A.
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°C

- Pinh i Sin: -~ =2 - _oR.
sSinA sinB sinC
= Dinh 1i Co-sin: a? =b®+c? —2bc.cos A;
b? =a?+c?—2ac.cos B; ¢ =a®+h?—2ab.cosC.

1 1 1 1 . 1 . 1 .
» Dién tich: S =—h.a==hb==h.c ;S =—ab.sinC==ac.sinB==hc.sinA;
1en tic amec =5 o'h o'k amec = 5 5 5

AABC 4 R

a+ b+ c

=P ; Sppec = VP(P- &)(P- b)(p- b) véirp = =~ (nira chu vi).

Coag théa Hed Roag

a

Cho hinh vudng ABCD c6 canh a; hai diém M, N lan luot 13 trung diém
cua CD, AD; | latam hinh vudng.

S jAC” BD
" puong cheo: 1 .
YAC= BD = (cahh)’ V2= a2

IA=IB=IC=ID= % nén | la tim duong tron ngoai tiép hinh vuéng.

* Dién tich: S, ., = (cahh)® = @*; chuvi: p=4a.
= Vi AABN =AADM , ta chirng minh dugc: AM L BN.

5. Hinh chir nhat:
b

b

Cho hinh chit nhat ABCD tam | c6 AB=a, AD=h.

= Puong chéo: AC =BD=+a’+b’.
IA=IB=IC=ID= %\/az +b? nén | 1a tam duodng tron di qua bén diém

A B, C, D.
» Dién tich: S,;.p =ab; chuvi: p=2(a+b).

6. Hinh thoi:

Cho hinh thoi ABCD c6 tam |, canh bang a.

- Puong chéo: AC L BD; AC =2AI = 2A4B.sin ABI = 2a.sin ABI.

- Dién tich: Syees :%AC.BD  Sacs = 2Susse = 2Ssacs = 2S s -

Piic biét: Néu hinh thoi ¢ goc B =D =60° (4 =C =120°) thi ta chia hinh
thoi ra 1am hai tam giac déu: AABC = AACD; AC =a va

a’\3. ¢ a’/3

SAABC = SAACD = 4 ABCD — ZSAABC = T

B - THE TICH KHOI CHOP:

7. Hinh chép:

7.1. Hinh chép tam giac déu = Tt ca canh bén bang nhau.
y = Déy la tam giac déu canh a.
= SH 1 (ABC) véi H la trong tam (cling
la tryc tam) A ABC.
a’\3
. isﬁ = ;/_%T%é%‘@ V= %h.azf
fsh = n
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7.2. T dién déu:
* Pay cling 14 hinh chop tam
giac déu, dic biét la canh bén
bang canh day. Thé tich:

a2

V =

¥ Goc giira canh bén va mit
day: (SM)) -

(SC (ABC)) SCH .

¥ Goc gitra mat bén va mat day:
((SEB), (AEE)) - SMH

=((SBC).(4BC))=SNH .

7.3. Hinh chép ti& giac déu:
S

= Tét ca canh bén bang nhau.

= Day la hinh vudng canh a.

SO L (ABCD) v6i O la tdm hinh vuéng
ABCD.

IS, = @ 1.
i" & s |V =
{SO=h 3

Y Goc giira canh bén va mit
dy: (524, (Agc_ﬁ)) -S540

:(SBT(IBEI)')):SE@.

Y Goc giira mat bén va mat day:
((S'ZB), (ABCD)) - SMO

_ ((SWD)): SNO.

7.4. Hinh chép c6 canh bén SA
vuong goc véi mat phang day.
N

Day la tam giac

]
% _ WPV = 35ASonec
DABC

1
Goc gitra canh bén va mat day:
(SB (ABC) — SBA

1SAS

( (ABC) SFA‘

Day la tir giac dac biét

i _ RV =
i S SABCD

= Goc gitlra canh bén va mat day:
(SB.(4BCD)) = S

1SA.S
3

ABCD *

(§C, (ABCJj)) -SC4

7.5. Hinh chop c6 mat bén

Day la tam giac

Py la tir gidc diic biét
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(SAB) vudng goc véi mat
phang day.

S

B
* Puong cao h=SH ciing la = Puong cao h=SH ciling la duong cao
duong cao cua ASAB. cua ASAB.

= Goc gitra canh bén va mat day: = Goc gitra canh bén va mat day:

(SA,(ABC)):SAH (SA,(AB@)):SIH

(.§C, (ABC’)) - SCH (.§C, (ABCé)) - SCH

C - Ti SO THE TiCH KHOI CHOP

bac biét: M = A bacbiét M =A N=B
S s

Cho hinh chop c6 day la
tam giac ABC. Cac dieém
M, N, P nam trén canh
SA, SB, SC. Ta c0:

S_M SN SP

SA"SB'sC|

VS.MNP —

VS .ABC

SN S
SB 'SC

VS.ANP —

VS .ABC

Hinh chop co day 1a | Hinh chop c6 day la da

hinh binh hanh vg1 | giac bat ky. Chang han:

SM “ SN _ y (MNPQR) [ (ABCDE)

AT BT | st xeSM SN

SP_, SQ_, XA TS
, sC 'sb _SP_SQ_SR
p = Khi d6: ~SC SD SE
Vounrg _ xyz+xyt+xat+yzt] [T 1 1 1 Khi d6: (S

VS_ABCD 4 X Z y t : S.ABCDE
D — THE TICH KHOI LANG TRU:
1. Hinh lang tru thwong: Day la tam giac Day la tir giac

D A

A

= Hai day 14 hai hinh giéng nhau
va nam trong hai mit phang
song song.

= Cac canh bén song song va
bang nhau. Cac mit bén 1a cac
hinh binh hanh. =

= Thé tich: |V = h.S,|. \
B' B’
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V=AHS,; =

AH 'SAA'B’C' V =AH 'SABCD =AH 'SA'B'C'D'

2. Hinh lang tru dirng:

Pay la tam giac

Pay la tir giac

» Cac canh bén cung vudng goc

D,

v6i hai mat ddy nén mdi canh
bén ciing 1a duong cao cua lang
tru.
@ Ling tru tam giac déu: La
lang tru ding va co hai day la
hai tam giac déu bang nhau.

B

D' — — 1
s
s
e
s

A’

= Thé tich:

V = hS,

voi = Thé tich: |V = h.S,| voi

h=AA'=BB'=CC'.

h=AA'=BB'=CC'=DD'.

3. Hinh hop:

3.1 Hinh hp chir nhat:

3.2. Hinh 13p phwong:
D 2 C

e

C
a

I

I

T
b I
I
1
I

-~

a

|
|
T
|
|
pl_ 1
e
7

Ve
e

c B
= [a lang tru co tat ca

hinh binh hanh.
= Thé tich: |V = h.S.|.

cac mat la

s , T g B
LI?NlarL%Em dimg c6 ddy 1a hinh = La hinh hdp chir nhat c6 tat ca cac canh
' s ab. ¢ I ba kich bang nhau.
- _,a C nyl a’A’ ¢ ? aA ~ vGi a la canh cua hinh 1ap
thudc cua hinh hop chir nhat. e

4. Ti s6 thé tich dbi véi ling tru:

Lang tru c6 day tam giac
= AM BN _ CP
AA' CcC’

= 2=
BB’

Lang tru day 1a hinh binh hanh, hinh chir nhit, hinh
thoi, hinh vuéng
(Lang tru nay chinh la hinh hop thwong hoac hinh h¢p
chir nhat, hinh 13p phuong)

AM BN CP DQ

X

= Y= v L= U=
AA’ BB’ CcC’ DD’

A

Tacé Ve e _Xty+7? Ta cé: VABCD.MNPQ _ X+y+z+t va
VABC.A’B'C' 3 VABCD.A’B’C'D’ 4
E - BAl TOAN KHOANG CACH

1. Hinh chop c6 canh bén vudng goc véi mat
day la tam giac

2. Hinh chép cé canh bén vudng goc véi mat day
Ia hinh vuéng, hinh chir nhat
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Il
u9)
<
o
o

o+
>

u9)

~—~
=

Il
@)
=

d(B,(SAC))
d(SA BC)=AK.

AR /:d(D,(SBC)).

= d(A(SBC))=AH —=——
SA.AD
. d(A,(SCD)):AK:mzd(&(sw))
SA.AE
= d(A(SBD))= F=m=d(c,(SBD)).
= d(AD,SB)=AH; d(AB,SD)=AK.
- d(AD,SC)=d(AD,(SBC))=d(A,(SBC))=AH.
- d(AB,SC)=d(AB,(SCD))=d(A,(SCD))=AK.

3. Hinh chép tam giic déu

4. Hinh chop ti gidc déu

SO.0K
\JSO? + OK?

=d(0,(SAB))=d(0,(SAC)).

=d(0,(SAB))=d(0,(SBC))=d(O,(SAD)).
= d(A(SCD))=2d(0,(SCD))=20H =d(A,(SBC))

- d(A(SBC))=3d(0,(SBC))=30H =d(B,(SAD))=d(B,(SCD))=..
=d(B,(SAC))=d(C,(SAB)). | * d(AB,SC)=d(AB,(SCD))=d (A (SCD))=20H
= d(SABC)=IK=d(SB,AC)=d(SC,AB). =d(AB,SD)=d(AD,SB)=d(AD,SC)=
F — MAT TRU, MAT NON — MAT CAU

MAT NON |

Céc yéu to mit non: |

Mot s6 cong thirc:
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* DPwong cao: . (SO ciing | =Chu vi day: .

duoc goi 1a truc cia hinh noén).

* Di¢n tich day: |S, = 7r?|.

* Ban kinh day:
[r=OA=0B =0OM] = Thé tich: V:%h.Sd:%h.ﬂrz.
=Puwong sinh: || =SA=SB=SM|. —— -
— (lién twong den thé tich khoi chop).
« Géc & dinh: | 4SB),

= Di¢n tich xung quanh: |S, = zrl|

= Thiét dién qua truc: ASAB cén

@Hinh thanh: Quay A vuéng | tai S. "Dién tich toan phan:

SOM quanh truc SO, ta dugc | " GOc gitra dwong sinh va mat Sp =Syq +Sq =7rl + 712
mat nén nhu hinh bén véi: day: SA40 = SBO = SMO |
h=S0
{r =0OM
MAT TRU Cic yéu to mit tru: Mot s6 cong thirc:
(A)

=" Dwong cao: -
i - Chu vi day:[p = 277]

*Puong sinh: || = AD =BC|. Ta
2

* Dié¢n tich day: |S, = 7r°|.

co: || =hj.
= Ban kinh day: = Thé tich khéi tru: |V =h.S, =hzr?|.
[r=0A=0B=0'C=0D|
= Truc (A) la duong thang di qua .
hai diém O, O'. = Dién tich toan phan:
@ Hinh thanh: Quay hinh chir . . . >
n ° = + =] .n+ .
nhat ABCD quanh dudng trung Thiét dién qua truc: La hinh chix S, = St 2S,= 2pr.h+ 2pr

binh OO', ta ¢6 mat tru nhu nhat ABCD.
hinh bén.

* Di¢n tich xung quanh: |S, =2zr.h|

Mt ciu ngoai tiép da dién

MAT CAU Mot so cong thirc: Miit clu ndi tiép da dién

=Tam I, ban kinh
R=IA=IB=IM.

* Pwong kinh AB=2R.

= Thiét dién qua tdm mit cau: La
duong tron tam |, ban kinh R.

A .| =Dién tich mat chu: [s=47R?]. [ Mt cau ngoai tiep Mt cAu ndi tiép
@ Hinh thanh: Quay gléong tron - da dién la mat cau  da dién 12 mat cau
tdm |, ban kinh R=— quanh | a Thé tich khéi cau: |V = 47R . di qua té't ca dinh tiép xtic voi tat ca
‘ 2 3 cua da dién do. cac mat cua da
truc AB , ta ¢6 mat cau nhu hinh dién do.

ve.

CACH TiM BAN KINH MAT CAU NGOAI TIEP HINH CHOP THUONG GAP

1. Hinh chop cé cic dinh nhin mot canh dwéi mot

L 2. Hinh chép déu.
goc vuong.
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5 s
R » )
1
A c
A c
B ] -
= Xét hinh chop c6 = Xét hinh chop tam gidc | = Xét hinh chép tir gidc déu co
= Xét hinh chop co SA L (ABCD) va deu c6 canh bénbang b | canh bén bang b va chiéu
SA | (ABC) va ABCD 14 hinh chit nhat | vdduongcao SH=h. | cao SO=h. ,
- . hoic hinh vudng. * Ban kinh mat cau ngoai | =Ban kinh mdt cau ngoai tiép
ABC =90°. L~ tiép hinh chop trén la
Ta c6 SAC — SBC — 90 "Taco: SAC=SBC = kl)rzl Sop e hinh chop trén la |R :E
" laco oAl = = e .
SR L =SDC=90" | |R==—|. 2h
nen mat cau ngoai tiep Y . X 2h
hinh chép c6 tam | I E}lyhrahr%“f‘t PR ticp
trung diém SC, ban Inh ¢hop €0 tam I a
& SC trung diém SC, ban kinh
kinh |[R=—|. SiC
2 R=—1|
2
3. Hinh chép c6é canh bén vudng géc véi mit phiang

ddy 4. Hinh chép c6 mat bén vuong goc voi mat day.

= Khi d6 mit cau ngoai tiép
hinh chép c6 ban kinh

= Néu ddy la tam giac déu
a\3
7 T .
= Néu day la hinh vuong
= Xét hinh chép c6 SA*

a2 :
(day) va SA = h;ban R = X¢ét hinh chop c6 mat bén (?AB) A (day), ban kinh ngoai tiép
kinh duong tron ngoai tiép = Néu day 13 hinh chit nhat day la r,, ban kinh ngoai ticp DSAB la r_,

canh a thi r. =

canh a thi r. =

ciadaylar, . canh @, b thi d= AB = (SAB)C (day). (doan giao tuyén)
[32 + b2 = Khi d6 ban kinh mat cdu ngoai tiép hinh chop la

1. H¢ truc toa do Oxyz:

Heé truc gdbm ba truc Ox, Oy, Oz d6i mot vudng goc nhau.

k= (0;0;1) = Truc OX: true hoanh, c6 vecto don vi 1= (1;0;0).
* Truc OV : truc tung, cé vecto don vi ] =(0;1,0).
: L * Truc Oz: truc cao, c6 vecto don vi k= (0;0;2).
O. 7% = Piém O(0;0;0) la gbec toa dp.
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2. Toa do vecto: Vecto

Cho a=(a,;3,;3), b=(b;;b,;b;). Taco:

u=xi+yj+zk < u=(xy;z)|.

atb=(a th; a,*h,; a,th,)

" a cung phuong b<a=kb (keR)

» ki = (ka; ka,; k
(a ko k) o a

. |&th o a2=kb2@1=b—2=%, (b, b,, b, #0).

U a=b<:,> 8.2=b2 a3=kb3 bl 2 3
a, =b,

. ab-ab+a,b,+ab . o= (e ra e - & = =af +ai 42

. . - ab +a,b, +a,b
» albeab=0<ab +ahb +ab =0 - cos(a,b)zl a0+ 20, +

all6l ~ a2+ +aZ Jo? +b7 + b2

3. Toa do diém: M (X; y; z) < OM = (X;Y;2)

. Cho A(Xs; Yas Za) » B(Xg; Va3 Zg) » C(XciYei2e), taco:

E:(XB —Xar Y~ Yar g _ZA)

= AB = (X —X0)? +(Yg — Va)’ (25 —2,)°

Toa do trung diém M ciia doan thang AB:

= Toa d¢ trong tam G cua tam giac ABC:

(XA+XB_yA+yB_zA+sz G(xA+xB+xc_yA+yB+yC _zA+zB+ij
M H ) . 3 y .
2 2 2 3 3 3

QUY TAC CHIEU PAC BIET

Chiéu diém trén truc toa do

Chiéu diém trén mit phang toa do

Piém M (X3 Yy ;ZM)%%%%;?@ M, (X,,;0;0)
Diem M (x,;Yy:2) Yadiatids ® M, (0;y,,;0)
biem M (x,;Vy:2,) Y4 dintad® M, (0,0;2,)

= Diem M (X, Yy i2) ALHI0I® M, (X, Yy, :0)
= Diem M (X, Yy 2, ) ABZI0HR M, (01, 2,)
= Diem M (X,,: Yy 2 ) AL M, (%,:0:2,,)

Poi xirng diém qua truc toa do

Poi xirng diém qua mit phing toa do

M Oty Vi 20 ) Yadfboritnid s Aediods 3 M (= Yayi= )

M (XM 1 Ymo 4y ) %te%a%a%n%%?&%@ Mz(' X Ynmom ZM)

M(XM;yM;ZM)%tG%a%é;ZQ? %%‘g%@ M3(' Xy~ yM;ZM)

" M(Xy:Yu:Zy) %%%ﬂ%’ga@%&@ M, (%5 Y5 Zw)
" M (XM ' YmoZu ) V%%%%ﬁ"%ﬁt %Q MZ(XM = Ymi 4y )

" M(XM;yM;ZM)yﬁ%%gﬁ%?ga‘é{Z‘h@ Ms(' XM;yM;ZM)

4. Tich c6 huwéng cia hai vecto:

= Dinh nghia: Cho a=(a,, a,, 8,), b=(b, b,, b,), tich c6 huéng cta a va b Ia:

a,
b,

[aﬁ]{

ay
b3

J=(azb3—asb2:agbl—a1b ;ab, —a,b ).

5| G
b, b,

.‘ai a,
'|b, b,

@ Tinh chét: [a,b] L a

[a,b] Lb [2,b]| =lal. bl sin (4,5)

* Diéu kién cing phwong cua hai vecto a&b la
[3,b]=0 véi 0=(0;0;0).

» Diéu kién dong phing cua ba vecto a,bvacla
[a, b].c=0.

= Dién tich hinh binh hanh ABCD: S ., = | AB, AD ||

1 r— —
* Dién tich tam giac ABC: S,z = EH:AB’ AC]‘.
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= Thé tich khdi hop: Voo aocor = [AB, AD].AA.

= Thé tich tir dién: V., = %‘[E,E}E‘ .

5. Phwong trinh mit ciu:

Dang 1: (S):(x—a)’ +(y—b)’+(z—c)* =R?
}tam I (a;b;c)
iR = JR?

LA G, |

e AN )

Dang 2: (S):x° +Yy* +2°—2ax—2by—2cz+d =0

}tam/(abc)
iR Ja’+ b2+ - d

@ Phuong trinh X° + y* + 2> — 2ax— 2by — 2cz +d

=0 la phuong trinh mit ca?1u<:>|a2 Bl e =0 >0|.

Bai toan 5.1. Viét phuong trinh mit ciu tam | va di qua
diem M.
= Budce 1: Tinh bdn kinh R=1M .

= Budc 2: Viét phuong trinh mat cau dang 1.

Bai ton 5.2. Viét phuong trinh mit ciu 6 dwong kinh AB.
= Bwéc 1: Tim tdm | 1a trung diém AB. Ban Kinh

R—AB IA=1B.
2

= Buwéc 2: Viét phuong trinh miat cau dang 1.

6. Phwong trinh mit phing:

» Luru y: Vecto phap tuyén (VTPT) cua mit phang 1a

vecto khac 0 nam trén duong thang vudng goc véi mit

q qua M (Xo; Y1 Z)
Mit phang (P)< R phuong trinh

VTPT n=(a;b;c)

(P):[alx = %) +B(y — )+ c(z—2,) = 0] ()
Nguoc lai, mot mat phang bt ky déu c6 phuong trinh dang
ax+by+cz+d =0, mit phing nay ¢6 VTPT n=(a;b;c)

voui a2+ b*+ 2> 0.

phang do.
Mp(Oyz): x=0—""n,,,, = (%0;0), mp(Oxz): y =0—"">n = (0;1,0), mp(Oxy):z=0—""">n . =(0;0;1)

Bai toan 6.1. Viét phwong trinh mit phang (P) qua M
va song song véi mat phang (Q) cho truée.

P\

M

”(&?JL
@

= Mat phing (P) qua M, ¢6 VTPT la n,
phuong trinh dugc viét theo (*).

= n(Q) nen

Bai toan 6.2. Viét phwong trinh mat phang (P) qua M va

vudng goc véi véi dwong thang d cho trude.
d

= Mgt phang (P) quaM, c6 VTPT N, =U, nén phuong trinh
duoc viét theo (*).

Bai toan 6.3. Viét phwong trinh mit phiing trung tryc
ciia doan thang AB.
A

;

|

= Buéc 1: Tim trung diém | ctia doan AB va tinh AB .
qua |

VTPT n=AB

N

* Buwéc 2: Phuong trinh mp(P)<

Bai to4n 6.4. Viét phwong trinh mit phing di qua ba diém
A, B, C.

A
= Bude 1: Tinh toa do AB, AC vasuy ra [E,E].

Y

qua A

= Buwéce 2: Ph trinh mp(P = T .
wée 2: Phuong trinh MP(P){ | 7o n=[AB,AC|

Bai toan 6.5. Viét phwong trinh mit phang qua M va chira
dudng thangd véi M gd.

Bai toan 6.6. Viét phwong trinh mit phang cat OX,
Oy, Oz lan lwet tai A(a;0;0), B(0;b;0), C(0;0;c)
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i

] M

A

’;\ ’ g

= Buéc 1: Chon diém Aed vamot VICP Ug. Tinh [ AM,u, |.

qua M

= Buwdc 2: Ph trinh mp(P n=| AM,u,
woc uwong trin p( )<VTPT n:[AM,UdJ

véi a.b.c#0.

» Phuong trinh mat
phang duoc viét
theo doan chin

(P): Xy Y2y

a b c

Khoang céch tir diém dén mit phing

Khoang cach giira hai mit phing song song

cho 4 M (%3 ¥o: ) |
mp(P):ax+by+cz+d =0

_ |axy +by, +cz, +d|

JaZ+b? +¢?

= Khi do:

d(M,(P))

(P):ax+by+cz+d, =0
(Q):ax+by+cz+d,=0"
|d1_d2|

OO s

= Cho hai mat phfmg{

= Khi do: voi d, #d,.

Géc giira hai mit phing

Vi tri twong ddi giira hai mit phing

= Cho hai mit phang (P), (Q) c6 phuong trinh:
(P):ax+by+cz+d =0
{(Q) ‘a,X+by+c,z+d, =0
» Goc gitta (P) & (Q) duoc tinh:

_ ‘n_F;% |a1a2 + blbz + C1C2|

cos((P).(Q))

‘EH@‘ N T G N

@ Chay: 0° g((‘ﬁfﬁ@)g%”_

Cho hai mit phang (P), (Q) ¢6 phuong trinh:

(P):ax+by+cz+d, =0 e
(Q):a,x+b,y+c,z+d, =0
- PIQer-2 4,4

a2 b2 C2 d2 .
c P Qo228 8
aZ b2 C2 d2
= (P)&(Q) catnhau<>a,:b ¢ #a,:b,:c,.
= (P)L(Q)<=aa,+bb,+cc,=0.
Ciic ti 56 trén cé nghia khi mdu khdc 0.

Vi tri twong dbi giira mit phing va mit ciu

Cho mit phang (P):ax+by+cz+d =0 va mit cdu (S) c6tdm | va ban kinh R.

= Truwong hop 1:

d (I : (P)) > R| < (P) va (S) khéng cé diém chung.

= Truwdng hop 2:
diém chung. Khi d6 tanoi (P) tiép xic (S) hoic (P)
|2 tiép dién cua (S).

N

@ M

Taco: IM L (P) voi M 1a tiép diém.

d(1,(P))=R|< (P) va (S) c6 mjt

* Trwong hop 3:

tuyén 13 mot dwong tron.

Pudng tron giao tuyén c6 tim H (1a trung diém AB), ban kinh

r=+R®-1IH? vsi IH=d(1,(P)).

7. Phwong trinh dwong thing:
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qua A(Xa; YaiZa)

@ Puong thing d -
VTCP u=(u;u,;u,)

0, co6 gia tring vai d hodc song song véi d.

@ Vecto chi phuong (VTCP) cua dudng thang d 1a vecto khac

X=X, +Ut
= Phuong trinh tham s6 d :[< y =y, +U,t| v6i t 1a tham so.
Z=17,+Uujt
: X=X — -1
* Phuong trinh chinh tac d : A_Y7Yn_ A
u, u, u,

v6i U U, U, #0.

. - a
€u c¢6 cap vecto khac 0 khong cung phuong sao cho {#

d .. .
thi d co6 VTCP Ia;
bld

5 —[b].

7.1. Vi tri twong ddi gitra hai dwong thing:

. , qua M qua N
Xét vi tri tuong doi cua hai duong thang d,, d, voi d, —,d, ..
VTCP u, VTCP u,
Buéc I Buéc 11 Két luan
% §,U,i= 0 70 Hai duong thing d,,d, @ U, MN |=0 B d,° d,
song song hodc trung nhau. [ ] v® d [Cd,
5~ P . . LX 4 I UMN = 3 5
» gll, Zﬁl 0 %® Hai dudng thang d,, d, %Jl UZH 0 B0 el Gy
cit nhau hodc chéo nhau. gll,uzﬂl\/l N'O %® d, & d, chéo nhau

Xét vi tri twong ddi gitra duong thang d

7.2. Vi tri twong ddi giira dwong thing va mit phang:

%xz X, + Ut
1Y= Y, + ut vamitphing (P):ax+ by+ cz+d=0.

z= z,+ upt

Budce I:

Buéec I1:Gidi PT (*), ta gap 1

trong 3 truong hop sau Két luan

% Thay phuong trinh tham s6 d vao phuong
trinh (P), ta dugc PT (*):

a(x, + ut)+ b(y, + ut)+ c(z, + u,t)+ d=0

% PT (¥) v0 nghiém v d [1(P)
% PT (*) c6 1 nghiém t =t, ¥® d cit (P) tai mot diém
% PT (*) c6 vo sb nghiém t. W®dl (P)

7.3. Khoang

cach tir diém dén dwong thing:

@ Cho diém M va duong thang d (c6 phuong
trinh tham so0 hoac chinh tac).

= Buéc 1: Chon diém Aed vamot VTCP U, .

[ 2]

\ua\

= Buwoc 2:

d(M.d)=

Hai duong thing song song
d,, d,.

= Buéc 1: Chon diém M (dep) thudc d,.
= Buge2: d(d,,d,)=d(M,d,). (xem 7.3)

Truong hop 2: R BT U071 thang chéo nhau d,, d,.

ua A(... ua B(...
* Buée 1: Ghird d; | &) , d, ; &) :
VTCP ulz(...) VTCP u, :()
[5.5)7

= Budrce 2: Tinh: d(dl,dz)z

el
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7.5. Géc giira hai dwong thing:
‘, ‘ — = T
@ Cho hai duong thang d,, d, 1an lugt c6 VTCP 1a Uy, U, . —> Taco: Cos(dpdg ) :‘—.‘7—. :
u,|.|u,
7.6. Géc giira dwong thang va mit phing:
4 q ]
& Cho duong thing d ¢ VTCP U va mat phiang (P) ¢6 VTPT n. — Taco: Sm(d,(P)) = ‘g;‘ ‘;;‘ :
8. Hinh chiéu va diém doi xirng:
Bai toan Phuong phip
> Gl €1 o o quaA3/®Vm, e ol o
8.1. Tim hinh chiéu » Go1 d la duong thang N (P) 1€t pt tham sO cua A
2 - R A . d rip
o d‘e‘g Atrén mat | | i VTCP ciia d ciing 13 VTPT ciia (P). -
PR (). % Goi H =d m(P). Thay pt tham sb ctia d vao pt mp (P) ta .
tim duoc toa do H. e
s ¢ dé Xp = 2XH —Xa yACS)
8.2. Tim diém A¢ doi N s 2 , _
xtmg véi A qua (P). | ¥ Taco H la trung diem AA'= Y, =2y, — Y, - R
2,=27,-1,
% Goi H (theo t) (dua vao pt tham sé cua d).
Cach1 —_—
' ¢ AH 1Ld < AHu; =0 —— Timdugc t = ....... ——> Toa do H.
8.3. Tim hinh chiéu qua A -
cua diém A trén % Goi (P) ¥ Vit pt mp(P) . f
duong thang d. Cach 2 (P)Ld A
% Goi H =d m (P). Thay pt tham s6 cua d vao l[/
pt mp (P) ta tim duoc toa do H. L d
. . Xy =2X, — X
8.4. Tim diém A¢ déi ) . A . /
ximg véi A qua % Taco H la trung diem AA' =Y, =2y, — VY, . L,
dlI(‘)Tlg thél’lg d. ZA’ — ZZH _ ZA
% Lap phuong trinh mp(Q) biét — WAy
(Q)chtadva (Q) L (P): (@)
Trwong hop 1: i Acd np
d song song mp (Q) qua diem nede lj
, (P). (Q) c6 VTPT ng = [ud , np] . d
8.5. Viét phuong _
trinh duong thing » Ijép phuong trinh d’ la giao P)
d’ 1a hinh chiéu tuyen hai mp (P) va (Q):
cia duong théng d C‘hQn hai diém M, N thuoc d’ y
A bang cach tha
trén mp (P). Truimg hop 2: _g o y \
dctmp (P)taimot | X=0—— >V, Z vathay
diém. y=0—""x, z (dbi véi he
hai pt (P), (Q))- (p)
Viét ptd qua M, N.

XIV. GAN TQA PO VAO HINH HQC KHONG GIAN
1. Gin toa d d6i véi hinh chép
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= Goi O 14 trung diém BC. Chon hé
truc nhu hinh vé, AB=a=1.
» Toa do cac diém Ia;

0(0;0;0), A[O;?;O], B(—%;O;Oj,

C[%;O;O), S{O;?;OHJ.

=SA

chép c6 canh bén (SA) vuong

DAy 1a tam giac can tai A

= Goi O la trung diém BC. Chon hé
truc nhu hinh v€, a=1.

» Toa d6 cac diém la:
0(0;0;0), A(0;0A;0), B(-0B;0;0),

C(0C;0;0), S(O;OA;OH].

=SA

goc voi mat day:

P4y la tam giac can tai B

= Goi O 1a trung diém AC. Chon hé
truc nhu hinh v€, a=1.

= Toa d¢ cac diem: 0(0;0;0),
A(-OA;0;0), B(0,0B;0),

C(0C;0;0), S(—OA;O;OH].

=SA

Pay la tam giac vuéng tai B
s

= Chon hé truc nhu hinh v€, a=1.
= Toa dd cac diém: B=0(0;0;0),
A(0; AB;0), C(BC,0;0),

Pay la tam giac vudng tai A

= Chon hé truc nhu hinh v€, a=1.
= Toa dd cac diém: A=0(0;0;0),
B(0;0B;0), C(AC;0;0),

Day la tam giac thuwong

* Dung duong cao BO cua AABC.
Chon hé truc nhu hinh vé, a=1.
= Toa dd cac diem: 0(0;0;0),

A(-OA;0;0), B(0,0B;0),
S(O; AB;BHJ. S(O;O;SA).
=SA C(0C;0;0), S(—OA;O;OHJ.
=SA
D4y 1a hinh thang vuéng

Day la hinh vuéng, hinh chir nhat
s ¥4

1 ¢
* Chon hé truc nhu hinh vé, a=1.

= Toa do A=0(0;0;0),B(0;AB;0),
C(AD;AB;0), D(AD;0;0), S(0;0;SA).

P4y 14 hinh thoi

= ‘Ch(.)n hé truc nhu hinh vé, a=1.

= Toa dd O(0;0;0), A(OA;0;0),
B(0;0B;0), C(-0OC;0;0)
D(0;-0D;0), S(OA;O;OH).

=SA

® Chon hé truc nhu hinh vé, a=1.
= Toa do A=0(0;0;0),

B(0; AB;0), C(AH; AB;0),
D(AD;0;0), S(0;0;SA).
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Pay la tam giac, mat bén la tam
giac thwong

N

@)

= V¢ duong cao CO trong AABC.
Chon hé truc nhu hinh, a = 1.
= Tacé: O(0;0;0), A(0;0A0),

0;0H; 0K

=SH

B(0;-0B;0), C(OC;0;0), s(

)

Hinh chép tam giic déu
Go1 O la trung diém mot canh dday. Dung hé truc nhu
hinh vé vaa= 1. Toa dj diém:

Goi O 14 trung diém BC, chon hé
truc nhu hinh, a = 1.

= Tacé: 0(0;0;0),
B(0;-0B;0), C(OC;0;0), S(0;0;S0)

c6 mat bén (SAB) vuong géc véi mat day
D4y la tam giac can tai C (hoic
déu), mit bén la tam gidc can tai S
(hoiic déu)

DAy 1a hinh vuoéng-hinh chir nhat

= Tacé: A=0(0;0;0),B(AB;0;0)

AH;0; AK

=SH

) C(AB;AD;0),D(0; AD;O),S[

* Hinh chép ti gide déu

Chon hé tryc nhu hinh véi a = 1. Toa d6 diém: O(O;O;O),

* Dung h¢ truc nhu hinh, chon a = 1.

|

0(0,0,0), ( ABZ‘/— ],B[ = oo) AB‘/_oo BoABZ*/_o c_ﬂoo
=0A =0B =—0A
BC
C(T,o,oj, 5 O_ABZJ_ 0
=0B
5| ;B3 o 5(0;0;50)
6 =SH
—OH
2. Gén toa dd ddi v6i hinh ling tru
2.1. Lang tru ding
Hinh Iap phwong, hinh h¢p chir nhat Lang tru dirng day 1a hinh thoi
Dung hé truc nhu hinh v& véi a = 1. Toa d6 diém: Goi O la tam hinh thoi ddy, ta dung h¢ truc nhu hinh
42 ~ A=0(0,0:0), voi
| 7 B(0;AB0), oI 0(0:0:0),
B! | = ! CAA
: G C(AD;AB0), | — A(-OA;0;0),
SO . . D(AD:00), o B(O?O_B?_O)'
gl . A (0;0; AN), ) SO WO C(0C:0:0),
! / B'(0; AB; AA'), | | ociio--moC kﬁ%lj_f D(0;-0D;0),
C'(AD; AB; AX), D'(AD;0; AA). ) A-ORI A,
B'(0;0B; AA'), C'(OC;0;CC’), D'(0;—OD;DD’)
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. = v+ GoiOlatrung diémmot | {2 V& dudng cao CO

canh day, chon h¢ truc trong tam giac ABC
nhu hinh vé véia=1.Ta va chon hé truc nhu

o co: o hinh vé véia=1.
o (AB Toado dibmis:
0(0:0:0), A(T’O' Oj' 0(0:0:0), A(OA0:0),
B(-ﬁ;o;o), c(0:0C;0), B(~08:0:0),
2 c(0,0C;0),
CRERA) A (OA0; AR),

B’[—%;o; BB'j, c/(0:0C;CC).

= Dung hé truc nhu hinh v&, ta dé dang xac dinh dugc cac | Dung hé truc nhu hinh v&, ta dé dang xac dinh duoc
diém O, A", B, C', A. cac diém O, A, B',C', D', A.

* Tim toa d¢ cac diéin_ con lai thong qua h¢ thire vecto = Tim toa do cac diém con lai thong qua hé thirc vecto

bang nhau: AA'=BB'=CC'. bing nhau: AN =BB'=CC'=DD'.
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